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A.6 Schofield pairs for the quiver ∆(Ã2,4) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
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A.16 Schofield pairs for the quiver ∆(Ẽ8) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

Appendix B Preprojective indecomposables of defect -2 and dimension up to 4δ 210
B.1 Type D̃m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
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Introduction

Starting from classical problems in linear algebra and experiencing a spectacular development in the

last forty years, the theory of representations of finite dimensional algebras is today one of the most

popular and active fields in algebra. New theoretical approaches (like the use of quiver-theoretical

techniques, the introduction of almost split sequences and Auslander-Reiten theory, the development

of tilting theory, the notion of Gabriel-Roiter measure, the theory of Ringel-Hall algebras, the results in

cluster theory) and the development of new computational algebra packages and tools (like GAP and

Magma) have contributed not only to the deep understanding of the structure of module categories

over some finite dimensional algebras, but have also connected representation theory with many other

fields even outside algebra (for example quantum groups, algebraic geometry, control theory of linear

dynamical systems).

We know that every basic, connected and hereditary finite dimensional algebra is the path algebra

of an acyclic, connected quiver. Also, the category of modules over a path algebra is equivalent with

the category of representations of the corresponding quiver. So modules in these cases can be identified

with quiver representations.

In the present book we will be mainly interested in the category of representations of tame (affine,

Euclidean) quivers over a finite field (i.e. the category of finite dimensional modules over the path

algebra kQ, where Q is of type Ãm (m ≥ 1), D̃m (m ≥ 4), Ẽ6, Ẽ7, Ẽ8 and k is finite). Note that kQ with

k finite is a finitary ring (i.e. the group of extensions of modules is finite). Our aim is to count certain

monomorphisms, epimorphisms, automorphisms and extensions mainly for indecomposables. For this

we will need many tools, but of special importance is the so-called Schofield induction via orthogonal

exceptional pairs.

Knowing the number of extensions leads us to Ringel-Hall algebras with a large spectrum of appli-

cations. More precisely, the structure coefficients of the Ringel-Hall algebra associated to kQ – called

Ringel-Hall numbers – are (up to automorphisms) the numbers of extensions with given middle terms.

Classical Hall algebras associated with discrete valuation rings were introduced by Steinitz and

Hall to provide an algebraic approach to the classical combinatorics of partitions. The multiplication is

given by Hall polynomials which play an important role in the representation theory of the symmetric

groups and the general linear groups. In 1990 Ringel defined Hall algebras for a large class of rings,

namely finitary rings, including in particular path algebras of quivers over finite fields. Far reaching

analogues of the classical ones, these Ringel-Hall algebras provided a new approach to the study of

quantum groups using the representation theory of finite dimensional algebras (see [41, 24]). They can

also be used successfully in the theory of cluster algebras (see [10, 46]), to investigate the structure of
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Introduction Introduction

the module category via the Gabriel-Roiter measure (see [45]) or to determine the cardinalities of some

quiver Grassmannians over a finite field (see [46, 55]).

In case of Ringel-Hall algebras corresponding to Dynkin quivers and tame quivers we know due

to Ringel, Hubery, respectively Deng and Ruan (see [42], [26], respectively [17]), that the structure

coefficients of the multiplication (the Ringel-Hall numbers) are again polynomials in the number of

elements of the base field. We will call these polynomials Ringel-Hall polynomials. If we are looking at

Hall polynomials associated to indecomposable modules, the classical polynomials are just 0 or 1, and

the Ringel-Hall polynomials in the Dynkin case are also known and have degree up to 5. However we

do not have too much information about the Ringel-Hall polynomials in the tame case.

The present monograph records the progress made by the authors in the last fifteen years regarding

tame Ringel-Hall polynomials and their various applications, using a large spectrum of combinatorial,

computational and representation theoretical tools.

The first chapter is a preliminary one, serving as a comprehensive survey of the main notions and

tools used throughout the monograph. It covers Gaussian coefficients, partition combinatorics, repre-

sentations of tame quivers, reflection functors, orthogonal exceptional pairs and Schofield sequences,

basic information on Ringel-Hall algebras and on the Gabriel-Roiter measure, as well as some geomet-

rical connections.

The second chapter is dedicated to tame Hall polynomials. We describe all the tame Ringel-Hall

products and polynomials involving indecomposables of absolute defect not higher than 1. These results

were published in [54, 53]. Then we obtain some special Ringel-Hall polynomials of the form F δ
δ−xx

(where x is a positive real root of arbitrary negative defect and δ is the minimal radical vector). This

result appeared in [57]. Finally we deduce all the Ringel-Hall polynomials involving indecomposables

of absolute defect up to 2, presenting the used combinatorial and representation theoretical framework,

which can be generalized to indecomposables of arbitrary defect. This was published in [56, 58, 59].

Note that these results give us the full list of Ringel-Hall polynomials in the cases Ãm and D̃m.

In the third chapter we will apply our knowledge on Ringel-Hall polynomials in the theory of

Gabriel-Roiter measures. The Gabriel-Roiter measure (GR measure for short) was introduced by Gabriel

in order to give a combinatorial interpretation of the induction scheme used by Roiter in his proof of

the first Brauer-Thrall conjecture. Ringel used it as a foundational tool for the representation theory of

Artin algebras. First of all we will prove that the GR inclusions in preprojective indecomposables and

homogeneous modules of dimension δ, as well as their GR measures are field independent. A similar

result for Dynkin quivers was obtained by Ringel in [45]. As an application of the respective theorems,

we will prove (using Ringel-Hall polynomials) a result by Bo Chen from [15] in a more general context:

our result is valid also for the case Ẽ8 (this case is missing from [15]) and it is field independent (in [15]

k is algebraically closed). More precisely, we prove that a GR submodule P of a homogeneous regular

module R of dimension δ has defect −1. All these results appeared in [57].

In the fourth chapter we determine cardinalities of Kronecker quiver Grassmannians via Ringel-Hall

numbers. We consider Grassmannian varieties of fixed dimensional submodules of indecomposable

Kronecker modules. In [12] Caldero and Zelevinsky described (using Schubert cells) explicit combi-

natorial formulas for the Euler-Poincaré characteristics of these Grassmannians, using them in cluster

theory. Using the Ringel-Hall algebra approach and reflection functors we obtain specific recursions

2
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for the Grassmannian cardinalities. All these, together with a q-analogue of a combinatorial identity

due to Nanjundiah (presented in the preliminaries) give us explicit combinatorial formulas for the car-

dinalities of the mentioned Grassmannians. We realize in this way a quantification of the formulas by

Caldero and Zelevinsky, with applications in quantum cluster theory. The results of this last chapter

were published in [55].
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Chapter 1

Preliminaries

This chapter is dedicated to the introduction of the main notions and tools used throughout the mono-

graph. For further details and clarifications we refer to [2, 49, 3, 16, 18, 19, 30, 43, 22, 32].

1.1 Gaussian coefficients

For ℓ, a ∈ Z, ℓ > 0 we will denote by (aℓ)q =
(qa−1)...(qa−ℓ+1−1)
(qℓ−1)...(q−1) the Gaussian (q-binomial) coefficients.

By definition (a0)q = 1 and ( a−ℓ)q = 0. Notice that for a, ℓ ≥ 0 the coefficient (aℓ)q is a polynomial with

integral coefficients in q, which expresses the number of points of the Grassmannian Grℓ(ka), where

k is a finite field with q elements. As we will see in Remark 4.1 (b) we need the given definition of (aℓ)q
also in the case when a < 0.

The following properties of the Gaussian coefficients are well known:

Lemma 1.1. We have the following:

(a) (aℓ)q = 0, for 0 ≤ a < ℓ. Also (aℓ)q = (
a

a−ℓ)q , for a, ℓ ≥ 0;

(b) (Cross product) (aℓ)q(
ℓ
j
)
q
= (aj)q(

a−j
ℓ−j)q , for all a, ℓ, j ∈ Z;

(c) (q-Vandermonde)

(a + b
ℓ
)
q
=∑

j∈Z
qj(a−ℓ+j)( a

ℓ − j
)
q

(b
j
)
q

=∑
r∈Z

q(ℓ−r)(a−r)(a
r
)
q
( b

ℓ − r
)
q
,

for all ℓ, a, b ∈ Z. Note that the sums are finite.

Finally, we will prove a q-analogue of the so called Nanjundiah’s identity (see [33]):

Proposition 1.1. For all m,p,µ, ν ∈ Z we have the following:

∑
r∈Z

q(m−µ+ν−r)(p−r)(m − µ + ν
r

)
q
(p + µ − ν

p − r
)
q

(µ + r
m + p

)
q

= (µ
m
)
q
(ν
p
)
q

.

Proof. Denote by A the left expression and by B the right one.

One can immediately see that for p < 0 we have A = B = 0.

4



1.2 Partition combinatorics Chapter 1 Preliminaries

Applying three times Lemma 1.1 (c) and two times Lemma 1.1 (b) we have

A =∑
r∈Z

q(m−µ+ν−r)(p−r)(m − µ + ν
r

)
q
(p + µ − ν

p − r
)
q

(µ + r
m + p

)
q

=∑
r

q(m−µ+ν−r)(p−r)(m − µ + ν
r

)
q
(p + µ − ν

p − r
)
q
∑
s∈Z

qs(µ−m−p+s)( µ

m + p − s
)
q

(r
s
)
q

= ∑
r,s∈Z

qs(µ−m−p+s)q(m−µ+ν−r)(p−r)(m − µ + ν
r

)
q
(r
s
)
q
(p + µ − ν

p − r
)
q

( µ

m + p − s
)
q

= ∑
r,s∈Z

qs(µ−m−p+s)q(m−µ+ν−r)(p−r)(m − µ + ν
s

)
q
(m − µ + ν − s

r − s
)
q
(p + µ − ν

p − r
)
q

( µ

m + p − s
)
q

=∑
s∈Z

qs(µ−m−p+s)(m − µ + ν
s

)
q
( µ

m + p − s
)
q
∑
r∈Z

q(m−µ+ν−r)(p−r)(m − µ + ν − s
r − s

)
q
(p + µ − ν

p − r
)
q

=∑
s∈Z

qs(µ−m−p+s)(m − µ + ν
s

)
q
( µ

m + p − s
)
q
∑
t∈Z
q(m−µ+ν−s−t)(p−s−t)(m − µ + ν − s

t
)
q
(p + µ − ν
p − s − t

)
q

=∑
s∈Z

qs(µ−m−p+s)(m − µ + ν
s

)
q
( µ

m + p − s
)
q

(m + p − s
p − s

)
q

=∑
s∈Z

qs(µ−m−p+s)(m − µ + ν
s

)
q
( µ

p − s
)
q

(µ − p + s
m

)
q
.

One can see from here that for m < 0 we have A = 0 and trivially also B = 0.

Consider now the case m,p ≥ 0. Then using Lemma 1.1 (a), (b) note that

A =∑
s∈Z

qs(µ−m−p+s)(m − µ + ν
s

)
q
( µ

m + p − s
)
q

(m + p − s
p − s

)
q

=
p

∑
s=0

qs(µ−m−p+s)(m − µ + ν
s

)
q
( µ

m + p − s
)
q

(m + p − s
p − s

)
q

=∑
s∈Z

qs(µ−m−p+s)(m − µ + ν
s

)
q
( µ

m + p − s
)
q

(m + p − s
m

)
q

=∑
s∈Z

qs(µ−m−p+s)(m − µ + ν
s

)
q
( µ

m + p − s
)
q

(m + p − s
m

)
q

=∑
s∈Z

qs(µ−m−p+s)(m − µ + ν
s

)
q
(µ
m
)
q
(µ −m
p − s

)
q

= (µ
m
)
q
∑
s∈Z

qs(µ−m−p+s)(m − µ + ν
s

)
q
(µ −m
p − s

)
q

= (µ
m
)
q
(ν
p
)
q

= B.

1.2 Partition combinatorics

We will need some tools from partition combinatorics. For details we refer to [22] and [32].

As mentioned before, we will use the term partition for a finite, weakly decreasing sequence of

positive integers and the term generalized partition for a finite, weakly decreasing sequence of non-

negative integers.

For a partition or generalized partition λ = (λ1, ..., λt) denote by l(λ) the length and with ∣λ∣ the

weight of the partition, that is l(λ) = t, ∣λ∣ = λ1 + ...+ λt. Let n(λ) = ∑(i− 1)λi. For a partition λ with

5



1.3 Tame quivers and roots Chapter 1 Preliminaries

t = l(λ) ≤ n define the generalized partition λ(n) ∶= (λ1, .., λt,0n−t) ∈ Nn
.

For two partitions λ,µ, we shall write µ ⊆ λ if µi ≤ λi for all i ≥ 1. For µ ⊆ λ we say that λ − µ is

a horizontal t-strip if ∣λ − µ∣ ∶= ∣λ∣ − ∣µ∣ = t and the sequences λ and µ are interlaced, in the sense that

λ1 ≥ µ1 ≥ λ2 ≥ µ2 ≥ ....
In Zn

we consider the following so-called dominance ordering: for a = (a1, ..., an), b = (b1, ..., bn) ∈
Zn

let a ≤ b if and only if a1 ≤ b1, a1 + a2 ≤ b1 + b2, …, a1 + ...+ an−1 ≤ b1 + ...+ bn−1 and a1 + ....+ an ≤
b1 + ... + bn. In the particular case of a1 + .... + an = b1 + ... + bn we will use the notation a ⊴ b. Note

that the definitions above are naturally valid also for partitions and generalized partitions.

The operator w will arrange the components of any element in Zn
in decreasing order and for

1 ≤ i < j ≤ n and k ∈ N∗ we define the operatorRk
i,j(a1, ..., an) = (a1, ..., ai−k, ..., aj +k, ..., an). Then

we have:

Lemma 1.2. Let a1 ≥ ... ≥ an ≥ 0 and k ∈ N∗ such that ai − k ≥ aj + k. Then wRk
i,j(a1, ..., an) ⊴

(a1, ..., an).
A tableau T is a sequence of partitions

(0) = λ0 ⊆ λ1 ⊆ ... ⊆ λr = λ

such that λi − λi−1 is a horizontal strip for i ∈ {1, . . . , r}. The partition λ is called the shape of the

tableau T and the sequence (∣λ1 − λ0∣, ..., ∣λr − λr−1∣) the weight of T .

For two partitions λ,µ the Kostka number Kλµ is the number of tableaux of shape λ and weight µ.

The following lemma is well-known (see [50] Proposition 7.10.5 or [22] page 26).

Lemma 1.3. For given partitions λ,µ with ∣λ∣ = ∣µ∣ the Kostka number Kλµ ≠ 0 if and only if µ ⊴ λ.
Finally we say a few words about the Littlewood-Richardson coefficients cνλµ, where λ,µ, ν are parti-

tions. They are the structure constants for the product in the ring of symmetric functions with respect

to the basis of Schur functions, that is, we have sλsµ = ∑ν c
ν
λµsν . There are several other interesting

combinatorial definitions for these numbers (see [22] Section 5). They also appear as leading coefficients

in classical Hall polynomials (see Chapter 2 and [32] Chapter II).

1.3 Tame quivers and roots

Let Q = (Q0,Q1) be a connected, acyclic quiver of tame type with vertex set Q0 and arrow set Q1.

Here acyclic means that Q has no oriented cycles or loops and tame type refers to the fact that the

underlying undirected graph of Q is a so-called Euclidean (affine) diagram of type Ãm (m ≥ 1), D̃m

(m ≥ 4), Ẽ6, Ẽ7 or Ẽ8.

Suppose that the vertex set Q0 has n elements and for an arrow α ∈ Q1 we denote by t(α), h(α) ∈
Q0 the tail and head of α.

The Euler form ofQ is a bilinear form on ZQ0 ≅ Zn
given by ⟨x, y⟩ = ∑i∈Q0

xiyi−∑α∈Q1
xt(α)yh(α).

Its quadratic form qQ (called Tits form) is independent from the orientation ofQ and exactly in the tame

cases is positive semidefinite with radical {a ∈ ZQ0∣qQ(a) = 0} = Zδ, where δ is the minimal radical

vector of the Tits form (which is also the minimal positive imaginary root of the corresponding Kac-

Moody root system (see [29])). The defect of x ∈ ZQ0 is then ∂x = ⟨δ, x⟩ = −⟨x, δ⟩, the absolute defect
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being the absolute value ∣∂x∣ (see Section 7 in [16], this is equivalent with the definition of the defect

in [18] page 11). The vectors a ∈ NQ0 with qQ(a) = 1 are called positive real roots. The set of positive

real roots ofQ is orientation independent, however the defect of these roots depend on the orientation.

Here we will use the componentwise partial order on ZQ0 ≅ Zn
defined by x = (xi) ≤ (yi) = y if

yi − xi ≥ 0 for i ∈ Q0.

Below is the list of all the Euclidean diagrams marking each vertex i ∈ Q0 with the component δi

of the minimal radical vector δ (the number of vertices being n).

• Type Ãm, with m ≥ 1 (the case m = 0 having only cyclic orientation) and n =m + 1:

1 . . . 1

1 1

1 . . . 1

• The Kronecker quiver is the particular quiver of type Ã1 with non-cyclic orientation:

● ●oo
oo

.

• Type D̃m, with m ≥ 4 and n =m + 1:

1 1

2 2 . . . 2

1 1

• Type Ẽ6, with n = 7:

1

2

1 2 3 2 1

• Type Ẽ7, with n = 8:

2

1 2 3 4 3 2 1

7
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• Type Ẽ8, with n = 9:

3

2 4 6 5 4 3 2 1

1.4 Tame hereditary algebras. Representations of tame quivers

Let k be a field and consider the path algebra kQ of the quiver Q. This means that the k-basis of kQ

is formed by all the possible paths in the quiver and the multiplication is defined via concatenation

of paths. The algebra kQ is a finite dimensional tame hereditary algebra and in fact all connected

elementary tame hereditary algebras have this form. For details on the exact meaning of tameness we

refer for example to [19].

The category of finite dimensional right modules (which is abelian and Krull-Schmidt) is denoted by

mod-kQ, where [M] is the isomorphism class, ∣M ∣ the length of M ∈ mod-kQ and uM =M ⊕ ⋅ ⋅ ⋅⊕M
(u-times). For two modules M,M ′ ∈ mod-kQ (in some cases) we will denote a monomorphism by

M ′ ↪ M and an epimorphism by M ↠ M ′
. We say that a module M ′

is a subfactor of M if (up

to isomorphism) M ′
is the factor module of a submodule of M (that is, there exists a module L with

M ′↞ L↪M ) or equivalently (up to isomorphism)M ′
is the submodule of a factor module ofM (that

is, there is a module N such that M ↠ N ↩M ′
). We will call the modules L and N linking modules.

For k finite and modules X,Y ∈ mod-kQ we will denote by sYX the number of submodules of Y

isomorphic to X , by fYX the number of submodules of Y with factor isomorphic to X , by mY
X the

number of monomorphisms from X to Y , by eYX the number of epimorphisms from Y to X , by αX

the number of automorphisms of X and by hXY the number of morphisms from X to Y . Clearly

mY
X = αXs

Y
X and eYX = αXf

Y
X .

The category mod-kQ can and will be identified with the category rep-kQ of the finite dimen-

sional k-representations of the quiver Q. Recall that a k-representation of Q is defined as a set of

finite dimensional k-spaces {Vi∣i ∈ Q0} corresponding to the vertices, together with k-linear maps

Vα ∶ Vt(α) → Vh(α) corresponding to the arrows α ∈ Q1. The dimension of a module M = (Vi, Vα) ∈
mod-kQ = rep-kQ is then dimM = (dimk Vi)i∈Q0 ∈ ZQ0. Following [18] we will call an indecompos-

able module in mod-kQ of discrete dimension type if its dimension is not of the form tδ and of continuous
dimension type if its dimension is of the form tδ.

Let S(i), P (i) and I(i) be the indecomposable simple, projective and injective module corre-

sponding to the vertex i and consider the Cartan matrix CQ with the j-th column being dimP (j).
The Coxeter matrix is defined as ΦQ = −Ct

QC
−1
Q . Then δΦt

Q = δ and the Euler form satisfies

⟨a, b⟩ = aC−tQ bt = −⟨b, aΦt
Q⟩ = ⟨aΦt

Q, bΦ
t
Q⟩, where a, b ∈ ZQ0 (see in [2], pp. 93). Moreover (because

our algebra is hereditary) for two modules X,Y ∈ mod-kQ the Euler form is:

⟨dimX,dimY ⟩ = dimkHom(X,Y ) − dimk Ext
1(X,Y ).

The indecomposable modules in mod-kQ are of three types: preprojectives (having negative de-
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fect), preinjectives (having positive defect) and regulars (having zero defect) (see [16] Lemma 2). By a

theorem of Dlab and Ringel (see Theorem in [18], pp. 2) we know that the indecomposable preprojec-

tives, preinjectives and regulars of discrete dimension type, correspond bijectively (via their dimension

vector) to the positive real roots of Q. So the indecomposables which are of discrete dimension type,

are uniquely determined by their dimension vector. As mentioned above, positive real roots do not

depend on the orientation of Q, however the type (i.e. preprojective, preinjective or regular) of the

indecomposables of discrete dimension type is orientation dependent (since the defect is orientation

dependent).

Remark 1.1. (a) In case an indecomposable is of discrete dimension type having as dimension the

positive real root x, we will use the notationM(x) or specifically P (x),R(x), respectively I(x)
in the cases ∂x < 0, ∂x > 0, respectively ∂x = 0, emphasizing the fact that the indecomposable is

preprojective, preinjective, respectively regular (non-homogeneous).

(b) If we need to emphasize the base field k we will use the notations Mk
or Mk(x).

Consider the Auslander-Reiten translates τ = DExt1(−, kQ) and τ−1 = Ext1(D(kQ),−), where

D = Homk(−, k). We then have the following functorial isomorphism (called Auslander-Reiten for-
mula): Ext1(X,Y ) ≅ DHom(τ−1Y,X) ≅ DHom(Y, τX). An indecomposable module M is prepro-
jective (preinjective) if there exists a positive integerm such that τm(M) = 0 (τ−m(M) = 0). Otherwise

M is said to be regular . Note that an indecomposable moduleM is preprojective (preinjective, regular)

if and only if ∂M < 0 (∂M > 0, ∂M = 0). A module is called preprojective (preinjective, regular) if all

its indecomposable components are preprojective (preinjective, regular). We will use the notation P ,

I and R in these cases. Also note that for M indecomposable non-projective, non-injective we have

dimτM = dimM ⋅Φt
Q and dimτ−1M = dimM ⋅Φ−tQ .

If P = τ−mP (i) is a preprojective indecomposable, then

∂P = −⟨dimτ−mP (i), δ⟩ = −⟨dimP (i)(Φt
Q)−m, δ(Φt

Q)−m⟩ = −⟨dimP (i), δ⟩

= −dimP (i)C−tQ δt = −dimS(i)δt = −δi,

where δi is the i-th component of the minimal radical vector δ. This means that the possible defects of

indecomposable preprojectives are −1 in the Ãm case, −1, −2 in the D̃m case, −1, −2, −3 in the Ẽ6 case,

−1, −2, −3, −4 in the Ẽ7 case and −1, −2, −3, −4, −5, −6 in the Ẽ8 case.

In case P is an indecomposable preprojective, then there is a unique indecomposable preprojec-

tive P (+nδ) with dimension dimP (+nδ) = dimP + nδ. Observe that ∂P (+nδ) = ∂P . If dimP >
nδ (componentwise), then there is a unique indecomposable preprojective P (−nδ) with dimension

dimP (−nδ) = dimP − nδ. Note that ∂P (−nδ) = ∂P . A similar statement is true for preinjectives.

Consider the Ã∞ quiver

A∞ ∶ 0→ 1→ 2→ 3→ ⋯
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and ZÃ∞ the associated translation quiver , having the form

(i+1,0) (i,0) (i−1,0) (i−2,0)
↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘

⋰ (i+1,1) (i,1) (i−1,1) ⋱
↗ ↘ ↗ ↘ ↗ ↘

⋰ (i+1,2) (i,2) ⋱
↗ ↘ ↗ ↘

⋰ ⋮ ⋱

,

where the translation τ is defined by τ(i, j) = (i + 1, j) for i ∈ Z, j ∈ N.

For an integerm ≥ 1, let ZA∞/(τm) be the orbit translation quiver obtained from ZA∞ by identify-

ing each vertex x of ZA∞ with τmx and each arrow x→ y in ZA∞ with τmx→ τmy. Then ZA∞/(τm)
is a stable translation quiver consisting of τ -periodic vertices of period m, called a stable tube of rank
m. The set of vertices of a stable tube ZA∞/(τm) having exactly one immediate predecessor or one

immediate successor is said to be the mouth of T .

The category of regular modules is an abelian, exact subcategory which decomposes into a direct

sum of serial categories with Auslander-Reiten quiver of the formZÃ∞/(τm), thus a stable tube of rank

m, where the translation is the Auslander-Reiten translation. These tubes are indexed by the (scheme

theoretic) closed points of the projective line P1(k) (the finite field case is discussed in [64] Sections

2.1 and 2.2 or derived equivalently in [4]). More precisely, if we put homogeneous coordinates (x ∶ y)
on P1(k), the two affine open subsets U ′ = {(x ∶ y)∣x ≠ 0} and U ′′ = {(x ∶ y)∣y ≠ 0} cover P1(k), and

the formulae z = y/x and z−1 = x/y define coordinates on U ′ and U ′′ respectively, the rings k[z] and

k[z−1] being the respective rings of regular functions on U ′ and U ′′. Then a closed point a of P1(k)
is the zero locus of an irreducible homogeneous polynomial P ∈ k[X,Y ]. If P is proportional to the

polynomial X , then the closed point is the point at infinity ∞. If P is not proportional to X , then

a can be viewed as the zero locus in U ′ of the irreducible polynomial P (1, z) ∈ k[z]. In any case, a

determines P up to a non-zero scalar, and the degree deg a of a is defined as the degree of P (see [4]).

A tube of rank 1 is called homogeneous, otherwise it is called non-homogeneous. We have at most

3 non-homogeneous tubes which are all indexed by points of degree 1. Moreover, if Q is a tree (not of

type Ãm) we have exactly 3 non-homogeneous tubes.

Recall that over a finite field k with q elements the number of closed points of P1(k) having degree

1 is q+1 and there are ϕd(q) ∶= N(q, d) = 1
d ∑d′∣d µ( dd′ )q

d′
closed points of degree d ≥ 2, where µ is the

Möbius function. Note that this is the number of monic irreducible polynomials of degree d ≥ 2 over

the field k with q elements.

We assume that the non-homogeneous tubes are labeled by some subset of S ⊆ {0,1,∞}. In case

Q is a tree (thus S = {0,1,∞}), the labeling takes the following form:

• if Q is of type D̃m then (rankT0, rankT1, rankT∞) = (2,m − 2,2);

• if Q is of type Ẽ6 then (rankT0, rankT1, rankT∞) = (3,3,2);

• if Q is of type Ẽ7 then (rankT0, rankT1, rankT∞) = (3,4,2);

• if Q is of type Ẽ8 then (rankT0, rankT1, rankT∞) = (3,5,2).

The homogeneous tubes are labeled by the closed points of the scheme Hk = HZ ⊗ k for the open

integral subscheme HZ = P1
Z∖S . Let Hk(k) be the set of degree 1 points of Hk (i.e. the set of k-points).
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Note that for k finite with q elements ϕ1(q) ∶= ∣Hk(k)∣ equals q+1, q or q−1 in the Ãm case and q−2 for

other tame quivers. So if k has 2 elements and the quiver is not of Ãm type, there are no homogeneous

modules of dimension δ.

The simple objects in the category of regular modules are called regular simple modules. As it was

mentioned above, any indecomposable regular module is regular uniserial and hence it is uniquely

determined by its regular socle and regular length, and also by its regular top and regular length.

In case of a homogeneous tube Ta, we have a single regular simple denoted by R(1, a) with

dimR(1, a) = (deg a)δ, which lies on the “mouth” of the tube. Here R(t, a) will denote the indecom-

posable regular with regular socleR(1, a) and regular length t. ThusR(1, a) ⊂ R(2, a) ⊂ ⋅ ⋅ ⋅ ⊂ R(t, a).
For a partition λ = (λ1, . . . , λn) let R(λ, a) = R(λ1, a) ⊕ ⋅ ⋅ ⋅ ⊕R(λn, a). Note that the homogeneous

modules of dimension δ are up to isomorphism of the form R(1, a), with a ∈ Hk(k).
The dimension of a non-homogeneous regular indecomposable is either a positive root (and this

determines it uniquely up to isomorphism) or of the form tδ, in which case we need to know its regular-

socle (or regular-top) in order to be uniquely determined. In case of a non-homogeneous tube Te of rank

m > 1 on the mouth of the tube we have m regular simples denoted by
iR(1, e), i = 1, . . . ,m (where

their dimension is orientation dependent). We will denote by
iR(t, e) the indecomposable regular with

regular socle
iR(1, e) and regular length t.

Note that

τ(iR(1, e)) = i−1R(1, e) for i ≥ 2, τ(1R(1, e)) = mR(1, e),
m

∑
i=1

dim iR(1, e) = δ,

and ⌊ tm⌋δ ≤ dim
iR(t, e) < (⌊ tm⌋ + 1)δ.

We will call the preinjective, preprojective and non-homogeneous regular indecomposable modules

of discrete type. The homogeneous regular indecomposable modules will be called of continuous type.

The following well known lemmas summarize some facts in mod-kQ.

Lemma 1.4 (Chapter IX in [49], Lemma 3 in [64]). We have the following facts:

(a) For P preprojective, I preinjective and R regular module we have Hom(R,P ) = Hom(I,P ) =
Hom(I,R) = Ext1(P,R) = Ext1(P, I) = Ext1(R, I) = 0. It follows that the submodules of
a preprojective module are always preprojective, preinjectives can project only on preinjectives, a
submodule of a regular module cannot have preinjective components and a regular cannot project
on preprojectives.

(b) If a ≠ a′ and Ra (respectively Ra′) is a regular with components from the tube Ta (respectively Ta′),
then Hom(Ra,Ra′) = Ext1(Ra,Ra′) = 0.

(c) For Ta homogeneous and R(t, a), R(t′, a) indecomposables from Ta we have
dimkHom(R(t, a),R(t′, a)) = dimk Ext

1(R(t, a),R(t′, a)) = min(t, t′)deg a. In case k

is finite with q elements, the number of automorphisms is αR(t,a) = qtdeg a − q(t−1)deg a.

(d) For Te non-homogeneous of rank m and iR(t, e) an indecomposable from Te such that lm < t ≤
(l + 1)m we have dimk End(iR(t, e)) = l + 1. In case k is finite with q elements, the number of
automorphisms is αiR(t,e) = ql+1 − ql.

11
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(e) For Te non-homogeneous of rank m and iR(t, e) an indecomposable from Te such that lm ≤ t <
(l + 1)m, we have dimk Ext

1(iR(t, e),iR(t, e)) = l.

(f) For P indecomposable preprojective and I indecomposable preinjective modules we have End(P ) ≅
k, End(I) ≅ k and Ext1(P,P ) = Ext1(I, I) = 0. Thus, in case k is finite with q elements, the
number of automorphisms is αP = αI = q − 1.

(g) ForP indecomposable preprojective of defect −1 andR(t, a) a homogeneous regular indecomposable

dimkHom(P,R(t, a)) = ⟨dimP, tδ deg a⟩ = tdeg a.

(h) Let M = c1M1 ⊕ ⋅ ⋅ ⋅ ⊕ ctMt such that Mi are pairwise nonisomorphic indecomposable modules.
Then, in case k is finite with q elements, the number of automorphisms is αM = qmαc1M1 . . . αctMt

where m = ∑i≠j cicj dimkHom(Mi,Mj).

(i) Let M = cN with N indecomposable and End(N) = k′ a field. Then, in case k is finite with q
elements, the number of automorphisms is αM = ∣GLc(k′)∣ = ∏1≤i≤c(dc − di−1), where d = ∣k′∣ =
q[k

′∶k].

(j) ForX preprojective (preinjective) indecomposable there is a unique preprojective (preinjective) inde-
composable denoted by X(+nδ) of dimension dimX + nδ. For X preprojective (preinjective) inde-
composable with dimX > nδ there is a unique preprojective (preinjective) indecomposable denoted
by X(−nδ) of dimension dimX − nδ.

Lemma 1.5 (Lemma 2.1 in [61], Lemma 3 in [53]). Let P be an indecomposable preprojective with defect
∂P = −1, P ′ a preprojective module and R a regular indecomposable. Then we have:

(a) Every nonzero morphism f ∶ P → P ′ is a monomorphism.

(b) For every nonzero morphism f ∶ P → R, f is either a monomorphism or Im f is regular. In particular,
if R is regular simple and Im f is regular then f is an epimorphism.

(c) Suppose that dimP > δ. Then P projects to a unique regular simple RP (1, e) from the mouth of
each non-homogeneous tube Te, moreover dimkHom(P,RP (1, e)) = ⟨dimP,dimRP (1, e)⟩ = 1.

(d) Suppose that dimP < δ. Then, depending on its dimension, P embeds in or projects to a unique
regular simple RP (1, e) from each non-homogeneous tube Te, moreover
dimkHom(P,RP (1, e)) = ⟨dimP,dimRP (1, e)⟩ = 1.

(e) For a homogeneous tube Ta, we have dimkHom(P,R(1, a)) = 1, so let RP (1, a) ∶= R(1, a).

Lemma 1.6 ([28]). We have the following:

(a) k∗ = k ∖ {0} acts freely on Ext1(M,N)∗ = Ext1(M,N) ∖ {0}.

12
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(b) For k finite with q elements and d a nonnegative integer

∑
(ta)a closed point in P1(k)

ta∈Z, ta≥0
∑a ta deg a=d

1 = q
d+1 − 1
q − 1

.

A module without homogeneous regular components can be described combinatorially and field in-

dependently: the indecomposable components of discrete dimension type are uniquely determined by

their dimension (which is a positive real root), the non-homogeneous regular indecomposable compo-

nents of continuous type are of the form
iR(t, e), thus determined by the triple (i, t, e). We denote this

system of positive real roots and triples of the form (i, t, e) by µ and let M(µ, k) be the corresponding

(up to isomorphism) unique module in mod-kQ.

The homogeneous regular part of a module will be described by a Segre symbol, that is a multiset

of the form σ = {(λ1, d1), . . . , (λr, dr)}, where λi are partitions and di ∈ N∗.
Using the definitions above, a decomposition symbol is a pair α = (µ,σ). Given a decomposition

symbol α = (µ,σ) and a field k, we define the decomposition class S(α, k) to be the set of isomorphism

classes of modules of the form M(µ, k)⊕R, where R = R(λ1, a1)⊕ ⋅ ⋅ ⋅ ⊕R(λr, ar) for some distinct

points a1, . . . ar ∈ Hk(k) such that deg ai = di.
The following lemma will be useful:

Lemma 1.7 ([26]). Given a decomposition symbol α, there exist universal polynomials aα and nα such
that for any finite field k with ∣k∣ = q, aα(q) = αA for all A ∈ S(α, k), and nα(q) = ∣S(α, k)∣. Moreover,
aα is a monic integer polynomial and nα(q) is strictly increasing in q.

Remark 1.2. For a positive real root x, in order to simplify the notation, we will denote by x the decom-

position symbol corresponding to the (up to isomorphism unique) indecomposable having dimension

x. In this case nx(q) = 1.

Also we denote simply by δ the symbol (∅,{((1),1)}) corresponding to homogeneous modules

of dimension δ. In case a decomposition symbol is of the form (∅, σ), where σ is a Segre symbol (thus

we have only homogeneous regular components) then it will be identified with the Segre symbol σ.

1.5 The Kronecker case

The easiest tame case is the Kronecker case, when the quiver (denoted here by K) is of acyclic type Ã1

thus of the form:

1 2
β
oo

αoo
.

Note that here we labeled the vertices with 1 and 2 and the arrows with α and β.

In this special case δ = (1,1) and the indecomposable preprojectives are (up to isomorphism) the

projectivesP0 = S(1) = P (1), P1 = P (2) respectively their translatesP2n = τ−nP0 andP2n+1 = τ−nP1.

Dually, the indecomposable preinjectives are the injectives I0 = S(2) = I(2), I1 = I(1) respectively

their translates I2n = τnI0 and I2n+1 = τnI1. Note that dimPn = (n + 1, n), dimIn = (n,n + 1) and as
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representations:

Pn ∶= kn+1 kn

( 0

I
)

oo

( I

0
)

oo
,

In ∶= kn kn+1

( 0 I )
oo

( I 0 )oo
.

As we have mentioned before, we don’t have non-homogeneous tubes in the Kronecker case, so

the homogeneous tubes are parameterized by the (scheme theoretic) closed points of the projective line

P1(k), the set of points of degree 1 being Hk(k) = k ∪ {∞}, thus in this case ϕ1(q) ∶= ∣Hk(k)∣ = q + 1.

Viewed as representations, the indecomposable regulars on tubes of degree 1 are the following:

R(t,∞) = k[X]/(Xt) k[X]/(Xt)
id
oo

Xoo
, t ≥ 1

R(t, a) = k[X]/((X − a)t) k[X]/((X − a)t)
X
oo

idoo
, t ≥ 1, a ∈ k.

Regarded as representations, the indecomposable regulars on a tube Ta with deg a > 1 are of the form

R(t, a) = k[X]/(φa(X)t) k[X]/(φa(X)t)
X
oo

idoo
,

where t ≥ 1 andφa(X) is the monic irreducible polynomial of degree deg a > 1 uniquely corresponding

to the point a over k.

Note that for a ∈ Hk(k) we have dimR(t, a) = t(deg a)δ = (tdeg a, tdeg a).
The following lemma specializes and extends Lemma 1.4 in the Kronecker case.

Lemma 1.8. We have the following:

(a) For n ≤ m, we have dimkHom(Pn, Pm) = m − n + 1 and Ext1(Pn, Pm) = 0; otherwise
Hom(Pn, Pm) = 0 and dimk Ext

1(Pn, Pm) = n −m − 1.

(b) For n ≥ m, we have dimkHom(In, Im) = n − m + 1 and Ext1(In, Im) = 0; otherwise
Hom(In, Im) = 0 and dimk Ext

1(In, Im) =m − n − 1.

(c) dimkHom(Pn, Im) = n +m and dimk Ext
1(Im, Pn) =m + n + 2.

(d) dimkHom(Pn,R(t, a)) = dimkHom(R(t, a), In) = tdeg a and
dimk Ext

1(R(t, a), Pn) = dimk Ext
1(In,Rx(t)) = tdeg a.

By the Krull-Remak-Schmidt theorem, every module in M ∈ mod-kK (up to isomorphism) has the

following decomposition:

(Pc1 ⊕ ...⊕ Pcn)⊕ (⊕a∈Hk(k)R(λ
a, a))⊕ (Id1 ⊕ ...⊕ Idm), (⋆)
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where

(1) (c1, ..., cn) is a finite, weakly increasing sequence of nonnegative integers;

(2) λa is a partition for every a ∈ Hk(k) (almost all of these partitions being empty);

(3) (d1, ..., dm) is a finite, weakly decreasing sequence of nonnegative integers.

The sequences from (1), (2), (3) above will be called Kronecker invariants of the module M . Using

the (⋆) decomposition, one can see that they determine M up to isomorphism.

Let Rn be the set of isomorphism classes of regular modules of dimension nδ = (n,n), with inde-

composable components taken from pairwise different tubes. So

Rn = {[R(t1, a1)⊕ ...⊕R(tr, ar)] ∣ r, t1, . . . , tr ∈ N∗, a1, ..., ar ∈ Hk are pairwise different and

t1 deg a1 + ... + tr deg ar = n}.

Observe that Rn = ⋃S(σ, k), where the union is taken over all Segre symbols of the form σ =
{((t1), d1), . . . , ((tr), dr)} with r ∈ N∗ and t1d1 + ... + trdr = n.

We will denote byR the full subcategory of mod-kK having as objects regular modules with inde-

composable components taken from pairwise different tubes. This means that the set of isomorphism

classes of the objects inR is exactly ∪n∈N∗Rn. Note thatR is not extension closed.

Finally we should emphasize that the Kronecker case is particularly interesting due to a result of

Beilinson which proves that the module category mod-kK of the Kronecker algebra is derived equiv-

alent to the category Coh(P1(k)) of coherent sheaves on the projective line. Note that the indecom-

posable preprojectives and preinjectives together correspond in Coh(P1(k)) to the indecomposable

locally free coherent sheaves and the indecomposable regulars correspond to the indecomposable tor-

sion sheaves.

1.6 Sums of numbers of automorphisms associated to regular mod-
ules

We present in this section formulas for specific sums of numbers of automorphisms associated to regular

modules. These formulas, interesting on their own, will play an important role in the determination of

Ringel-Hall polynomials. Throughout this section k is finite with q elements and all the modules are

from mod-kQ (where Q is a connected, acyclic quiver of tame type).

Proposition 1.2. We have the following:

(a) Let 0an(q) = 1
q−1 ∑[R] αR, where the sum is taken over all regular modulesR of dimension nδ with

indecomposable components from pairwise different homogeneous tubes. Then 0an(q) = q2n−1 −
2q2n−2 + 3q2n−3 + ⋅ ⋅ ⋅ − (2n − 2)q2 + (2n − 1)q − (n + 1). Also by definition 0a0(q) = 1

q−1 and
0a−1(q) = 0.

15
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(b) Denote by 0 < σ1 < δ the dimension of an indecomposable regular taken from the non-homogeneous
tube T . Let 1an(q) = 1

q−1 ∑[R] αR, where the sum is taken over all regular modules R of dimension
nδ + σ1 with indecomposable components from pairwise different homogeneous tubes and the non-
homogeneous tube T . Then 1an(q) = q2n − 2q2n−1 + 3q2n−2 + ⋅ ⋅ ⋅ − (2n)q + (n + 1). Note that
1a0(q) = 1.

(c) Denote by 0 < σ1, σ2 < δ the dimensions of two indecomposable regulars taken from two different
non-homogeneous tubes T1 and T2. Let 2an(q) = 1

q−1 ∑[R] αR, where the sum is taken over all
regular modulesR of dimensionnδ+σ1+σ2 with indecomposable components from pairwise different
homogeneous tubes and a single component from each non-homogeneous tube T1 and T2. Then
2an(q) = q2n+1 − 2q2n + 3q2n−1 + ⋅ ⋅ ⋅ − (2n)q2 + (2n + 1)q − (n + 1). Note that 2a0(q) = q − 1.

(d) Denote by 0 < σ1, σ2, σ3 < δ the dimensions of three indecomposable regulars taken from the pair-
wise different non-homogeneous tubes T1, T2 and T3. Let 3an(q) = 1

q−1 ∑[R] αR, where the sum is
taken over all regular modules R of dimension nδ + σ1 + σ2 + σ3 with indecomposable components
from pairwise different homogeneous tubes and a single component from each non-homogeneous
tube T1, T2 and T3. Then 3an(q) = q2n+2 − 2q2n+1 + 3q2n + ⋅ ⋅ ⋅ − (2n + 2)q + (n + 1). Note that
3a0(q) = (q − 1)2.

(e) Consider the polynomials fn = Xn − 3Xn−1 + ⋅ ⋅ ⋅ + (−1)n−1(2n − 1)X + (−1)n(n + 1) for n ≥ 1,
f0 = 1, f−n = 0. Then

0an(q) − 3an−2(q) = f2n−1(q),
3an−1(q) − 0an(q) = f2n(q),
1an(q) − 2an−1(q) = f2n(q),

2an(q) − 1an(q) = f2n+1(q), for n ≥ 1.

Proof. (a) For a a closed point in Hk, we know (see Lemma 1.4 (c)) that αR(t,a) = qtdeg a − q(t−1)deg a =∶
αt,deg a. So the generating function corresponding to the sum above is

1
q−1N(x), where

N(x) = ∏
a∈Hk

(1 + αt,deg ax
deg a + αt,2deg ax

2deg a + . . . ) = ∏
a∈Hk

1 − xdeg a

1 − (qx)deg a
=∏

d≥1
( 1 − xd

1 − (qx)d
)
ϕd(q)

,

with ϕ1(q) = q − 2 since we have included only homogeneous tubes and ϕd(q) = N(q, d) (see Sec-

tion 1.4). It follows that logN(x) = ∑d≥1 ϕ(d)(log(1 − xd) − log(1 − (qx)d)). However by the proof

of Lemma 16 in [28] we have for ψ1(q) = q + 1 = ϕ1(q) + 3 and ψd(q) = ϕd(q) for d ≥ 2.

∑
d≥1

ψd(q)(log(1 − xd)) = log(1 − qx) + log(1 − x) = ∑
d≥1

ϕd(q)(log(1 − xd)) + 3 log(1 − x),
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thus ∑d≥1 ϕ(d) log(1 − xd) = log(1 − qx) − 2 log(1 − x). Similarly

∑
d≥1

ψd(q)(log(1 − (qx)d)) = log(1 − q2x) + log(1 − qx)

= ∑
d≥1

ϕd(q)(log(1 − (qx)d)) + 3 log(1 − qx),

thus ∑d≥1 ϕ(d) log(1 − (qx)d) = log(1 − q2x) − 2 log(1 − qx). So we have that

logN(x) = ∑d≥1 ϕ(d)(log(1 − xd) − log(1 − (qx)d))
= log(1 − qx) − 2 log(1 − x) − (log(1 − q2x) − 2 log(1 − qx))
= 3 log(1 − qx) − 2 log(1 − x) − log(1 − q2x),

which means that
1

q−1N(x) =
(1−qx)3

(1−x)2(1−q2x)(q−1) , and we only have to look at the Maclaurin sequence.

(b) Note that for an indecomposable regular
iR(t, e) taken from a non-homogeneous tube Te of rank

m we have that αiR(t,e) = q
u+1 − qu, where u < t

m ≤ u + 1 (see Lemma 1.4 (c)). It follows that
1an(q) =

∑n
i=0

0an−i(q)(qi+1 − qi) = (q − 1)∑n
i=0 q

i 0an−i(q). So, we need to look at the Maclaurin sequence of

the generating function
1

q−1N(x)
q−1
1−qx =

(1−qx)2
(1−x)2(1−q2x) .

(c) We proceed in the same way as in (b). It follows that

2an(q) = ∑
i=0,n
j=0,n
i+j≤n

0an−i−j(q)(qi+1 − qi)(qj+1 − qj) = (q − 1)2 ∑
i=0,n
j=0,n
i+j≤n

0an−i−j(q)qi+j

= (q − 1)2
n

∑
l=0
(l + 1)ql 0an−l(q),

where l = i + j. So we need to look at the Maclaurin sequence of the generating function

1
q−1N(x)

(q−1)2
(1−qx)2 =

(1−qx)(q−1)
(1−x)2(1−q2x) .

(d) We proceed in the same way as before. It follows that

3an(q) = ∑
i=0,n
j=0,n
t=0,n

i+j+t≤n

0an−i−j−t(q)(qi+1 − qi)(qj+1 − qj)(qt+1 − qt) = (q − 1)3 ∑
i=0,n
j=0,n
t=0,n

i+j+t≤n

0an−i−j(q)qi+j+t

= (q − 1)3
n

∑
l=0

(l + 1)(l + 2)
2

ql 0an−l(q).

So, we need to look at the Maclaurin sequence of the generating function
1

q−1N(x)
(q−1)3
(1−qx)3 =

(q−1)2
(1−x)2(1−q2x) .

17



1.7 Ringel-Hall algebras. Counting extensions,

monomorphisms and epimorphisms

Chapter 1 Preliminaries

1.7 Ringel-Hall algebras. Counting extensions, monomorphisms and
epimorphisms

In this section k is a finite field with q elements. We consider the rational Ringel-Hall algebra H(kQ)
of the algebra kQ. Its Q-basis is formed by the isomorphism classes [M] from mod-kQ and the mul-

tiplication is defined by [N1][N2] = ∑[M] FM
N1N2

[M], where the structure constants FM
N1N2

= ∣{U ⊆
M ∣ U ≅ N2, M/U ≅ N1}∣ are called Ringel-Hall numbers.

Note that for regular modules from a homogeneous tube Ta and partitions λ, µ, ν, we have

F
R(ν,a)
R(λ,a)R(µ,a) = g

ν
λµ(q

deg a), where gνλµ ∈ Z[X] is the classical Hall polynomial corresponding to the

partitions λ, µ, ν. We know that if for the Littlewood-Richardson coefficient we have cνλµ = 0 the poly-

nomial gνλµ is also 0, and in case cνλµ ≠ 0 the polynomial gνλµ has degree n(ν)−n(λ)−n(µ) and leading

coefficient cνλµ (see [32] Chapter II (4.3)). It is also known that gλµν = gλνµ and gλµ(t) = 0 unless λ − µ is

a horizontal t-strip. Also, there is an explicit formula for gλµ(t), where λ − µ is a horizontal t-strip (see

[32] (4.3), (4.12), (4.13)).

The Ringel-Hall algebra is associative, usually non-commutative, with unit element [0], moreover

with a minor modification (twist) on the multiplication it can be endowed with a comultiplication,

becoming a bialgebra. The composition subalgebra C(kQ) of the Ringel-Hall algebra H(kQ) is gen-

erated by the isomorphism classes of simple modules. We know from [63] that in the tame case, for

an indecomposable module M we have [M] ∈ C(kQ) if and only if M is exceptional (i.e. it has no

self-extensions, see Section 1.10).

In case of Ringel-Hall algebras associated to quivers we know due to Ringel in [41] and Green in

[24] that a generic version of the composition subalgebra, as a bialgebra, (up to the twist mentioned

above) is the positive part of the corresponding Drinfeld-Jimbo quantum group.

The following formulas involving Ringel-Hall numbers are fundamental. The first formula is the

Riedtmann’s formula, the second one expresses associativity of the Ringel-Hall algebra and the last one,

called Green’s formula, is used to prove the (twisted) compatibility between the described multiplication

and comultiplication.

Proposition 1.3. For modules N1,N
′
1,N2,N

′
2 ∈ mod-kQ we have:

(a) Let M ∈ mod-kQ be an arbitrary module. If Ext1(N1,N2)M denotes the set of all classes in
Ext1(N1,N2) representing an exact sequence with middle term M , then
FM
N1N2

= αM ∣Ext1(N1,N2)M ∣
αN1

αN2
∣Hom(N1,N2)∣ ;

(b) ∑[N] FM
N1N

FN
N2N3

= ∑[N] FN
N1N2

FM
NN3

, where M ∈ mod-kQ is arbitrary;

(c)
αN1αN2αN ′1

αN ′2 ∑
[M]

FM
N1N2

FM
N ′1N

′

2
α−1M =

= ∑
[R],[S],[S′],[T ]

q−⟨dimR,dimT ⟩FN1
RSF

N ′1
RS′F

N2
S′TF

N ′2
ST αRαSαS′αT .
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We can see from the definition and Riedtmann’s formula that the Ringel-Hall number FM
N1N2

is

counting (up to automorphisms and isomorphism) the number of extensions of N1 by N2 with middle

term M , so in fact Ringel-Hall numbers are counting specific extensions.

Remark 1.3. (a) Note that a nonzero Ringel-Hall number FZ
Y X equals 1 in case Hom(X,Y ) = 0.

Indeed, if we had two different submodules U,V ≅X in Z such that Z/U,Z/V ≅ Y then U ∩ V
would be a proper submodule in U and thus we would have a nonzero morphism X ≅ U →
U/U ∩ V ≅ U + V /V ⊆ Z/V ≅ Y .

It follows using Lemma 1.4 that for P preprojective, I preinjective andR regular module we have

[P ⊕R⊕ I] = [P ][R][I], so for [M] = [P ⊕R⊕ I] and [M ′] = [P ′ ⊕R′ ⊕ I ′] we have

[M][M ′] = [P ][R][I][P ′][R′][I ′].

(b) Also note that if M , N and L have no projective (respectively injective) indecomposable direct

summands, then FL
MN = F τL

τMτN (respectively FL
MN = F τ−1L

τ−1Mτ−1N ).

In case of Ringel-Hall algebras corresponding to Dynkin quivers and tame quivers we know due

to Ringel, Hubery (see below), respectively Deng and Ruan (see [42], [26], respectively [17]), that the

structure constants of the multiplication are again polynomials in the number of elements of the base

field. We will call these polynomials Ringel-Hall polynomials. If we are looking at Hall polynomials

associated to indecomposable modules, the classical polynomials are just 0 or 1, the Ringel-Hall poly-

nomials in the Dynkin case are also known and have degree up to 5 (see the list in [42]). However, we

do not have much information about the Ringel-Hall polynomials in the tame case.

We continue by stating Hubery’s theorem on the existence of Ringel-Hall polynomials in tame cases

with respect to the decomposition classes.

Theorem 1.1 ([26]). Given decomposition symbols α,β and γ, there exists a rational polynomial F γ
αβ

such that for any finite field k with ∣k∣ = q,

F γ
αβ(q) = ∑

A∈S(α,k)
B∈S(β,k)

FC
AB for all C ∈ S(γ, k),

moreover,
nγ(q)F γ

αβ(q) = nα(q) ∑
B∈S(β,k)
C∈S(γ,k)

FC
AB for all A ∈ S(α, k),

nγ(q)F γ
αβ(q) = nβ(q) ∑

A∈S(α,k)
C∈S(γ,k)

FC
AB for all B ∈ S(β, k).

Here nγ(q) = ∣S(γ, k)∣ is the rational polynomial counting the elements of the corresponding decomposi-
tion class S(γ, k) over the finite field k with q elements.

Remark 1.4. Consider the positive real roots x, y and the Segre symbol r. The corresponding de-

composition symbols will be denoted by x, y, r (see Remark 1.2). In this case the polynomials F z
rx or
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F z
yr will denote in our article Hubery’s polynomial divided by the polynomial nr(q), which is again a

polynomial.

For the task of counting the number of mono- and epimorphisms, we have a useful double,

dimension-inductive formula by Ringel.

Proposition 1.4 (Ringel, [40]). Let X,Y,Z ∈ mod-kQ. Then we have the following formulas:

mY
X = hXY − ∑

Z, dimZ<dimX

fXZ αZs
Y
Z ,

eYX = hY X − ∑
Z, dimZ<dimX

fYZ αZs
X
Z .

This can be connected with Ringel-Hall numbers, since sYX = ∑[Z] F Y
ZX and fYX = ∑[Z] F Y

XZ .

1.8 The Ringel-Hall algebra over the Kronecker quiver

The structure of the Ringel-Hall algebra in the Kronecker case is well-known due to the work of

Baumann-Kassel in [4], Zhang in [62] and Szántó in [52, 51].

Let k be a finite field with q elements and consider the Ringel-Hall algebraH(kK) of the Kronecker

algebra kK and its composition subalgebra C(kK). We will use the notations from Section 1.5.

Define Rn = ∑[X]∈Rn
αX[X], and for a partition λ = (λ1, . . . , λu) let Rλ = Rλ1 . . .Rλu . Also note

that gνλµ ∈ Z[X] is the classical Hall polynomial.

Theorem 1.2 ([52]). (a) We have the formulas:

[Pi][Pj] = [Pi ⊕ Pj] for i < j,

[uPi][vPi] =
RRRRRRRRRRR

u + v
v

⎤⎥⎥⎥⎥⎦
(q)[(u + v)Pi], where

RRRRRRRRRRR

u + v
v

⎤⎥⎥⎥⎥⎦
(q) = (q

u+v − 1)...(qu+1 − 1)
(qv − 1)...(q − 1)

,

[Pi][Pj] = qi−j+1[Pi ⊕ Pj] + (qi−j+1 − qi−j−1)
[ i−j

2
]

∑
u=1
[Pi−u ⊕ Pj+u] for i > j,

and dually
[Ii][Ij] = [Ii ⊕ Ij] for i > j,

[uIi][vIi] =
RRRRRRRRRRR

u + v
v

⎤⎥⎥⎥⎥⎦
(q)[(u + v)Ii],

[Ii][Ij] = qj−i+1[Ii ⊕ Ij] + (qj−i+1 − qj−i−1)
[ j−i

2
]

∑
u=1
[Ii+u ⊕ Ij−u] for i < j;

[In−1−i][Pi] =
1

q − 1
Rn + qn−1[Pi ⊕ In−1−i];
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[R(λ, a)][Pm] = ∑
µ is a partition
such that λ−µ

is a horizontal strip

qdeg a∣µ∣ ⋅ gλµ(∣λ−µ∣)(q
deg a) ⋅

αR(∣λ−µ∣,a)αR(µ,a)

αR(λ,a)
[Pm+∣λ−µ∣deg a ⊕R(µ, a)],

and dually

[Im][R(λ, a)] = ∑
µ is a partition
such that λ−µ

is a horizontal strip

qdeg a∣µ∣ ⋅ gλµ(∣λ−µ∣)(q
deg a) ⋅

αR(∣λ−µ∣,a)αR(µ,a)

αR(λ,a)
[R(µ, a)⊕ Im+∣λ−µ∣deg a],

so in particular

[R(t, a)][Pm] = qtdeg a[Pm ⊕R(t, a)] + [Pm+tdeg a]+

+
t−1
∑
i=1
(q(t−i)deg a − q(t−i−1)deg a)[Pm+ideg a ⊕R(t − i, a)],

and dually

[Im][R(t, a)] = qtdeg a[R(t, a)⊕ Im] + [Im+tdeg a]+

+
t−1
∑
i=1
(q(t−i)deg a − q(t−i−1)deg a)[R(t − i, a)⊕ Im+ideg a],

and
[tR(1, a)][Pm] = qtdeg a[Pm ⊕ tR(1, a)] + [Pm+deg a ⊕ (t − 1)R(1, a)],

and dually
[Im][tR(1, a)] = qtdeg a[tR(1, a)⊕ Im] + [(t − 1)R(1, a)⊕ Im+deg a];

Rn[Pm] = qn[Pm]Rn + (q2n−1 + q2n−2)[Pm+n] +
n−1
∑
i=1
(qn+i − qn+i−2)[Pm+i]Rn−i,

and dually

[Im]Rn = qnRn[Im] + (q2n−1 + q2n−2)[Im+n] +
n−1
∑
i=1
(qn+i − qn+i−2)Rn−i[Im+i].

(b) The elements [Pc1]...[Pcs]Rλ[Idt]...[Id1], where λ is a partition and (cs, . . . , c1), (dt, . . . , d1) are
generalized partitions, form a PBW-basis in C(kK). The structure constants are given by formulas above.

1.9 Reflection functors

Let i be a sink in the quiver Q. Denote by σi the reflection induced by the vertex i, that is for a ∈ ZQ0,

j ≠ i we have (σi(a))i = −ai +∑j0∈Ni
aj0 (where Ni is the set of neighbors of i) and (σi(a))j = aj .

Let σiQ be the quiver obtained by reversing all arrows involving i and by Qi the quiver having the

same underlying graph as Q with all its edges pointing towards i (so i is the unique sink in Qi). Let

mod-kQ⟨i⟩ be the full subcategory of modules not containing the simple module corresponding to the
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vertex i as a direct summand.

We consider the reflection functors S+i ∶ mod-kQ→ mod-kσiQ and S−i ∶ mod-kσiQ→ mod-kQ. For

all details concerning reflection functors we refer the reader to [7], [18], [31] or [2] Section VII.5. The

following lemma summarizes all the basic properties of reflection functors:

Lemma 1.9. (a) ForM ∈ mod-kQ indecomposable we have S±i M ≠ 0 if and only ifM ≇ Si. Moreover
in this case S±i M is indecomposable and dimS±i M = σi(dimM).

(b) The functors S+i , S
−
i induce quasi-inverse equivalences between mod-kQ⟨i⟩ and mod-kσiQ⟨i⟩.

(c) If i is a sink, M,M ′ ∈ mod-kQ are indecomposable modules and S+i M
′ ≠ 0 then S+i induces an

isomorphism Ext1(M,M ′) → Ext1(S+i M,S+i M
′). Dually, if i is a source, M,M ′ ∈ mod-kQ

are indecomposable modules and S−i M ≠ 0 then S−i induces an isomorphism Ext1(M,M ′) →
Ext1(S−i M,S−i M

′).

Using the lemma above we can easily prove that:

Lemma 1.10. For k finite and M,N,L ∈ mod-kQ⟨i⟩, using the functor S+i for a sink i and S−i for a
source i, we have:

(a) αM = αS±i M
, hNL = hS±i NS±i L

and FL
MN = F

S±i L

S±i M S±i N
;

(b) ⟨dimN,dimL⟩Q = ⟨σi(dimN), σi(dimL)⟩σiQ, σi(δ) = δ and ∂S±i M = ∂M . Moreover, if R is a
simple homogeneous (respectively non-homogeneous) regular, then so is S±i R;

(c) In case the potential factors of an embeddingN ↪ L or the potential kernels of a projection L↠M

are in mod-kQ⟨i⟩ we have
sLN = s

S±i L

S±i N
, fLM = f

S±i L

S±i M
.

From now on suppose that Q is a tame tree (i.e. not of type Ãm), i is a sink in Q and Ni is the set

of neighbors of i. The following technical lemma concerning tame trees has a similar proof as Lemma

5.2 on page 279 in [2].

Lemma 1.11. There exists a sequence i1, ..., it of vertices of Q different from i and not in Ni such that for
each s ∈ {1, . . . , t} the vertex is is a sink in σis−1 . . . σi1Q and σit . . . σi1Q = Qi.

Remark 1.5. Note that in the case of the Kronecker quiver (where vertex 1 is the sink and vertex 2

is the source) σ1K is in fact K with flipped vertex numbering, so the categories mod-kσ1K⟨1⟩ and

mod-kK⟨2⟩ can and will be identified. Thus in this case T+ = S+1 , T− = S−2 induce exact quasi-inverse

equivalences between mod-kK⟨1⟩ and mod-kK⟨2⟩. In particular if M ∈ mod-kK⟨1⟩ with dimM =
(m,n), then m ≤ 2n and dim(T+M) = (n,2n −m). Also if M ∈ mod-kK⟨2⟩ with dimM = (m,n),
then n ≤ 2m and dim(T−M) = (2m − n,m).

1.10 Orthogonal exceptional pairs and Schofield sequences

An indecomposable module is called exceptional if it has no self-extensions. This implies that the only

exceptional modules in the tame hereditary case are the preprojective indecomposables, preinjective
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indecomposables and the non-homogeneous regular indecomposables having dimension vector less

than δ (see Lemma 1.4 (c), (e), (f)). This means however (see Lemma 1.4 (d), (f)), that in the tame

hereditary case the endomorphism space of an exceptional module is one dimensional. Note also that

all the exceptional modules are of discrete dimension type.

A pair of indecomposable modules (Y,X) is called an orthogonal exceptional pair if the modules

are exceptional, and are orthogonal, that is Hom(X,Y ) = Hom(Y,X) = Ext1(X,Y ) = 0. Denote

by F(X,Y ) the full subcategory of objects having filtration with factors X and Y . Observe that

F(X,Y ) is an exact, hereditary, abelian subcategory equivalent to the category of finite dimensional

k-representations of the quiver having two vertices and d = dimk Ext
1(Y,X) arrows from left to right.

We know due to Hubery (see [28]) that in the tame hereditary case we have dimk Ext
1(Y,X) ≤ 2,

moreover, if equality holds then dimX ⊕ Y = δ and ∂Y = 1. Thus in the case dimk Ext
1(Y,X) = 2

we have X = P indecomposable preprojective of defect −1 and Y = I indecomposable preinjective of

dimension δ −dimP and of defect 1. This pair (I,P ) is then called a Kronecker pair since the category

F(P, I) is equivalent to the category of finite dimensional k-representations of the Kronecker quiver

K .

The following theorem by Schofield (for k algebraically closed) and Ringel (for k general) (see [37,

48]) makes it possible to construct exceptional modules as extensions of smaller exceptional ones which

are also orthogonal. This procedure is generally called Schofield induction. More precisely we have:

Theorem 1.3. (Schofield, [28, 37, 48]) If Z is exceptional but not simple, then Z ∈ F(X,Y ) for some
orthogonal exceptional pair (Y,X), and Z is not a simple object in F(X,Y ). In fact, there are precisely
s(Z) − 1 such pairs, where s(Z) is the number of nonzero components in dimZ .

Note that in the theorem above the condition requiring Z not to be a simple object in F(Y,X)
is equivalent with the existence of an exact sequence of the form 0 → uX → Z → vY → 0 with

u, v strictly positive. Such an exact sequence will be called Schofield sequence corresponding to the

exceptional module Z . We say that the orthogonal exceptional pair (Y,X) corresponds (is associated)

to the exceptional module Z if there is a short exact sequence 0 → X → Z → Y → 0, which is a

particular Schofield sequence of Z . In this caseX (respectively Y ) is called Schofield submodule (factor)
of Z .

In [60] we obtained the following characterization of Schofield sequences:

Proposition 1.5 ([60]). Suppose X , Y , Z are exceptional indecomposables such that udimX +vdimY =
dimZ . Then we have a Schofield sequence

0 // uX // Z // vY // 0

if and only if ⟨dimX,dimY ⟩ = 0. Moreover, in this case either u = v = 1 or ∣u − v∣ = 1 with ∂X = −1,
∂Y = 1, dimX + dimY = δ and ∂Z = ±1. In the latter case we will speak about a special Schofield
sequence. Finally u, v and thus Y are uniquely determined by X , Z . Also u, v and thus X are uniquely
determined by Z , Y .

The following corollary gives a clear description of the special Schofield sequences:
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Corollary 1.4 ([60]). LetZ be an exceptional indecomposable of defect−1 (i.e. preprojective) with dimZ >
δ. Then it has a unique special Schofield sequence which is of the form

0 // (u + 1)X // Z // uY // 0

with ∂X = −1, dimX + dimY = δ and thus dimZ = uδ + dimX .

Dually, let Z be an exceptional indecomposable of defect 1 (i.e. preinjective) with dimZ > δ. Then it
has a unique special Schofield sequence which is of the form

0 // vX // Z // (v + 1)Y // 0

with ∂X = −1, dimX + dimY = δ and thus dimZ = vδ + dimY .

From now on we will use the term Schofield sequence for the non-special ones, so for those of the

form 0 → X → Z → Y → 0, with the orthogonal exceptional pair (Y,X) corresponding to Z . The

corollary below follows from the proposition above:

Corollary 1.5 ([60]). SupposeX , Y ,Z are exceptional indecomposables such that dimX+dimY = dimZ .
Then we have a Schofield sequence 0 → X → Z → Y → 0 if and only if (at least) one of the following
conditions is satisfied:

(a) dimk Ext
1(Y,X) = 1;

(b) in case X and Z are not both regular, we have dimkHom(X,Z) = 1;

(c) in case X and Z are both regular they share the same regular socle;

(d) in case Y and Z are not both regular, we have dimkHom(Z,Y ) = 1;

(e) in case Y and Z are both regular they share the same regular top.

The following proposition gives us the orthogonal exceptional pairs associated to exceptional mod-

ules in the Ãm case.

Proposition 1.6 ([60]). If Q is of Ãm type then we have:

(a) In case ∂Z = −1 and dimZ > δ, all its Schofield factors are the regular exceptionals having regular
top RZ(1, e) for e ∈ E. A dual statement is true for ∂Z = 1.

(b) The Schofield submodules of R(t, e) are the regulars R(t′, e) with t′ < t and the indecomposable
preprojectives P of defect −1, having dimension less than dimR(t, e) and satisfying RP (1, e) =
topR(t, e) (i.e. dimkHom(P, topR(t, e)) = 1).

In the other tame cases (when the quiver is a tree) we will use reflections and AR-translations in

order to obtain all the orthogonal exceptional pairs over any orientation.

The following proposition is the result of the general compatibility of exact sequences with reflec-

tions.
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Proposition 1.7 ([60]). Consider the sink i, its reflection functor S+i and supposeX is an indecomposable
module which is not the projective simple corresponding to the sink i. If 0 → uX → Z → vY → 0 is a
Schofield sequence, then so is 0 → uS+i X → S+i Z → vS+i Y → 0. The assertion remains valid also for
the functor S−i , in the case i is a source and Y is not the injective simple corresponding to i. Moreover, we
obtain the same result for the AR-translations τ (in the case X is not an indecomposable projective) and
τ−1 (in the case Y is not an indecomposable injective).

As we can see from the proposition above, a Schofield sequence 0 → uX → Z → vY → 0 vanishes

under the reflection S+i in the case X is the projective simple corresponding to the sink i. This might

suggest that the set of all the Schofield sequences associated to Z is not compatible with reflections.

However for non-special Schofield sequences (orthogonal exceptional pairs) the contrary is true.

Proposition 1.8 ([60]). Consider the sink i and its reflection functor S+i . IfM = {(Yj ,Xj)∣j ∈ J} is the
set of all orthogonal exceptional pairs associated to Z , then S+iM = {(S+i Yj , S+i Xj)∣j ∈ J,S+i Xj ≠ 0} is
the set of all orthogonal exceptional pairs associated to S+i Z . Dually, if i is a source andM = {(Yj ,Xj)∣j ∈
J} is the set of all orthogonal exceptional pairs associated toZ , thenS−iM = {(S−i Yj , S−i Xj)∣j ∈ J,S−i Yj ≠
0} is the set of all orthogonal exceptional pairs associated to S−i Z .

In case of a canonically oriented tame tree quiver, for a given exceptional moduleZ all its orthogonal

exceptional pairs are listed in Appendix A (taken from [60]).

We are ready now to describe the procedure of obtaining all the orthogonal exceptional pairs of

any exceptional module Z over any tame quiver not of type Ãm (this type being already discussed).

Consider the tame tree quiverQ and denote byQ′ the canonically oriented quiver having the same

underlying graph. Then we know that there exists a sequence i1, . . . , it of vertices in Q such that for

each s ∈ {1, . . . , t} the vertex is is a sink in σis−1 . . . σi1Q and σit . . . σi1Q = Q′ (see [2]). We perform

the following steps:

Step 1. We fix the special Schofield pair associated toZ (if dimZ > δ and ∂Z = ±1) using Corollary 1.4.

Step 2. For the orthogonal exceptional pairs associated to Z consider the reflected exceptional module

S+it . . . S
+
i1
Z in the canonically oriented quiver Q′ = σit . . . σi1Q.

Step 3. Using Appendix A we determine the orthogonal exceptional pairs of S+it . . . S
+
i1
Z in Q′.

Step 4. Reflect back these orthogonal exceptional pairs using the functor S−i1 . . . S
−
it

. By Proposition 1.8

these pairs will be all the orthogonal exceptional pairs of Z .

The following results are rather technical, however they are very useful. The first one follows

directly from Proposition 7 in [60], the second one lists particular orthogonal exceptional pairs cor-

responding to an arbitrary preprojective indecomposable over the quiver QD̃4
c of type D̃4 with all the

arrows pointing towards the central vertex 5.

Lemma 1.12. Let P be an indecomposable preprojective module of defect −(m+n) and (P ′′, P ′) a corre-
sponding orthogonal exceptional pair of indecomposable preprojective modules with ∂P ′ = −m, ∂P ′′ = −n.
Then (P ′′(±nδ), P ′(±mδ)) is an orthogonal exceptional pair corresponding to P (±(m + n)δ).

In particular if ∂P = −2 and (P ′′, P ′) is a corresponding orthogonal exceptional pair of indecompos-
able preprojective modules with ∂P ′ = ∂P ′′ = −1, then (P ′′(+δ), P ′(+δ)) is an orthogonal exceptional
pair corresponding to P (+2δ).
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Lemma 1.13. Consider the quiver QD̃4
c . Thus, the indecomposable preprojectives in this case are:

• P2(n) – the indecomposable preprojective (of defect −2) with dimension vector (0,0,0,0,1) + nδ;

• P 1j
1 (n) (for j = 1,4) – the indecomposable preprojectives (of defect −1) of dimensions (1,0,0,0,1)+
nδ, (0,1,0,0,1) + nδ, (0,0,1,0,1) + nδ, (0,0,0,1,1) + nδ;

• P 2j
1 (n) (for j = 1,4) – the indecomposable preprojectives (of defect −1) of dimensions (0,1,1,1,2)+
nδ, (1,0,1,1,2) + nδ, (1,1,0,1,2) + nδ, (1,1,1,0,2) + nδ.

Then, the following pairs are preprojective orthogonal exceptional pairs corresponding to P2(n):

• (P ′′ = P 11
1 (n2 ),P

′ = P 21
1 (n2 − 1)) in case n is even and

• (P ′′ = P 21
1 (n−12 ),P

′ = P 11
1 (n−12 )) in case n is odd.

1.11 GR measures and GR submodules

The Gabriel-Roiter measure (GR measure for short) was introduced by Gabriel in order to give a com-

binatorial interpretation of the induction scheme used by Roiter in his proof of the first Brauer-Thrall

conjecture. Ringel used it as a foundational tool for the representation theory of Artin algebras.

We list in this section some facts on GR measures and GR submodules, where GR stands for Gabriel-

Roiter (see [44, 39, 38] for details).

Let P(N∗) be the set of all subsets of N∗ = N ∖ {0}. A total order on P(N∗) can be defined as

follows: if I, J are two different subsets of N, write I < J if the smallest element in (I ∖ J) ∪ (J ∖ I)
belongs to J . Using the total order above, for each M ∈ mod-kQ let µ(M) be the maximum of the sets

{∣M1∣, ∣M2∣, ..., ∣Mt∣}, whereM1 ⊂M2 ⊂ ... ⊂Mt is a chain of indecomposable submodules ofM . Then

µ(M) is the GR measure of M . If M ∈ mod-kQ is indecomposable and not simple, an indecomposable

submodule U ⊂M is called a GR submodule provided µ(M) = µ(U) ∪ {∣M ∣}, thus if and only if every

proper submodule of M has GR measure at most µ(U). A monomorphism N → M between two

indecomposable modules is called GR inclusion if µ(M) = µ(N) ∪ {∣M ∣} (i.e. N is isomorphic with a

GR submodule ofM ). It is known that the factor of a GR inclusion (called GR factor) is indecomposable.

If N ⊂ M is a GR inclusion, the exact sequence 0 → N → M → M/N → 0 will be called a GR exact
sequence.

For two sets I, J ∈ P(N∗) we say that J starts with I , provided I = J or I ⊂ J and for all elements

a ∈ I and b ∈ J ∖ I we have a < b. Finally, for X,Y indecomposables let us denote by Sing(X,Y ) the

set of maps X → Y which are not monomorphisms.

The following proposition summarizes some known results on GR measures and GR inclusions.

Proposition 1.9. Let X,Y,Y1, . . . , Yt and Z be indecomposable modules.

(a) If X is a proper submodule of Y , then µ(X) < µ(Y ).

(b) If µ(X) < µ(Y ) < µ(Z) and there is a GR inclusion X → Z , then ∣Y ∣ > ∣Z ∣.
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(c) Suppose there is a monomorphism f ∶ X → Y1 ⊕ ⋅ ⋅ ⋅ ⊕ Yt. If max{µ(Yi)} starts with µ(X) then
there is some j such that πjf is injective, where πj ∶ Y1 ⊕ ⋅ ⋅ ⋅ ⊕ Yt → Yj is the canonical projection.

(d) For a GR sequence 0→X
lÐ→ Y

πÐ→ Z → 0 we have:

(i) X is a direct summand of all proper submodules of Y containing X ; More generally, any
monomorphism f ∶ X → Y is mono-irreducible, that is for any factorization f = f ′′f ′, where
f ′′ ∶ X ′ → Y is a proper monomorphism, the map f ′ ∶ X → X ′ is a split monomorphism. In
particular we can’t have proper monomorphisms X →X ′, X ′ → Y with X ′ indecomposable.

(ii) There is an irreducible monomorphism X →M with M indecomposable and an epimorphism
M → Y such that the composition X →M → Y is injective;

(iii) Any homomorphism to Z , which is not an epimorphism, factors through π;

(iv) All irreducible maps to Z are epimorphisms;

(v) If all irreducible maps to Y are monomorphisms, then l is an irreducible map;

(vi) Z is a factor module of τ−1X and Z ≅ τ−1X if and only if the GR sequence is an Auslander-
Reiten sequence.

(e) If X → Y is a GR inclusion, then Sing(X,Y ) is a k-subspace of Hom(X,Y ). Moreover, if X , Y
are preprojective, there is a monomorphism X → Y which is a composition of irreducible maps, so
we have a path from X to Y in the preprojective component of the AR quiver.

(f) ([45]) Suppose k is finite with q elements and let X ↪ Y be a GR inclusion. Then the number
sYX of submodules of Y which are isomorphic to X is qs−r(qh−s−1)

(qe−r−1) (and h > s ≥ r, e > r), where
e = dimk End(X), r = dimk radEnd(X), h = dimkHom(X,Y ), s = dimk Sing(X,Y ). In
particular, for GR inclusion of preprojectives P ↪ P ′ we have that sP

′

P =
qh−qs
q−1 .

(g) ([14]) If Q is of type Ẽ6, Ẽ7, Ẽ8 then any Auslander-Reiten sequence terminating at a non-injective
GR factor has an indecomposable middle term.

1.12 Connection with geometry

We begin by listing some basic facts from [16, 34] on the geometry of representations. For further

details we refer to [16, 35, 34, 27].

Let k be an algebraically closed field of characteristic 0 and a finite quiver Q without oriented

cycles. Consider the affine r-space Ar
k over k with the Zariski topology. A locally closed subset U in Ar

k

is open in its closure U . A non-empty locally closed subset U is irreducible if any non-empty subset of

U which is open in U is also dense in U (i.e. its closure is U ). It is well known that the affine space Ar
k

is irreducible.

The dimension of a non-empty locally closed subset U is

dimU = sup{n ∈ N ∣ ∃C0 ⊂ C1 ⊂ . . . ⊂ Cn irreducible subsets closed in U} .

It is well known that dimU = dimU , dimU ∪ V =max{dimU,dimV } and dimAr
k = r.
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If an algebraic group G acts on Ar
k, then the orbits G(x) are locally closed and G(x) ∖ G(x) is

a union of orbits of dimension strictly smaller than dimG(x). The orbit-stabilizer theorem gives us

dimG(x) = dimG − dimGx, where Gx is the stabilizer of the point x.

For d ∈ NQ0, consider the affine space

R(d) = ∏
α∈Q1

kdh(α)×dt(α) = A∑α∈Q1
dh(α)dt(α)

k

which parameterises the k-representations ofQ having dimension vector d. We always identify a point

M = (Mα)α∈Q1
in R(d) with the corresponding representation in mod-kQ. The group

GL(d) = ∏
i∈Q0

GLdi(k)

acts on R(d) by conjugation on the corresponding matrices, i.e.

(gi)i (Mα)α = (gh(α)Mαg
−1
t(α))α .

Note that GL(d) is open (and non-empty) in the irreducible affine space A∑i∈Q0
d2i

k , thus is dense,

so dimGL(d) = dimA∑i∈Q0
d2i

k = ∑i∈Q0
d2i .

So by definition we have the following:

• The orbits O(M) of GL(d) in R(d) are in bijection with the isomorphism classes [M] of k-

representations of Q (modules in mod-kQ) of dimension vector d;

• The stabilizer of a point M is precisely its group of kQ-automorphisms Aut(M), which is

open (and non-empty) in the vector space of kQ-endomorphisms End(M), thus is dense, so

dimAut(M) = dimEnd(M). It follows by the orbit-stabilizer theorem that dimO(M) =
dimGL(d) − dimEnd(M) = dimkGL(d) − dimk End(M);

• qQ(d) = ∑i∈Q0
d2i −∑α∈Q1

dh(α)dt(α) = dimGL(d) − dimR(d).

Using the results above, we have for a point M in R(d):

Lemma 1.14. codimO(M) = dimR(d)−dimO(M) = dimk End(M)−qQ(d) = dimk Ext
1(M,M).

This implies the following consequences:

Corollary 1.6. We have:

(a) For d ≠ 0 and qQ(d) ≤ 0 there are infinitely many orbits in R(d).

(b) O(M) is open if and only if M has no self-extensions.

(c) Up to isomorphism there is at most one module of dimension d without self-extensions.

Proof. (a) Observe that dimR(d) − dimO(M) = dimk End(M) − qQ(d) > 0.
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(b) Using the lemma above, we have that M has no self-extensions if and only if dimR(d) =
dimO(M)(= dimO(M)). If O(M) is open, then since R(d) is irreducible, we have that O(M) =
R(d), so dimR(d) = dimO(M). Conversely, if dimR(d) = dimO(M), then R(d) = O(M), using

the irreducibility of R(d). But O(M) is locally closed, so O(M) is open in its closure which is R(d).

(c) If M,N ∈ R(d) are nonisomorphic without self extension, then the orbits O(M), O(N) are open

and disjoint, so O(M) ⊆ R(d) ∖ O(N), which implies O(M) ⊆ R(d) ∖ O(N), contradicting the

irreducibility of R(d).

Proposition 1.10 ([16]). For a non-split exact sequence 0 → U → X → V → 0 we have O(U ⊕ V ) ⊆
O(X) ∖O(X). So, if O(U ⊕ V ) has maximal dimension, then Ext1(V,U) = 0.

For subsets A ⊂ R(d),B ⊂ R(e), we define A ∗ B ⊂ R(d + e) to be the subset of all extensions of

representations in A by representations in B, that is:

A∗B = {X ∈ R(d+e)∣ there exists an exact sequence 0→ N →X →M → 0 for some M ∈ A,N ∈ B}.

We know from [35] that ifA ⊂ R(d),B ⊂ R(e) are irreducible, closed subvarieties, which are stable

under the corresponding group actions, then the same holds for A ∗B. Also if C ⊂ R(f) then we have

(A ∗ B) ∗ C = A ∗ (B ∗ C).
Using the results above, we can define the extension monoidM(Q) ofQ as the set of all irreducible,

closed, GL(d)-stable subvarieties of all R(d) for d ∈ NQ0, together with the operation ∗ and the unit

element R(0). This monoid is naturally NQ0-graded by settingM(Q)d ∶= {A ∈M(Q)∣A ⊂ R(d)}.
Given subvarieties A ⊂ R(d),B ⊂ R(e) fromM(Q), we can define

hom(B,A) ∶=min{dimkHom(B,A)∣A ∈ A,B ∈ B} ,

and

ext(B,A) ∶= hom(B,A) − ⟨e, d⟩.

Then we have the following formula:

Theorem 1.7 (Reineke). If ext(A,B) = 0 or if A = Rep(α) and B = Rep(β), then

codimA ∗ B = codimA + codimB + ext(B,A).

It follows that:

Corollary 1.8 (Hubery). Let M and N be modules such that dimExt1(M,N) = 0. Then

O(M) ∗O(N) = O(M ⊕N).

Proof. By Lemma 1.14 for M ∈ R(d) we have codimO(M) = dimk Ext
1(M,M). Using the previous

theorem we obtain that codimO(M ⊕N) − codimO(M) ∗O(N) = dimk Ext
1(M ⊕N,M ⊕N) −

dimk Ext
1(M,M) − dimk Ext

1(N,N) − dimk Ext
1(N,M) = 0.
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We say that a module N is a degeneration of a module M if O(N) ⊆ O(M), and we denote this

fact by M ≤deg N . Thus ≤deg is a partial order on the set of isomorphism classes in mod-kQ of a given

dimension. In the Dynkin and Euclidean cases one can characterize ≤deg in terms of representation

theory (see the work of Bongartz in [9, 8] and Zwara in [65]).

Consider the following partial orders ≤ext and ≤ on the isomorphism classes in mod-kQ. They are

defined in terms of representation theory as follows:

• M ≤ext N ⇔ there are modules Mi, Ui, Vi and short exact sequences 0 → Ui →Mi → Vi → 0 in

mod-kQ such thatM =M1, Mi+1 = Ui⊕Vi, 1 ≤ i ≤ s, andN =Ms+1 for some natural number s.

• M ≤ N ⇔ dimkHom(X,M) ≤ dimkHom(X,N) holds for all modules X .

Then we have the following:

Theorem 1.9 ([9], [65]). The partial orders ≤, ≤deg and ≤ext are equivalent for all representations of
Dynkin and Euclidean quivers.

The following lemma taken from [10] (see also [47]) is crucial in connecting our combinatorial

results obtained over finite fields with the classical Euler-Poincaré characteristic over C.

Lemma 1.15. ([10]) Let X be a variety defined over some ring of algebraic integers. We denote by X(C)
(respectively X(Fq)) the set of C-points (resp. Fq-points) of X . Suppose that there exists a polynomial f
with integral coefficients such that ∣X(Fq)∣ = f(q) for infinitely many prime powers q. Then the Euler-
Poincaré characteristic (with compact support) of X(C) is given by χ(X(C)) = f(1).

We end this section by remarking that in the Kronecker case, taking k = C, we have HC(C) =
P1(C) = C ∪ {∞} and the regular indecomposables (up to isomorphism) are

R(t, a) ∶ Ct Ct

It
oo
aIt+Jtoo

for a ∈ C and R(t,∞) ∶ Ct Ct

Jt
oo

Itoo
,

where Jt denotes a Jordan block of dimension t with eigenvalue 0 and It the identity matrix.
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Tame Ringel-Hall polynomials

We presented in the introduction the important role played by Ringel-Hall algebras in the theory of

quantum groups and cluster algebras. Hence it is important to understand the structure of these al-

gebras, and as a crucial step towards this direction, to describe explicitly the Ringel-Hall products and

obtain the Ringel-Hall polynomials. As we will see, the task is not easy and it gets more and more

difficult if it involves indecomposables with higher absolute defects.

Throughout the chapter we will work in the category mod-kQ, where Q is a connected, acyclic

quiver of tame type and k is a finite field with q elements.

The first section lists all the Ringel-Hall polynomials associated to indecomposable modules of abso-

lute defect up to 1. We will also describe all the Ringel-Hall products involving these indecomposables.

The results of this section were published mainly in [54] and partially in [53].

The second section presents all the Hall polynomials of the form F δ
δ−aa, where a is a positive real

root of arbitrary negative defect. These polynomials correspond to the Ringel-Hall numbers of the form

F
R(1,a)
IP , where R(1, a) is a homogeneous regular simple of dimension δ and will have an application

presented in the next chapter. These results appeared in [57].

The third section presents the Ringel-Hall polynomials associated to indecomposable modules of

absolute defect up to 2, with one of the indecomposables having absolute defect 2. The main ingredient

of the proof is a Schofield induction applied to Green’s formula.

2.1 Ringel-Hall polynomials involving indecomposable modules of
absolute defect up to 1

2.1.1 Reductions and main tools

Our aim is to determine the tame Ringel-Hall polynomials F z
xy with z = x+y and x, y, z corresponding

to indecomposable modules of defect up to 1. Note that this covers all the Ringel-Hall polynomials

associated to indecomposable modules in the acyclic Ãm case.

We will use the following reductions:

(a) We can choose any acyclic orientation for every tame quiver, since Ringel-Hall polynomials are

reflection independent, up to a simple projective or injective module (see Lemma 1.10).
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(b) Using duality arguments we can interchange preinjectives with preprojectives.

By the reductions above and Lemma 1.4 one can see that we may get nonzero F z
xy Ringel-Hall poly-

nomials in the following cases (here all the symbols x, y, z correspond to indecomposables and also

z = x + y):

(1) F r3
r2r1 , where r1, r2, r3 are symbols corresponding to regular indecomposables;

(2) F p′
rp, where p, p′ are positive real roots with ∂p = ∂p′ = −1 (thus corresponding to preprojective

indecomposables of defect −1) and r is the symbol of a regular indecomposable; or dually F i′

ir ,

where ∂i = ∂i′ = 1 (thus corresponding to preinjective indecomposables of defect 1) and r is the

symbol of a regular indecomposable;

(3) F r
i0p

, where p, i0 are positive real roots with ∂p = −1, ∂i0 = 1 and r is the symbol of a regular

indecomposable.

2.1.2 The polynomials F r3
r2r1

The following proposition follows trivially using Lemma 1.4. Note that this is the case of classical Hall

polynomials (so they are just 0 or 1).

Proposition 2.1. For three symbols r1, r2, r3 corresponding to regular indecomposables R1, R2, R3, the
Ringel-Hall polynomial F r3

r2r1 is either 1 (due to uniseriality) if the regular indecomposables are from the
same tube and we have an exact sequence 0→ R1 → R3 → R2 → 0, or otherwise 0.

2.1.3 The polynomials F p′

rp

We begin with a proposition which tells us more than the required polynomials.

Let P ≇ P ′ be indecomposable preprojectives with defect −1. Then for a moduleX we consider the

following condition list (1):

(i) X is a regular module with dimX = dimP ′ − dimP ;

(ii) if X has an indecomposable component from a tube Ta, then the regular top of this component

is the regular simple RP ′(1, a);

(iii) the indecomposable components of X are taken from pairwise different tubes.

Using the list above the following proposition describes the Ringel-Hall numbers of the form FP ′

XP :

Proposition 2.2. We have the following:

(a) If Hom(P,P ′)(= ⟨dimP,dimP ′⟩) = 0 then FP ′

XP = 0 for every module X .

(b) If Hom(P,P ′)(= ⟨dimP,dimP ′⟩) ≠ 0 then FP ′

XP = 1 for X satisfying condition list (1) and FP ′

XP =
0 otherwise.

Moreover, in this case dimP ′−dimP = dδ+∑e∈S σe, where 0 ≤ σe < δ if nonzero is the dimension of
a unique regular non-homogeneous indecomposable from Te (thus a root) with top RP ′(1, e). Also,
dimkHom(P,P ′) = ⟨dimP,dimP ′⟩ = d + 1, which means that d is unique.
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In case Q is a tree, thus S = {0,1,∞}, we will use the notation (dimP ′ −dimP )nh ∶= (σ0, σ1, σ∞)
and supp(dimP ′ − dimP )nh for the number of its nonzero components.

Proof. (a) Is trivial.

(b) First step. We will prove that FP ′

XP ≠ 0 if and only ifX satisfies the given condition list (1). Suppose

FP ′

XP ≠ 0. We will check the conditions (i), (ii), (iii) from the list.

Condition (i). Since FP ′

XP ≠ 0 we have a short exact sequence 0 → P → P ′ → X → 0. Then

dimX = dimP ′ − dimP and ∂P ′ = ∂P + ∂X , but ∂P ′ = ∂P = −1, so ∂X = 0. Note that X can’t have

preprojective components, since if P ′′ was such a component then P ′↠ P ′′ ≇ P ′ which is impossible

due to Lemma 1.5 (a). So X is regular.

Condition (ii). Let R be an indecomposable component of X taken from the tube Ta. Denote by

topR its regular top, which must be regular simple due to uniseriality. Then P ′ ↠ X ↠ R ↠ topR,

so using Lemma 1.5 we have topR ≅ RP ′(1, a).

Condition (iii). Suppose X =X ′ ⊕R1 ⊕ ...⊕Rl, where R1, ...,Rl are taken from the same tube Ta.

Then by Condition (ii) they have the same regular top RP ′(1, a) and we have the monomorphism

0→ Hom(X,RP ′(1, a))→ Hom(P ′,RP ′(1, a)).

It follows that

dimkHom(X,RP ′(1, a)) ≤ dimkHom(P ′,RP ′(1, a)) = deg a.

So

dimkHom(X,RP ′(1, a)) = dimkHom(X ′,RP ′(1, a)) +
l

∑
i=1

dimkHom(Ri,RP ′(1, a)) ≤ deg a

and dimkHom(Ri,RP ′(1, a)) = deg a for Ta homogeneous and dimkHom(Ri,RP ′(1, a)) ≥ 1 = deg a
for Ta non-homogeneous. It follows that l = 1.

Conversely, suppose now that R is an indecomposable regular module with dimR < dimP ′ satis-

fying Condition (ii). By Lemma 1.5 (b) it follows that for a nonzero morphism f ∶ P ′ → R the image

Im f is regular. We will show that P ′ projects on R. Observe that if R = RP ′(1, a), the assertion is

true due to Lemma 1.5. Suppose now that R is not a regular simple.

If R is from a homogeneous tube Ta then R = R(t, a), dimR = tδ deg a and Hom(P ′,R) ≠ 0

since dimkHom(P ′,R) = ⟨dimP ′, tdeg aδ⟩ = −tdeg a∂P ′ = tdeg a. Note that in case there are no

epimorphisms in Hom(P ′,R), then using Lemma 1.5 (b) and the uniseriality of regulars we would have

Hom(P ′,R) = Hom(P ′,R(t, a)) ≅ Hom(P ′,R(t−1, a)), a contradiction. So we have an epimorphism

P ′ → R.

If R is from a non-homogeneous tube Te of rank m, then deg e = 1, R = R(t, e) and topR =
RP ′(1, a) = iR(1, e) (Condition (ii)). We have that dimR = dimiR(t − 1, e) + dim(topR), so

dimkHom(P ′,R) = ⟨dimP ′,dimiR(t−1, e)⟩+⟨dimP ′,dim(topR)⟩ = dimkHom(P ′, iR(t−1, e))+1 >
0. If there is no epimorphism P ′ → R, then using uniseriality and Lemma 1.5 (b) for nonzero

33



2.1 Ringel-Hall polynomials involving indecom-

posable modules of absolute defect up to 1

Chapter 2 Tame Ringel-Hall polynomials

f ∈ Hom(P ′,R) we have that Im f = iR(l, e) with 1 ≤ l < t and P ′ projects on top Im f so

topiR(l, e) = topiR(t, e) = topR (see Lemma 1.5). But this means that t − l = sm with s ≥ 1 so

if t ≤ m we have a contradiction and if t > m (as in the homogeneous case) we would have that

Hom(P ′, iR(t, e)) ≅ Hom(P ′, iR(t − m,e)) that is 0 = ⟨dimP ′,dimiR(t, e) − dimiR(t − m,e)⟩ =
⟨dimP ′, δ⟩ = 1, again a contradiction.

Suppose now that the moduleX = R1⊕...⊕Rl satisfies condition list (1). From the discussion above

we have the epimorphisms fi ∶ P ′ → Ri. Let f ∶ P ′ → X , f(x) = ∑ fi(x) be the diagonal map. Due to

Lemma 1.5 (b) we have that Im f is regular, so due to uniseriality Im f = R′1 ⊕ ... ⊕R′l with R′i ⊆ Ri.

Since fi = pif are epimorphisms, we have that R′i = Ri, so f is an epimorphism. Note that Ker f ⊆ P ′,
so it is preprojective, ∂Ker f = ∂P ′ − ∂X = −1, so Ker f is an indecomposable preprojective with

dimKer f = dimP . It follows that Ker f ≅ P , so we have an exact sequence 0 → P → P ′ → X → 0

which implies that FP ′

XP ≠ 0.

Second step. In the case Hom(P,P ′) ≠ 0, we prove that dimP ′ − dimP0 = dδ + ∑e∈S σe, where

0 ≤ σe < δ if nonzero is the dimension of a unique regular non-homogeneous indecomposable from Te
(thus a root) with top RP ′(1, e) and dimkHom(P,P ′) = d + 1.

From the first step we know that we have a monomorphism P → P ′ with factor X satisfying

condition list (1). It follows that dimP ′ − dimP = dimX = d′δ + ∑e∈S σ
′
e, where 0 ≤ σe if nonzero

is the dimension of a regular Re from the non-homogeneous tube Te with top RP ′(1, e). Suppose

σ′e = deδ + σe, where 0 ≤ σe < δ and 0 ≤ de. If te ≠ 0 then there is a unique regular Rde of dimension

deδ from the non-homogeneous tube Te which embeds intoRe; the factor will be of dimension σe with

top RP ′(1, e) (if σe ≠ 0). Let d = d′ +∑e∈S de.

We show that dimkHom(P,P ′) = d + 1. Suppose first that we don’t have non-homogeneous

tubes, so we are in the Kronecker case. In this case δ = (1,1), dimP ′ − dimP = dδ and then

dimkHom(P,P ′) = d+1 (see Lemma 1.8). Consider now the case when we do have non-homogeneous

tubes, and suppose dδ + σe ≠ 0 for some e ∈ S . Then there are unique regular indecomposables

Re ∈ Te of dimension dδ + σe and top RP ′(1, e) and Re′ ∈ Te′ of dimension σe′ and top RP ′(1, e′)
for e′ ∈ S ′∗ = {e′ ∈ S ∣e′ ≠ e, σe′ ≠ 0}. Suppose that S∗ = {e′ ∈ S ∣σe′ ≠ 0} and ∣S∗∣ = l (where we can

have l = 0). Let R = Re ⊕⊕e′∈S′∗ Re′ . It follows from the previous step that FP ′

RP ≠ 0, so we have a

short exact sequence 0→ P → P ′ → R → 0 which induces the exact sequences

0→ End(P )→ Hom(P,P ′)→ Hom(P,R)→ Ext1(P,P )

and

0→ End(R)→ Hom(P ′,R)→ Hom(P,R)→ Ext1(R,R)→ Ext1(P ′,R).

We deduce using Lemma 1.4 and Lemma 1.5 that

dimkHom(P,P ′) = dimkHom(P,R)+1 = dimkHom(P ′,R)+dimk Ext
1(R,R)−dimk End(R)+1,

where

dimkHom(P ′,R) = ⟨dimP ′,dimR⟩ = d + l,
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dimk Ext
1(R,R) = dimk Ext

1(Re,Re) + ∑
e′∈S′∗

dimk Ext
1(Re′ ,Re′) = d,

dimk End(R) = dimk End(Re) + ∑
e′∈S′∗

dimk End(Re′) = d + l,

so it results that dimkHom(P,P ′) = d + 1.

Third step. Since by Lemma 1.5 every nonzero morphism in Hom(P,P ′) ≠ 0 is a monomorphism

and αP = q − 1 (using the second step) we have that the number of submodules of P ′ which are

isomorphic to P is

sP
′

P =
∣Hom(P,P ′)∣ − 1

αP
= q

d+1 − 1
q − 1

.

By the first step we have that

sP
′

P = ∑
[X]

FP ′

XP = ∑
[X]

X satisfying condition list (1)

FP ′

XP ,

the terms in the last sum being nonzero. We will count now the number of nonisomorphic regulars

satisfying condition list (1). For Ta a homogeneous tube and t ≥ 1, denote by Ra(t) the regular inde-

composable R(t, a) and let Ra(0) = 0. For Te (e ∈ S) a non-homogeneous tube and t ≠ 0 denote by

Re(t) the unique indecomposable from Te of dimension tδ+σe with topRP ′(1, e). For t = 0 and σe ≠ 0
let Re(0) be the unique indecomposable from Te of dimension σe with top RP ′(1, e). For t = 0 and

σe = 0 let Re(0) = 0. Then

⊕
(ta)a closed point in P1(k)

ta∈Z,ta≥0
∑a ta deg a=d

Ra(ta)

are nonisomorphic regulars satisfying condition list (1), so by the Lemma 1.6 we have exactly
qd+1−1
q−1 of

them. Since

sP
′

P =
qd+1 − 1
q − 1

= ∑
[X]

X satisfying condition list (1)

FP ′

XP

and the number of nonzero terms in the right hand sum is
qd+1−1
q−1 , we obtain the assertion of the propo-

sition.

Specializing the proposition above to indecomposables we obtain:

Corollary 2.1. For positive real roots p < p′ with ∂p = ∂p′ = −1 (thus corresponding to indecomposable
preprojectives) we have that F p′

rp = 1 for any symbol r corresponding to a regular indecomposable of di-
mension p′ − p taken from a tube Ta and having as regular top RP ′(1, a) (where P ′ is the preprojective
indecomposable corresponding to the root p′). Moreover, such a symbol r exists if and only if ⟨p, p′⟩ > 0.
For any other symbol α we have F p′

αp = 0. This dualizes for preinjective roots with defect 1.
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2.1.4 The polynomials F r
ip

This case can in fact be obtained from the previous one using a specific reflection functor and Ringel’s

formulas counting mono- and epimorphisms. However, we will follow a lengthier path similar to the

one in the previous section.

We begin again with a proposition which tells us more than the required polynomials.

Let P be indecomposable preprojective with ∂P = −1 and I an indecomposable preprojective with

∂I = 1. Then for a module X we consider the following condition list (2):

(i) X is a regular module with dimX = dimI + dimP ;

(ii) if X has an indecomposable component from a tube Ta, then the regular top of this component

is the regular simple RP (1, a);

(iii) the indecomposable components of X are taken from pairwise different tubes.

Using the list above the following proposition describes the Ringel-Hall numbers of the form FX
IP :

Proposition 2.3. We have the following:

(a) FP⊕I
IP = qdimk Hom(P,I) = q⟨dimP,dimI⟩.

(b) If Ext1(I,P )(= ⟨dimI,dimP ⟩) = 0 then FX
IP = 0 for X ≇ P ⊕ I .

(c) If Ext1(I,P )(= ⟨dimI,dimP ⟩) ≠ 0 then for X ≇ P ⊕ I we have FX
IP =

1
q−1αX for X satisfying

condition list (2) and FX
IP = 0 otherwise.

Moreover, in this case dimI +dimP = dδ+∑e∈S σe, where 0 ≤ σe < δ if nonzero is the dimension of
a unique regular non-homogeneous indecomposable from Te (thus a root) with top RP (1, e). Also,
dimk Ext

1(I,P ) = ⟨dimI,dimP ⟩ = d + 1, which means that d is unique.

Proof. (a) It follows immediately from Riedtmann’s formula. Indeed, trivially ∣Ext1(I,P )P⊕I ∣ = 1 and

by Lemma 1.4 we get Hom(I,P ) = 0, thus

FP⊕I
IP = αP⊕I ∣Ext1(I,P )P⊕I ∣

αIαP ∣Hom(I,P )∣
= αP⊕I
αIαP

= qdimk Hom(P,I).

(b) Is trivial.

(c) First step. Let Ext1(I,P ) ≠ 0 and X ≇ P ⊕ I . We will prove that FX
IP ≠ 0 if and only if X satisfies

the given condition list (2). Suppose FX
IP ≠ 0. We will check the conditions (i), (ii), (iii) from the list.

Condition (i). Since FX
IP ≠ 0, we have a short exact sequence 0 → P

f
→ X

g
→ I → 0. Then dimX =

dimI + dimP and ∂X = ∂P + ∂I = 0. Suppose X = P ′ ⊕R⊕ I ′ (where P ′, R and I ′ are preprojective,

preinjective and regular modules). Note that pP ′f ∶ P → P ′ must be nonzero, so it is a monomorphism

(see Lemma 1.5) which means that dimP ≤ dimP ′. Dually, fqI′ ∶ I ′ → I must be nonzero, so it is an

epimorphism, which means that dimI ≤ dimI ′. But dimP + dimI = dimP ′ + dimR + dimI ′ which

implies that R = 0 and pP ′f , fqI′ are isomorphisms, so X ≅ P ⊕ I is a contradiction. This means that

X is regular.
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Condition (ii). Let Ra be an indecomposable component of X taken from the tube Ta. Denote by

topRa its regular top which is regular simple. Then from the short exact sequence 0→ P →X → I → 0

we obtain the exact sequence

0→ Hom(I, topRa)→ Hom(X, topRa)→ Hom(P, topRa).

Since Hom(I, topRa) = 0, if Hom(P, topRa) = 0, then Hom(X, topRa) = 0, which is a contradiction.

So Hom(P, topRa) ≠ 0 meaning that topRa = RP (1, a).

Condition (iii). Suppose X = X ′ ⊕R1 ⊕ ...⊕Rl where R1, ...,Rl are indecomposables taken from

the same tube Ta. Then by Condition (ii) they have the same regular top RP (1, a) and we have the

monomorphism 0 → Hom(X,RP (1, a)) → Hom(P,RP (1, a)). This because Hom(I,RP (1, a)) = 0.

It follows that dimkHom(X,RP (1, a)) ≤ dimkHom(P,RP (1, a)) = deg a, so

dimkHom(X,RP (1, a)) = dimkHom(X ′,RP (1, a)) +
l

∑
i=1

dimkHom(Ri,RP (1, a)) ≤ deg a.

But dimkHom(Ri,RP (1, a)) = deg a for Ta homogeneous and dimkHom(Ri,RP (1, a)) ≥ 1 = deg a
for Ta non-homogeneous, so we get that l = 1.

Conversely, suppose that X is a satisfying condition list (2), so let X = Ra1 ⊕ ...⊕Ran where Rai

is an indecomposable from the tube Tai , ai are pairwise different and topRai = RP (1, ai). Moreover

dimX = dimI + dimP .

We have a short exact sequence 0→ R′ai
u↪ Rai → RP (1, ai)→ 0 which induces the exact sequence

0 → Hom(P,R′ai) → Hom(P,Rai) → Hom(P,RP (1, ai)) → 0. Since dimkHom(P,RP (1, ai)) =
deg ai, Hom(P,u) is not an isomorphism. It follows that there is fi nonzero in Hom(P,Rai) such that

∀gi ∈ Hom(P,R′ai) we have ugi ≠ fi. So fi does not factor through any proper regular submodule of

Rai .

Note that if dimP < dimRai , then fi is a monomorphism. Indeed, suppose that fi is not a monomor-

phism. Then by Lemma 1.5 Im fi is regular; but Im fi ⊂ Rai , so fi would factor through Im fi, which

is a contradiction.

If dimP ≮ dimRai , then again by Lemma 1.5 Im fi is regular and fi factors through Im fi. So

Im fi = Rai which means that fi is an epimorphism and in this way dimP > dimRai .

Now consider the morphism f = (fi) ∶ P → Ra1 ⊕ ... ⊕ Ran . If one fi is a monomorphism, then

f is trivially a monomorphism. If all fi are epimorphisms and f is not a monomorphism, then by

Lemma 1.5 Im f ⊆ Ra1 ⊕ ...⊕Ran is regular, so Im f = R′a1 ⊕ ...⊕R
′
an with R′ai ⊆ Rai . But fi = pif is

an epimorphism, so R′ai = Rai which means that f is an epimorphism contradicting Condition (i). We

conclude that f is a monomorphism.

By Lemma 1.4 and looking at the defects, Coker f is either an indecomposable preinjective or the

direct sum of an indecomposable preinjective and a regular module with components from the tubes

Txi . We show that this second case is impossible. Indeed, suppose without loss of generality that
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Coker f =X ⊕R′′a1 whereR′′a1 is an indecomposable from the tube Ta1 . So we have the exact sequence

0→ P

f=

⎛
⎜⎜⎜⎜⎜
⎝

f1

⋮
fn

⎞
⎟⎟⎟⎟⎟
⎠

Ð→ Ra1 ⊕ ...⊕Ran

⎛
⎜⎜
⎝

g1 . . . gn

h1 . . . hn

⎞
⎟⎟
⎠

Ð→ X ⊕R′′a1 → 0.

Note that h2 = 0, ..., hn = 0 so h1 ∶ Ra1 → R′′a1 is an epimorphism and h1f1 = 0. It follows that

0 ≠ Im f1 ⊆ Kerh1 and Kerh1 is a proper regular submodule of Ra1 . So f1 factors through a proper

regular submodule of Ra1 , which is a contradiction. We conclude that Coker f is an indecomposable

preinjective and since dimCoker f = dimI , we have that Coker f ≅ I .

Second step. Using the previous step, we have an exact sequence 0 → P → X → I → 0 with X

satisfying condition list (2). It follows that dimI + dimP = dimX = d′δ +∑e∈S σ
′
e where either σe = 0,

or else 0 < σe is the dimension of an indecomposable regular Re from the non-homogeneous tube Te
with quasi-top RP (1, e). Suppose σ′e = deδ + σe with 0 ≤ σe < δ and 0 ≤ de. If de ≠ 0 then there

is a unique indecomposable regular Rde of dimension deδ from the non-homogeneous tube Te which

embeds into Re. The factor will be of dimension σe with top RP (1, e) (if σe ≠ 0). Let d = d′ +∑e∈S de.

We show that dimk Ext
1(I,P ) = d + 1. Suppose first that we don’t have non-homogeneous tubes,

so we are in the Kronecker case (see Lemma 1.8). In this case δ = (1,1), dimI + dimP = dδ and then

dimk Ext
1(I,P ) = d + 1.

Consider now the case when we do have non-homogeneous tubes, and suppose dδ+σe ≠ 0 for some

e ∈ S . Then there are unique regular indecomposables Re ∈ Te of dimension dδ + σe and top RP (1, e)
and Re′ ∈ Te′ of dimension σe′ and top RP (1, e′) for e′ ∈ S ′∗ = {e′ ∈ S ∣e′ ≠ e, σe′ ≠ 0}. Suppose that

S∗ = {e′ ∈ S ∣σe′ ≠ 0} (note that it can be empty). LetR = Re⊕⊕e′∈S′∗ Re′ . It follows from the previous

step that FR
IP ≠ 0, so we have a short exact sequence 0 → P → R → I → 0, which induces the exact

sequence

0→ Hom(I,P )→ Hom(R,P )→ End(P )→ Ext1(I,P )→ Ext1(R,P )→ Ext1(P,P ).

We deduce by using Lemma 1.4 that

dimk Ext
1(I,P ) = 1 + dimk Ext

1(R,P ) = 1 − ⟨dimR,dimP ⟩ = 1 − ⟨t0δ + ∑
e′∈S∗

σe′ ,dimP ⟩

= 1 + d − ⟨ ∑
e′∈S∗

σe′ ,dimP ⟩,

so we need to prove that for e′ ∈ S∗ we have ⟨σe′ ,dimP ⟩ = 0. Indeed, if m is the rank of the tube Te′
then

1 = −⟨δ,dimP ⟩ = −
m

∑
i=1
⟨dimiR(1, e′),dimP ⟩ =

m

∑
i=1

dimk Ext
1(iR(1, e′), P ),

so there is a unique i0 ∈ {1, ...,m} with dimk Ext
1(i0R(1, e′), P ) ≠ 0. Using the Auslander-Reiten

formulas we can see that dimk Ext
1(i0R(1, e′), P ) = dimkHom(P, τ i0R(1, e′)), so

i0R(1, e′) =

38



2.1 Ringel-Hall polynomials involving indecom-

posable modules of absolute defect up to 1

Chapter 2 Tame Ringel-Hall polynomials

τ−1RP (1, e′). In this way if 1 ≤ u <m is the quasi-length corresponding to σe′ , then

⟨σe′ ,dimP ⟩ = ⟨dimτu−1RP (1, e′) + ⋅ ⋅ ⋅ + dimRP (1, e′),dimP ⟩

= −dimk Ext
1(τu−1RP (1, e′), P ) − ⋅ ⋅ ⋅ − dimk Ext

1(RP (1, e′), P ) = 0.

Third step. We know from the previous steps that dimk Ext
1(I,P ) = d + 1 and

∣Ext1(I,P )∣ − 1 = ∑
[X]

X satisfying condition list (2)

∣Ext1(I,P )X ∣,

so

qd+1 − 1 = ∑
[X]

X satisfying condition list (2)

∣Ext1(I,P )X ∣

where the terms in the last sum are at least q − 1 (see Lemma 1.6 (a)).

Now we will count the number of nonisomorphic regulars satisfying condition list (2). As in the

previous subsection, for Ta a homogeneous tube and t ≥ 1 denote byRa(t) the regular indecomposable

R(t, a) and letRa(0) = 0. For Te (e ∈ S) a non-homogeneous tube and t ≠ 0 denote byRe(t) the unique

indecomposable from Te of dimension tδ + σe with top RP (1, e). For t = 0 and σe ≠ 0 let Re(0) be the

unique indecomposable from Te of dimension σe with top RP (1, e). For t = 0 and σe = 0 let Re(0) = 0.

Then

⊕
(ta)a closed point in P1(k)

ta∈Z,ta≥0
∑a ta deg a=d

Ra(ta)

are nonisomorphic regulars satisfying condition list (2) so by Lemma 1.6 we have exactly
qd+1−1
q−1 of

them. It follows that for each X satisfying condition list (2) we have ∣Ext1(I,P )X ∣ = q − 1. Finally,

applying Riedtmann’s formula we get for X of good type

FX
IP =

αX ∣Ext1(I,P )X ∣
αIαP ∣Hom(I,P )∣

= αX

q − 1
.

Specializing the proposition above to indecomposables we obtain:

Corollary 2.2. For positive real roots p, i with ∂p = −1, ∂i = 1 (thus corresponding to an indecomposable
preprojective P and preinjective I) we have that F r

ip =
1

q−1ar(q) for any symbol r corresponding to regular
indecomposables of dimension p+ i taken from a tube Ta and having as regular topRP (1, a), where ar(q)
is the number of automorphisms of any regular corresponding to the symbol r (see Lemma 1.7). Moreover,
such a symbol r exists if and only if ⟨i, p⟩ < 0. For any other symbol α we have Fα

ip = 0.

The previous proposition leads us to a generalization of Lemma 17 from [26].

Corollary 2.3. Let X be a regular module, I an indecomposable preinjective of defect 1 with dimI > nδ
and P an indecomposable preprojective of defect −1. Then FX

IP = FX
I′P ′ where I ′, P ′ are the indecompos-
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ables with dimI − dimI ′ = nδ = dimP ′ − dimP . (Note that I ′, P ′ are uniquely determined, ∂I ′ = 1 and
∂P ′ = −1).

Proof. Note thatX satisfies condition list (2) relatively to I and P if and only if it satisfies condition list

(2) relatively to I ′ and P ′. Indeed, dimI + dimP = dimI ′ + dimP ′ and RP (1, a) = RP ′(1, a), because

dimkHom(P,R(1, a)) = ⟨dimP,dimR(1, a)⟩ = ⟨dimP + nδ,dimR(1, a)⟩ = ⟨dimP ′,dimR(1, a)⟩ =
dimkHom(P ′,R(1, a)). Now the assertion follows from the previous proposition.

2.1.5 Some Ringel-Hall products

We will present some particular Ringel-Hall products involving modules with indecomposable compo-

nents of absolute defect up to 1.

Our first formula deals with the Ringel-Hall product [R][P ] where R is a regular with indecom-

posable components from the same homogeneous tube and P is an indecomposable preprojective of

defect −1. Dually, we can easily derive a formula for [I][R]where I is an indecomposable preinjective

of defect 1.

The second formula describes the product [I][P ], where I is a preinjective indecomposable with

∂I = 1 and P is a preprojective indecomposable with ∂P = −1.

Proposition 2.4. We have the following:

(a) For an indecomposable preprojective P of defect −1, a homogeneous tube Ta and a partition λ

[R(λ, a)][P ] =∑ q∣µ∣deg a⋅gλµ(∣λ−µ∣)(q
deg a)⋅

αR(∣λ−µ∣,a)αR(µ,a)

αR(λ,a)
[P (+(∣λ∣−∣µ∣)δ deg a)⊕R(µ, a)],

the summation going over all partitions µ such that λ−µ is a horizontal strip. Here g denotes the clas-
sical Hall polynomial and P (+(∣λ∣ − ∣µ∣)δ deg a) is the indecomposable preprojective of dimension
dimP + (∣λ∣ − ∣µ∣)δ deg a.

In particular

[tR(1, a)][P ] = qtdeg a[P ⊕ tR(1, a)] + [P (+δ deg a)⊕ (t − 1)R(1, a)],

where P (+δ deg a) denotes the indecomposable preprojective of dimension dimP + δ deg a.

We also have

[R(t, a)][P ] = qtdeg a[P ⊕R(t, a)] + [P (+tδ deg a)]+

+
t−1
∑
i=1
(q(t−i)deg a − q(t−i−1)deg a)[P (+iδ deg a)⊕R(t − i, a)],

where P (+tδ deg a) denotes the indecomposable preprojective of dimension dimP + tδ deg a and
P (+iδ deg a) denotes the indecomposable preprojective of dimension dimP + iδ deg a.

The formulas above dualize for I preinjective of defect 1.
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(b) If ⟨dimI,dimP ⟩ = 0 then [I][P ] = q⟨dimP,dimI⟩[P ⊕ I].

If ⟨dimI,dimP ⟩ ≠ 0 then [I][P ] = q⟨dimP,dimI⟩[P ⊕ I]+ 1
q−1 ∑[X] αX[X] where the (nonempty)

sum is taken over all modules X satisfying the condition list (2).

Proof. (a) Suppose that FX
R(λ,a)P ≠ 0, so we have a short exact sequence 0 → P → X

g
→ R(λ, a) → 0.

Note that we can’t have preinjective components inX (since they would be direct summands in Ker g ≅
P ), ∂X = −1, so due to Lemma 1.4 and Lemma 1.5,X is of the formX = P (+(∣λ∣−∣µ∣)δ deg a)⊕R(µ, a).
Here µ is a partition with ∣µ∣ ≤ ∣λ∣, since dimP ≤ dimP (+(∣λ∣ − ∣µ∣)δ deg a).

If µ = (0), then by Proposition 2.2 λ = (t), so λ − µ is a horizontal t-strip (see Section 1.2) and

F
P (+(∣λ∣−∣µ∣)δ deg a)
R(t,a)P = 1 = q∣µ∣deg a ⋅ gλµ(∣λ−µ∣)(q

deg a) ⋅ αR(∣λ−µ∣,a)αR(µ,a)

αR(λ,a)
.

If µ ≠ (0), then we apply Green’s formula (see Proposition 1.3 (c)) with choices N1 = R(λ, a),
N2 = P , N ′1 = P (+(∣λ∣ − ∣µ∣)δ deg a) and N ′2 = R(µ, a). Note that FM

P (+(∣λ∣−∣µ∣)δ deg a)R(µ,a) = 1 for

M ≅ P (+(∣λ∣ − ∣µ∣)δ deg a)⊕R(µ, a) and otherwise is 0 by Riedtmann’s formula (see Proposition 1.3

(a)). So using Lemma 1.4, the left hand side of Green’s formula becomes

(q − 1)
q∣µ∣deg a

αR(λ,a)F
P (+(∣λ∣−∣µ∣)δ deg a)⊕R(µ,a)
R(λ,a)P .

Looking at the right hand side of the formula, if the product F
R(λ,a)
RS F

P (+(∣λ∣−∣µ∣)δ deg a)
RS′ FP

S′TF
R(µ,a)
ST

is nonzero, then by Lemma 1.4 S′, T are either preprojectives or 0. Note that S′, T can’t be both

preprojective since FP
S′T is nonzero and ∂P = −1. Also, if S′ = 0, then R = P (+(∣λ∣ − ∣µ∣)δ deg a),

so F
R(λ,a)
P (+(∣λ∣−∣µ∣)δ deg a)S = 0. This means that we must have T = 0, so S′ = P , S = R(µ, a) and using

Proposition 2.2 it follows that R = R(∣λ − µ∣, a). So the right hand side of the formula becomes

(q − 1)αR(∣λ−µ∣,a)αR(µ,a)F
R(λ,a)
R(∣λ−µ∣,a)R(µ,a)F

P (+(∣λ∣−∣µ∣,a)δ deg a)
R(∣λ−µ∣,a)P .

Note that Hom(P,P (+(∣λ∣ − ∣µ∣)δ deg a)) ≠ 0 because ⟨dimP,dimP (+(∣λ∣ − ∣µ∣)δ deg a)⟩ =
⟨dimP,dimP + (∣λ∣ − ∣µ∣)δ deg a⟩ = 1 + (∣λ∣ − ∣µ∣)deg a > 0. It follows by Proposition 2.2 that

F
P (+(∣λ∣−∣µ∣)δ deg a)
R(∣λ−µ∣,a)P = 1. On the other hand F

R(λ,a)
R(∣λ−µ∣,a)R(µ,a) = g

λ
(∣λ−µ∣)µ(q

deg a) = gλµ(∣λ−µ∣)(q
deg a),

so it is 0 unless λ − µ is a horizontal strip (see Section 1.7). Equating the two sides of Green’s formula

the assertion follows.

(b) Trivial from Proposition 2.3.

The third formula describes the Ringel-Hall product [R][P ] (and dually [I][R]) where R is a reg-

ular semisimple taken from a non-homogeneous tube and P is an indecomposable preprojective of

defect −1 (and I is an indecomposable preinjective of defect 1).

Consider the non-homogeneous tube Te of rank m. Recall from Section 1.4 that we have m reg-

ular simples in Te denoted by
iR(1, e) i ∈ {1, . . . ,m} such that τ(iR(1, e)) = i−1R(1, e) for i ≥ 2,

τ(1R(1, e)) = mR(1, e) and ∑m
i=1 dim

iR(1, e) = δ. Here
iR(t, e) will denote the indecomposable reg-

ular from Te with regular socle
iR(1, e) and regular length t. A module with all its indecomposable

components regular simples from Te will be called regular semisimple from Te. A regular module from
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the tube Te (i.e. a module with all its indecomposable components from Te) will be denoted by Re. The

isomorphism classes [Re] of regulars from the tube Te and [0] form a Q-basis of a unital Q-subalgebra

H(Te) of H(kQ), called the Ringel-Hall algebra of the tube Te. We know due to Guo (see [25]) the

following:

Proposition 2.5. ([25])H(Te) is generated by the isoclasses of regular semisimples from Te.
This is why we describe the formula [Rs

e][P ] with Rs
e a regular semisimple taken from Te and P

an indecomposable preprojective of defect −1.

We need the following lemma:

Lemma 2.1. (a) Suppose that FRs
e

R′eR
′′
e
≠ 0, where R′e,R

′′
e are regulars from Te and Rs

e is a regular
semisimple from Te. Then R′e and R′′e must be regular semisimples.

(b) Suppose that FP ′

Rs
eP
≠ 0, where Rs

e is a regular semisimple from Te and P , P ′ are indecomposable
preprojectives of defect −1. Then Rs

e = τ−1RP (1, e) (so it is regular simple). Conversely, for P
an indecomposable preprojective of defect −1 there is up to isomorphism a unique indecomposable
preprojective P ′ of dimension dimP ′ = dimP + dimτ−1RP (1, e) and we have FP ′

τ−1RP (1,e) P = 1.

Proof. (a) Regular modules from Te form an extension-closed abelian subcategory of mod-kQ, the sim-

ple objects in this subcategory being the regular simple modules. It is known (see [1]) that this category

is equivalent to the category of modules of finite length over a specific m ×m matrix ring. So regular

submodules and regular factor modules of a regular semisimple module are again regular semisimple.

(b) By Proposition 2.2,Rs
e = RP ′(1, e) and dimP ′ = dimP +dimRs

e. On the other hand 1 = q(dimP ′) =
q(dimP )+⟨dimP,dimRs

e⟩+⟨dimRs
e,dimP ⟩+q(dimRs

e) = 2+dimkHom(P,Rs
e)−dimk Ext

1(Rs
e, P ).

It follows that Ext1(Rs
e, P ) ≠ 0, so using the same argument as at the end of the second step of the

proof of Proposition 2.3 (c), we have Rs
e = RP ′(1, e) = τ−1RP (1, e). Conversely, one can easily see as

above that q(dimP +dimτ−1RP (1, e)) = 1 so there is up to isomorphism a unique indecomposable pre-

projective P ′ of dimension dimP ′ = dimP + dimτ−1RP (1, e). Note that ⟨dimP,dimP ′⟩ = q(dimP )+
dimkHom(P, τ−1RP (1, e)) = 1 ≠ 0 so Hom(P,P ′) ≠ 0. Since ⟨dimP ′,dimτ−1RP (1, e)⟩ = 1 ≠ 0 it

follows that RP ′(1, e) = τ−1RP (1, e), so we are done using Proposition 2.2.

Theorem 2.4. Let Rs
e =⊕m

i=1 ti
iR(1, e) be a regular semisimple from the tube Te and P an indecompos-

able preprojective of defect −1. Suppose that τ−1RP (1, e) = i0R(1, e), so RP (1, e) = i0−1R(1, e) and let
t0 = tm. Then we have:

(a) If ti0 = 0 then [Rs
e][P ] = qti0−1[P ⊕Rs

e].

(b) If ti0 > 0 then [Rs
e][P ] = qti0−1[P ⊕ Rs

e] + [P ′ ⊕ R′se ], where P ′ denotes the (up to isomor-
phism) unique indecomposable preprojective of dimension dimP ′ = dimP + dimi0R(1, e) and
R′se = t11R(1, e)⊕ ...⊕ (ti0 − 1)i0R(1, e)⊕ ...⊕ tmmR(1, e).

Proof. Suppose that FX
Rs

eP
≠ 0, so we have a short exact sequence 0→ P →X

g
→ Rs

e → 0. Note that we

can’t have preinjective components inX (since they would be direct summands inKer g ≅ P ), ∂X = −1,
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so due to Lemma 1.4 and Lemma 1.5 X is of the form X = P ′ ⊕ Re. Here P ′ is an indecomposable

preprojective of defect −1 and Re is a regular module from the tube Te.

If Re = 0, then by the previous lemma Rs
e = τ−1RP (1, e), P ′ is the indecomposable preprojective

of dimension dimP ′ = dimP + dimτ−1RP (1, e) and we have FP ′

τ−1RP (1,e) P = 1.

If Re ≠ 0, then we apply Green’s formula (Proposition 1.3 (c)) with choices N1 = Rs
e, N2 = P ,

N ′1 = P ′ andN ′2 = Re. Note that by Riedtmann’s formula (Proposition 1.3 (a))FM
P ′Re

= 1 forM ≅ P ′⊕Re

and otherwise is 0. So, using Lemma 1.4, the left hand side of Green’s formula becomes

(q − 1)
qdimk Hom(P ′,Re)

αRs
e
FP ′⊕Re
Rs

eP
.

Looking at the right hand side of the formula, if the product F
Rs

e
RSF

P ′

RS′F
P
S′TF

Re
ST is nonzero, then by

Lemma 1.4 S′, T are either preprojectives or 0. Note that S′, T can’t be both preprojective since FP
S′T

is nonzero and ∂P = −1. Also, if S′ = 0, thenR = P ′, so F
Rs

e
P ′S = 0. This means that we must have T = 0,

so S′ = P , S = Re. By the previous lemma we can have R = 0 or R = τ−1RP (1, e) = i0R(1, e). In the

case R = 0 we have P ′ = P , Rs
e = Re, so the right hand side of the formula becomes

(q − 1)αRs
e

and thus F
P⊕Rs

e
Rs

eP
= qdimk Hom(P,Rs

e) = qti0−1 (where t0 = tm). Next, we consider the case R = i0R(1, e).
The right hand side of the formula in this case is

(q − 1)αi0R(1,e)αReF
Rs

e
i0R(1,e)Re

FP ′
i0R(1,e)P .

Here P ′ is the indecomposable preprojective of dimension dimP ′ = dimP + dimi0R(1, e) and we

have FP ′
i0R(1,e)P = 1. On the other hand one can easily see that F

Rs
e

i0R(1,e)Re
≠ 0 implies ti0 ≥ 1 and

Re = R′se = t11R(1, e) ⊕ ... ⊕ (ti0 − 1)i0R(1, e) ⊕ ... ⊕ tmmR(1, e), so F
Rs

e
i0R(1,e)R′se

= q
ti0−1
q−1 . Equating

the two sides of Green’s formula and using our knowledge on the number of automorphisms (see

Lemma 1.4) we get F
P ′⊕R′se
Rs

eP
= 1.

2.2 The Ringel-Hall polynomials F δ
δ−pp, where p is a positive real root

of arbitrary negative defect

Let x < δ be a positive real root of arbitrary negative defect and consider the Ringel-Hall numbers of

the form F
R(1,a)
I(δ−x)P (x), where R(1, a) is a homogeneous regular of dimension δ (thus a regular simple),

P (x) is the unique indecomposable preprojective with dimP (x) = x and I(δ − x) is the unique inde-

composable preinjective with dimI = δ − x of defect −∂x. Remember that in the Ãm case over a field

with 2 elements we don’t have homogeneous regulars of dimension δ.

Let R(1, a) and R(1, a′) be two homogeneous modules of dimension δ. Then by Theorem 1.1 we

have a Ringel-Hall polynomial F δ
δ−xx such that

F
R(1,a)
I(δ−x)P (x) = F

R(1,a′)
I(δ−x)P (x) = F

δ
δ−xx(q).
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Let ei = (0, . . . ,1, . . .0) (with 1 at the i-th place) be the dimension of the simple projective module

corresponding to the unique sink i in Qi. Using the notions and results from Section 1.9 we show that

in caseQ is a tree (thus not of type Ãm), the Ringel-Hall polynomials F δ
δ−xx over the quiverQ are equal

to special Ringel-Hall polynomials F δ
δ−ei ei over unique sink quivers Qi.

Proposition 2.6. There is a vertex i (with δi = −∂x) such that QF δ
δ−xx =

QiF δ
δ−ei ei , where the first

polynomial is taken over the quiver Q and the second one over the quiver Qi.

Proof. We know that there exists field independently a sequence i1, ..., it of vertices in Q such that for

each s ∈ {1, . . . , t} the vertex is is a sink in σis−1 . . . σi1Q and S+it . . . S
+
i1
P (x) = S′′(i) ∈ mod-kQ′′ is a

simple projective corresponding to the sink i in Q′′ = σit . . . σi1Q. It follows that

F
R(1,a)
I(δ−x)P (x) = F

S+it
...S+i1

R(1,a)
S+is ...S

+

i1
I(δ−x) S′′(i) = F

R′′

S+is ...S
+

i1
I(δ−x) S′′(i),

where R′′ is a homogeneous regular module in mod-kQ′′ of dimension δ. Also, there is a sequence

j1, ..., jr of vertices in Q′′ different from i and not in Ni (the set of neighbors of i) such that for

each s ∈ {1, . . . , t} the vertex js is a sink in σjs−1 . . . σj1Q
′′

and σjr . . . σj1Q
′′ = Qi. It follows that

S+jr . . . S
+
j1
S′′(i) = S′(i) is the simple projective in mod-kQi corresponding to the unique sink i in Qi.

The statement now follows using the same argument as above.

Using a computer program written in GAP (see [23]) we have computed the special Ringel-Hall

polynomials from above. The program computes the Ringel-Hall numbers over small finite fields and

interpolates the Ringel-Hall polynomials. Due to the particular orientation ofQi (to which all the other

orientations are reduced via the previous proposition), the low dimensions and the symmetries, only

a few cases occur and thus the computing time is very short. It takes around 15 minutes to obtain the

polynomial list in the following theorem. We should also remark that using our program we could

reproduce Ringel’s list of Ringel-Hall polynomials for the simply-laced Dynkin case (see [42]).

In case Q is not a tree, thus of type Ãm, we must have ∂x = −1 and then by Proposition 2.3 and

Lemma 1.4 we have that F δ
δ−xx(q) =

1
q−1αR(1,a) = 1.

Summarizing all of the above we obtain:

Theorem 2.5 ([57]). Let x be a positive real root with ∂x < 0. Then F δ
δ−xx = f−∂x, where:

f1 = 1,

f2 =X − 3,

f3 =X2 − 5X + 7,

f4 =X3 − 6X2 + 15X − 14,

f5 =X4 − 7X3 + 22X2 − 37X + 26,

f6 =X5 − 7X4 + 22X3 − 45X2 + 62X − 39.
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2.3 Ringel-Hall polynomials involving indecomposable modules of
absolute defect up to 2

2.3.1 Morphisms from a preprojective indecomposable of defect -2 to regular non-
homogeneous simples

We begin with a technical lemma on morphisms from a preprojective indecomposable of defect −2
to regular non-homogeneous simples, which will be needed later. Using the notations from Proposi-

tion 2.2, we get:

Lemma 2.2. (a) Let P be an indecomposable preprojective module of defect −2 and Te a non-
homogeneous tube. Then we have exactly two regular-simples [R1

P (1, e)] ≠ [R2
P (1, e)]

on the mouth of the tube such that dimkHom(P,R1
P (1, e)) = ⟨dimP,dimR1

P (1, e)⟩ =
⟨dimP,dimR2

P (1, e)⟩ = dimkHom(P,R2
P (1, e)) = 1.

(b) Suppose dimP = dimP0 + dimP1, dimP = dimP ′ + dimP ′′ and dimP ′′ − dimP0 = dimP1 −
dimP ′ = dδ + σ0 + σ1 + σ∞, where all the modules are preprojective indecomposable with ∂P0 =
∂P1 = ∂P ′ = ∂P ′′ = −1, ∂P = −2, 0 < ⟨dimP0,dimP

′′⟩ = ⟨dimP ′,dimP1⟩ = d + 1 and 0 ≤ σe < δ
if nonzero is the dimension of a unique regular non-homogeneous indecomposable from Te (thus a
root). Then [RP ′′(1, e)] = [RP1(1, e)] if and only if σe ≠ 0 and for Ta homogeneous [RP ′′(1, a)] =
[RP1(1, a)].

Proof. (a) Since −∂P = 2 = ⟨dimP, δ⟩ = ⟨dimP,∑m
i=1 dim

iR(1, e)⟩ it follows that ⟨dimP,
dim iR(1, e)⟩ ∈ {0,1,2}. Using a convenient orientation for each quiver, the statement follows via

direct computation.

(b) We only have to look at the non-homogeneous case. Suppose that [RP ′′(1, e)] = [RP1(1, e)] and

σe = 0. So by (a) (without loss of generality) [RP ′′(1, e)] = [RP1(1, e)] = [R1
P (1, e)] and [RP ′(1, e)] =

[RP0(1, e)] = [R2
P (1, e)]. But this means

0 = ⟨dδ,dimR1
P (1, e)⟩ = ⟨dδ + σe,dimR1

P (1, e)⟩ = ⟨dδ + σ0 + σ1 + σ∞,dimR1
P (1, e)⟩

= ⟨dimP1 − dimP ′,dimR1
P (1, e)⟩,

so 1 = ⟨dimP1,dimR
1
P (1, e)⟩ = ⟨dimP ′,dimR1

P (1, e)⟩ = 0, a contradiction.

Suppose that σe ≠ 0. Using Proposition 2.2, we know that the regular top of the regular non-

homogeneous of dimension σe must be [RP ′′(1, e)] = [RP1(1, e)].

2.3.2 Reductions and main tools

Our aim is to determine the tame Ringel-Hall polynomials F z
xy with z = x+y and x, y, z corresponding

to indecomposable modules. Using the results from Section 2.1, we may suppose that at least one of

the defects ∂x, ∂y, ∂z is ±2. This also means that from now on we may suppose that our tame quiver

is a tree (thus not of type Ãm).
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We will use the following reductions:

(a) We can choose any orientation for every tame quiver since Ringel-Hall polynomials are reflection

independent, up to a simple projective or injective (see the previous section).

(b) Using duality arguments we can interchange preinjectives with preprojectives.

By the reductions above one can see that we may get nonzero F z
xy Ringel-Hall polynomials in the

following cases (here all the symbols x, y, z correspond to indecomposables and also z = x + y):

(1) F p
p′p0

, where ∂p = −2, ∂p0 = ∂p′ = −1, or dually F i
i0i′

, where ∂i = 2, ∂10 = ∂i′ = 1;

(2) F p
i0p′

, where ∂p = −1, ∂p′ = −2, ∂i0 = 1, or dually F i
i′p0

, where ∂i = 1, ∂i′ = 2, ∂p0 = −1;

(3) F p
rp0 , where ∂p = −2, ∂p0 = −2, r is the symbol of a homogeneous regular, or dually F i

i0r
, where

∂i = 2, ∂i0 = 2, r is the symbol of a homogeneous regular;

(4) F r
i0p

, where ∂p = −2, ∂i0 = 2 and r is the symbol of a homogeneous regular;

(5) F p
rp0 , where ∂p = −2, ∂p0 = −2, r is the symbol of a non-homogeneous regular, or dually F i

i0r
,

where ∂i = 2, ∂i0 = 2, r is the symbol of a non-homogeneous regular;

(6) F r
i0p

, where ∂p = −2, ∂i0 = 2 and r is the symbol of a non-homogeneous regular.

We end this section with the main tools used in the computation of the Ringel-Hall numbers above.

The first tool is the double, dimension-inductive formula by Ringel for counting the number of mono-

and epimorphisms presented in Chapter 1 as Proposition 1.4.

Our second tool is derived from the associativity of the Ringel-Hall algebra and will permit us to

“decompose” the indecomposable y of defect −2 from F z
xy via an orthogonal exceptional pair of prepro-

jective indecomposables of defect −1. In this way F z
xy can be obtained using Ringel-Hall polynomials

involving only indecomposables of defect ±1 or 0.

Consider the sums of the form:

Sa(X,Y,Z,T ) ∶=∑
[U]

FU
XY F

Z
UT , Sg(X,Y,Z,T ) ∶=

1

αX
∑
[U]

FX
UY F

Z
UTαU .

Proposition 2.7. LetP be an indecomposable preprojective module and (P ′′, P ′) a corresponding orthog-
onal exceptional pair of indecomposable preprojective modules. Denote by X,Y some arbitrary modules.
Then

F Y
XP =∑

[U]
FU
XP ′′F

Y
UP ′ −∑

[V ]
F V
XP ′F

Y
V P ′′ = Sa(X,P ′′, Y,P ′) − Sa(X,P ′, Y,P ′′).

Proof. Since (P ′′, P ′) is an orthogonal exceptional pair of preprojectives corresponding to P , knowing

that k∗ acts freely on Ext1(P ′′, P ′)∖ {0} and dimk Ext
1(P ′′, P ′) = 1, it follows by Proposition 1.3 (a)

and Remark 1.3 that FW
P ′′P ′ equals 1 for [W ] = [P ] and [W ] = [P ′ ⊕ P ′′] and [W ] = 0 in other cases.
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In the same way we obtain that FW
P ′P ′′ equals 1 for [W ] = [P ′⊕P ′′] and [W ] = 0 in other cases. Using

this and Proposition 1.3 (b) it follows that

∑
[U]

FU
XP ′′F

Y
UP ′ = ∑

[W ]
F Y
XWF

W
P ′′P ′ = F Y

XP + F Y
XP ′⊕P ′′ = F Y

XP +∑
[T ]

F Y
XTF

T
P ′P ′′ = F Y

XP +∑
[V ]

F V
XP ′F

Y
V P ′′ .

Our third tool is derived from the co-associativity of the Ringel-Hall algebra (more precisely from

Green’s formula) and will permit us to “decompose” the indecomposable z of defect −2 from F z
xy via

an orthogonal exceptional pair of preprojective indecomposables of defect −1. The existence of such a

pair, as we will see later, will be guaranteed in almost all the cases (see Section 1.10). In this way F z
xy

can be deduced using Ringel-Hall polynomials involving only indecomposables of defect ±1 or 0.

Proposition 2.8. Let P0 be a simple projective which embeds in P , which is an indecomposable preprojec-
tive module of defect −2. Consider (P ′′, P ′) an orthogonal exceptional pair of preprojectives corresponding
to P . Denote by X an indecomposable module such that dimP = dimX + dimP0, thus either ∂P0 = −1
and ∂X = −1 or ∂P0 = −2 and ∂X = 0. Then for P ′ ≇ P0 we have

FP
XP0
= 1

αX
∑
[U]

FX
UP ′F

P ′′

UP0
αU −

1

αX
∑
[V ]

FX
V P ′′F

P ′

V P0
αV = Sg(X,P ′, P ′′, P0) − Sg(X,P ′′, P ′, P0).

For P ′ ≅ P0 we have [X] = [P ′′] and FP
XP0
= FP

P ′′P ′ = 1.

Proof. Using Riedtmann’s formula (see Proposition 1.3 (a)) we obtain thatFW
P ′′P ′ equals 1 for [W ] = [P ]

or [W ] = [P ′ ⊕ P ′′] and 0 in other cases. Also, FW
P ′P ′′ equals 1 for [W ] = [P ′ ⊕ P ′′] and 0 in other

cases. Thus [X] = [P ′′]⇔ [P ′] = [P0], and in this case FP
XP0
= 1.

Suppose [X] ≠ [P ′′] (thus [P ′] ≠ [P0]). Using Green’s formula (see Proposition 1.3 (c)) forN1 =X ,

N2 = P0, N ′1 = P ′′, N ′2 = P ′, the fact that the pair (P ′′, P ′) is orthogonal exceptional and the fact that

P0 is simple projective, we obtain that [T ] = [0] (since for [T ] = [P0], we have [S′] = [0], thus

[R] = [P ′′], so X projects on P ′′ which is impossible if [X] ≠ [P ′′], see Lemma 1.5). Thus, we have:

αXαP0αP ′′αP ′(FP
XP0

FP
P ′′P ′α

−1
P + FP ′⊕P ′′

XP0
FP ′⊕P ′′
P ′′P ′ α−1P ′⊕P ′′)

= ∑
[R],[S],[S′],[T ]

q−⟨dimR,dimT ⟩FX
RSF

P ′′

RS′F
P0
S′TF

P ′

STαRαSαS′αT

= αP ′αP0∑
[R]

FX
RP ′F

P ′′

RP0
αR,

thus

αXF
P
XP0
+ αX(q − 1)FP ′⊕P ′′

XP0
α−1P ′⊕P ′′ =∑

[U]
FX
UP ′F

P ′′

UP0
αU . (2.1)

Using Green’s formula for M = P ′ ⊕ P ′′, N1 = X , N2 = P0, N ′1 = P ′, N ′2 = P ′′, the fact that the pair

(P ′′, P ′) is orthogonal exceptional and the fact that P0 is simple projective, we obtain that [T ] = [0]
(since for [T ] = [P0], we have [S′] = [0], thus [R] = [P ′], so X projects on P ′ which is impossible),
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see Lemma 1.5. Thus, we have:

αXαP0αP ′αP ′′F
P ′⊕P ′′
XP0

FP ′⊕P ′′
P ′P ′′ α−1P ′⊕P ′′

= ∑
[R],[S],[S′],[T ]

q−⟨dimR,dimT ⟩FX
RSF

P ′

RS′F
P0
S′TF

P ′′

ST αRαSαS′αT

= αP ′′αP0∑
[R]

FX
RP ′′F

P ′

RP0
αR,

thus

αX(q − 1)FP ′⊕P ′′
XP0

α−1P ′⊕P ′′ = ∑
[V ]

FX
V P ′F

P ′′

V P0
αV . (2.2)

The formulas (2.1), (2.2) imply

FP
XP0
= 1

αX

⎛
⎝∑[U]

FX
UP ′F

P ′′

UP0
αU −∑

[V ]
FX
V P ′′F

P ′

V P0
αV
⎞
⎠
.

To obtain the listed Ringel-Hall polynomials we will proceed as follows:

(a) In the cases (1), (3), (5) we decompose the indecomposable p of defect −2 via a preprojective

orthogonal exceptional pair of defect −1 and use our third tool (co-associativity).

(b) In the cases (2), (4), (6) we may decompose the indecomposable p of defect −2 via a preprojective

orthogonal exceptional pair of defect −1 and use our second tool (associativity). However we will

follow an easier and quicker approach: after applying a proper reflection functor we will use our

first tool (Ringel’s formula).

Note that the existence of an orthogonal exceptional preprojective pair of defect −1 will be guaranteed

(almost always) by the results in [60] listing all the Schofield pairs corresponding to an exceptional

module (see Section 1.10 and Appendix A).

So in fact we follow a particular Schofield induction for the decomposition of a proper indecom-

posable, combined with our three main tools.

2.3.3 The polynomials F p
p1p0 , where ∂p = −2, ∂p0 = ∂p1 = −1

Theorem 2.6. Suppose Q is a tame quiver and P,P0, P1 are indecomposable preprojectives with defects
∂P = −2, ∂P0 = ∂P1 = −1, such that dimP = dimP0 + dimP1. Then FP

P1P0
= fn−1(q), where n =

⟨dimP0,dimP ⟩ = ⟨dimP,dimP1⟩ and fn is the polynomial from Proposition 1.2 (e).

Proof. Trivially n = ⟨dimP0,dimP ⟩ = ⟨dimP0,dimP0 + dimP1⟩ = 1 + ⟨dimP0,dimP1⟩ = ⟨dimP0 +
dimP1,dimP1⟩ = ⟨dimP,dimP1⟩. Note that in case n ≤ 0 – thus in case Hom(P0, P ) = 0 or

Hom(P,P1) = 0 – the Ringel-Hall number FP
P1P0

= 0 = fn−1(q), so the assertion is true. From now on

we will suppose that n > 0, thus Hom(P0, P ) ≠ 0 and Hom(P,P1) ≠ 0.
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Using a succession of reflection functors (corresponding to sinks) and symmetry, we can modify the

orientation of Q such that it possesses a unique sink denoted by 1 and P0 is the simple projective cor-

responding to this sink, so n = (dimP )1. Note that during this process P and P1 is never transformed

into a simple projective. Indeed, the relation dimP = dimP0 + dimP1 is kept even after reflections,

so P can’t be simple and in case P1 is a simple projective, then since Hom(P,P1) ≠ 0 we get that

P1 is a direct summand of P , a contradiction. Also observe that Ringel-Hall numbers, dimensions of

homomorphisms and Euler products are not modified by the reflection functors. So without loss of

generality we may suppose that our tame (tree) quiver is one of the following (the vertices are labeled

by their numbering and (in parentheses) the corresponding value of the minimal radical vector):

Type D̃m, with m ≥ 4:

1 (1)
cc

3 (1)

5 (2) oo 6 (2) oo . . . oo m + 1 (2)
yy

2 (1)

;;

4 (1)

ee

Type Ẽ6:

5 (1)

��
4 (2)

��
1 (1) oo 2 (2) oo 3 (3) oo 6 (2) oo 7 (1)

Type Ẽ7:

8 (2)

��
1 (1) oo 2 (2) oo 3 (3) oo 4 (4) oo 5 (3) oo 6 (2) oo 7 (1)

Type Ẽ8:

9 (3)

��
1 (1) oo 2 (2) oo 3 (3) oo 4 (4) oo 5 (5) oo 6 (6) oo 7 (4) oo 8 (2)

Suppose (P ′′, P ′) is a preprojective orthogonal exceptional pair corresponding to P . Such pairs

exist (for the given orientation and context) and will be given explicitly in Appendix B.
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In case P0 ≅ P ′ we know that P1 ≅ P ′′ so ⟨dimP0,dimP ⟩ = 1 + ⟨dimP0,dimP1⟩ = 1 +
⟨dimP ′,dimP ′′⟩ = 1 = n and also FP

P1P0
= FP

P ′′P ′ = f0(q), thus the assertion is true.

If P ′ ≇ P0, using Proposition 2.8 we obtain that

FP
P1P0

= 1

q − 1 ∑[U]
FP1
UP ′F

P ′′

UP0
αU −

1

q − 1 ∑[U1]
FP1
U1P ′′

FP ′

U1P0
αV = Sg(P1, P

′, P ′′, P0)−Sg(P1, P
′′, P ′, P0).

Using Proposition 2.3, Proposition 2.2 (b) and Lemma 2.2 (b) we can see that S1 =
Sg(P1, P

′, P ′′, P0) = 1
q−1 ∑[R] αR where the sum is taken over all modules R satisfying the condi-

tions:

(i) R is a regular (not necessarily indecomposable) module with dimR = dimP ′′−dimP0. This means

that dimR = dimP ′′ − dimP0 = dδ + σ0 + σ1 + σ∞, where (dimP ′′ − dimP0)nh = (σ0, σ1, σ∞)
and d = dimkHom(P0, P

′′) − 1.

(ii) The indecomposable components of R are taken from pairwise different tubes, moreover, the

only non-homogeneous components are taken from the tubes Te with σe ≠ 0.

The sum is not empty if and only if ⟨dimP0,dimP
′′⟩ = dimkHom(P0, P

′′) ≠ 0. Since P0 is a projective

indecomposable corresponding to vertex 1, this means that the first component of dimP ′′ must be

nonzero. In this case, knowing that dimP ′′ − dimP0 = dδ + σ0 + σ1 + σ∞, thus (dimP ′′ − dimP0)nh =
(σ0, σ1, σ∞), we will have

S1 = Sg(P1, P
′, P ′′, P0) = wad(q),

wherew = ∣{e∣σe ≠ 0}∣ = supp(dimP ′′−dimP0)nh and d = dimkHom(P0, P
′′)−1 = ⟨dimP0,dimP

′′⟩−
1. Thus, in order to compute S1 = Sg(P1, P

′, P ′′, P0), we just have to know w = supp(dimP ′′ −
dimP0)nh and d = ⟨dimP0,dimP

′′⟩ − 1.

An analogous statement is true for S2 = Sg(P1, P
′′, P ′, P0).

In case dimP < 2δ, we list in Appendix B all the possible indecomposable preprojectives P to-

gether with a specific corresponding orthogonal exceptional pair (P ′′, P ′) and compute the Ringel-

Hall polynomials using the above results on the sums Sg . More precisely (for S1) we have to obtain

d = ⟨dimP0,dimP
′′⟩ − 1 and thus (dimP ′′ − dimP0)nh, which provides us w (via its support). We

note that the theorem is valid in this case, however the problem is that it might happen that one of

the sums Sg is empty. So we have to list in Appendix B also the case 2δ < dimP < 4δ. We can see

that this time all the sums Sg will be nonempty. Moreover, we can also observe that in this case (for

n = ⟨dimP0,dimP ⟩), using the specified orthogonal exceptional pairs (P ′′, P ′), the pair of sums

(S1 = Sg(P1, P
′, P ′′, P0), S2 = Sg(P1, P

′′, P ′, P0))

equals to one of the pairs

(0an
2
(q), 3an

2
−2(q)), (2an

2
−1(q), 1an

2
−1(q)), for n even and

(3an−1
2
−1(q),

0an−1
2
(q)), (1an−1

2
(q), 2an−1

2
−1(q)), for n odd.
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Note by Section 1.6 that for n even

FP
P1P0

= S1 − S2 = 0an
2
(q) − 3an

2
−2(q) = 2an

2
−1(q) − 1an

2
−1(q) = fn−1(q),

and also for n odd

FP
P1P0

= 3an−1
2
−1(q) −

0an−1
2
(q) = 1an−1

2
(q) − 2an−1

2
−1(q) = fn−1(q),

thus our formula is valid also for 2δ < dimP < 4δ.

In case dimP > 4δ, we have that dimP = 2lδ + dimP̄ = dimP̄ (+2lδ), for a unique P̄ with

defect −2 and 2δ < dimP̄ < 4δ. Thus P̄ is in the list presented in Appendix B, and let (P̄ ′′, P̄ ′) be

its listed orthogonal exceptional pair. Let n̄ = ⟨dimP0,dimP̄ ⟩ and d̄ = ⟨dimP0,dimP̄
′′⟩ − 1. Then

P̄1(+2lδ) = P1. By Lemma 1.12, (P ′′, P ′) = (P̄ ′′(+lδ), P̄ ′(+lδ)) is an orthogonal exceptional pair for

P , n = ⟨dimP0,dimP ⟩ = ⟨dimP0,2lδ + dimP̄ ⟩ = n̄ + 2l and d = ⟨dimP0,dimP
′′⟩ − 1 = ⟨dimP0, lδ +

P̄ ′′⟩ − 1 = ⟨dimP0,dimP̄
′′⟩ + l − 1 = d̄ + l. So, we obtain

Sg(P1, P
′, P ′′, P0) = wad(q) = wad̄+l(q),

where w = supp(dimP ′′ − dimP0)nh is the number of nonzero non-homogeneous components.

It is important to note that

(dimP ′′ − dimP0)nh = (lδ + dimP̄ ′′ − dimP0)nh = (dimP̄ ′′ − dimP0)nh,

thus the number of nonzero non-homogeneous components is

w = supp(dimP ′′ − dimP0)nh = supp(dimP̄ ′′ − dimP0)nh.

It follows that Sg(P̄1, P̄
′, P̄ ′′, P0) = wad̄(q) = wad−l(q). The same applies for the other sum

Sg(P1, P
′′, P ′, P0).

Since 2δ < dimP̄ < 4δ, we already know that the pair of sums (Sg(P̄1, P̄
′, P̄ ′′, P0),

Sg(P̄1, P̄
′′, P̄ ′, P0)) equals

(0a n̄
2
(q), 3a n̄

2
−2(q)) or (2a n̄

2
−1(q),

1a n̄
2
−1(q)), for n̄ even

and

(3a n̄−1
2
−1(q),

0a n̄−1
2
(q)) or (1a n̄−1

2
(q), 2a n̄−1

2
−1(q)), for n̄ odd.

So looking at the first sum, we can see the value of Sg(P̄1, P̄
′, P̄ ′′, P0) in the following cases:

• for n̄ even Sg(P̄1, P̄
′, P̄ ′′, P0) = 0a n̄

2
(q), we have d̄ = n̄

2 ;

• for n̄ even Sg(P̄1, P̄
′, P̄ ′′, P0) = 2a n̄

2
−1(q), we have d̄ = n̄

2 − 1;

• for n̄ odd Sg(P̄1, P̄
′, P̄ ′′, P0) = 3a n̄−1

2
−1(q), we have d̄ = n̄−1

2 − 1;

• for n̄ odd Sg(P̄1, P̄
′, P̄ ′′, P0) = 1a n̄−1

2
(q), we have d̄ = n̄−1

2 .
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But then, using the above remarks, we will have that the corresponding sums Sg(P1, P
′, P ′′, P0) =

wad̄+l(q) are

• for n̄ even Sg(P̄1, P̄
′, P̄ ′′, P0) = 0a n̄

2
+l(q);

• for n̄ even Sg(P̄1, P̄
′, P̄ ′′, P0) = 2a n̄

2
−1+l(q);

• for n̄ odd Sg(P̄1, P̄
′, P̄ ′′, P0) = 3a n̄−1

2
−1+l(q);

• for n̄ odd Sg(P̄1, P̄
′, P̄ ′′, P0) = 1a n̄−1

2
+l(q).

So the corresponding pair of sums (Sg(P1, P
′, P ′′, P0), Sg(P1, P

′′, P ′, P0)) equals

(0a n̄
2
+l(q),

3a n̄
2
−2+l(q)) or (2a n̄

2
−1+l(q),

1a n̄
2
−1+l(q)), for n = n̄ + 2l even

and

(3a n̄−1
2
−1+l(q),

0a n̄−1
2
+l(q)) or (1a n̄−1

2
+l(q),

2a n̄−1
2
−1+l(q)), for n = n̄ + 2l odd.

Thus we have

FP
P1P0

= 0a n̄
2
+l(q) −

3a n̄
2
−2+l(q) =

2a n̄
2
−1+l(q) −

1a n̄
2
−1+l(q) = fn̄−1+2l(q) = fn−1(q), for n even

and

FP
P1P0

= 3a n̄−1
2
−1+l(q) −

0a n̄−1
2
+l(q) =

1a n̄−1
2
+l(q) −

2a n̄−1
2
−1+l(q) = fn̄−1+2l(q) = fn−1(q), for n odd.

2.3.4 The polynomials F p
i0p1

, where ∂p1 = −2, ∂p = −1, ∂i0 = 1
Theorem 2.7. Suppose Q is a tame quiver and P , P1 are indecomposable preprojectives, I0 is indecom-
posable preinjective with ∂P = −1, ∂P1 = −2, ∂I0 = 1 and such that dimP = dimP1 + dimI0. Then
FP
I0P1
= fn−1(q), where n = ⟨dimP1,dimP ⟩ = ⟨dimP,dimI0⟩.

Proof. Trivially n = ⟨dimP1,dimP ⟩ = ⟨dimP1,dimP1 + dimI0⟩ = 1 + ⟨dimP1,dimI0⟩ = ⟨dimP1 +
dimI0,dimI0⟩ = ⟨dimP,dimI0⟩.Note that in case n ≤ 0, thus in case Hom(P1, P ) = 0 or Hom(P, I0) =
0, the Ringel-Hall number FP

P1P0
= 0 = fn−1(q), so the assertion is true. From now on we will suppose

that n > 0, thus Hom(P1, P ) ≠ 0 and Hom(P, I0) ≠ 0.

Using a succession of reflection functors (corresponding to sources) and symmetry we can suppose

without loss of generality that I0 is the simple injective corresponding to the source 1. Note that

during this process P and P1 is never transformed into a simple projective (since we apply functors

S−i ). Also Ringel-Hall numbers, dimensions of homomorphisms and Euler products are not modified

by the reflection functors.

Next, we will use the functor S−1 ∶ mod-kQ⟨1⟩ → mod-kσ1Q⟨1⟩. Let P ′ = S−1 (P ), P ′1 = S−1 (P1)
and note that dimP ′ − dimP ′1 = σ1(dimP − dimP1) = σ1(dimI0) = −dimP ′0, where P ′0 is the simple
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projective in mod-kσ1Q corresponding to the sink 1. Using Proposition 1.4 and the fact that submodules

of preprojectives are preprojective (so Z ∈ mod-kQ⟨1⟩) we obtain:

(q − 1)FP
I0P1
=mP

P1
= hP1P − ∑

dimZ<dimP1

fP1
Z αZs

P
Z

= hP1P − ∑
dimZ<dimP1<dimP

Z preprojective

fP1
Z αZs

P
Z = hP ′1P ′ − ∑

dimZ′<dimP ′<dimP ′1
Z′ preprojective

f
P ′1
Z′ αZ′s

P ′

Z′ = e
P ′1
P ′ = (q − 1)F

P ′1
P ′P ′0

.

Thus using the previous subsection FP
I0P1

= F
P ′1
P ′P ′0

= f⟨dimP ′1,dimP ′⟩−1(q) = f⟨dimP1,dimP ⟩−1(q) =
fn−1(q).

2.3.5 The polynomials F p
rp0 , where ∂p0 = ∂p = −2 and r is the symbol of a homoge-

neous regular

Theorem 2.8. SupposeQ is a tame quiver and P0, P are indecomposable preprojectives of defect −2 such
that dimP − dimP0 = dnδ. Let Rd(n) = R(n, a) be an indecomposable regular module of regular-length
n taken from the homogeneous tube Ta with deg a = d.

Then FP
Rd(n)P0

= gd,n(q), where

gd,n = fdn − fdn−1 + (Xd − 1)∑
t≥1
Xd(t−1)(fd(n−2t) − fd(n−2t)−1).

In particular gd,0 = 1. Also, for d = n = 1 we have g1,1 =X −3 and in case d = 1, n ≥ 2 the polynomial
is g1,n =Xn − 3Xn−1 + 4Xn−2 − 4Xn−3 + ⋅ ⋅ ⋅ + (−1)n−14X + (−1)n4.

Proof. The condition dimP − dimP0 = dn implies that ⟨dimP0,dimP ⟩ = ⟨dimP0,dimP0 + dnδ⟩ =
1 + 2dn > 0, thus Hom(P0, P ) ≠ 0.

Using a succession of reflection functors (corresponding to sinks) and symmetry we can suppose

without loss of generality that P0 is simple projective corresponding to a sink. Note that during this

process P and Rd(n) is never transformed into a simple projective. So Ringel-Hall numbers, dimen-

sions of homomorphisms and Euler products are not modified by the reflection functors.

Let (P ′′, P ′) be an arbitrary preprojective orthogonal exceptional pair corresponding to P . The

existence of such a pair is guaranteed by the results in [60], the dimension of P being bigger then δ.

Note that in this case dimP ′ − dimP0 (and dimP ′′ − dimP0) is a positive root of defect 1, since

⟨dimP ′ − dimP0,dimP
′ − dimP0⟩ = ⟨dnδ − dimP ′′, dnδ − dimP ′′⟩ = 1.

Denote by I ′0 (respectively by I ′′0 ) the preinjective indecomposable of defect 1 having dimension

dimP ′′ − dimP0 = dnδ − dimP ′ (respectively dimP ′ − dimP0).

We apply Proposition 2.8 for P , P0 and X = R obtaining

FP
Rd(n)P0

= 1

αRd(n)
∑
[U]

F
Rd(n)
UP ′ FP ′′

UP0
αU −

1

αRd(n)
∑
[V ]

F
Rd(n)
V P ′′ F

P ′

V P0
αV

= Sg(Rd(n), P ′, P ′′, P0) − Sg(Rd(n), P ′′, P ′, P0).

53



2.3 Ringel-Hall polynomials involving indecom-

posable modules of absolute defect up to 2

Chapter 2 Tame Ringel-Hall polynomials

Looking at the first sum, if the uniserialRd(n) projects on U (with ∂U = 1), then up to isomorphism U

must take the formRd(t)⊕I ′t whereRd(t) = R(t, a) and I ′t is an indecomposable preinjective of defect

1 and dimI ′t = d(n − t)δ − dimP ′ = dimP ′′ − dtδ − dimP0, so I ′t = I ′0(−dtδ) and d(n − t)δ > dimP ′.
We deduce using Proposition 2.3 and associativity of the Ringel-Hall product that

F
Rd(n)
Rd(t)⊕I′tP ′

= FRd(n)
Rd(t)Rd(n−t)

F
Rd(n−t)
I′tP

′

= 1 ⋅ 1

q − 1
αRd(n−t) =

1

q − 1
(qd(n−t) − qd(n−t−1)) = 1

q − 1
qd(n−t−1)(qd − 1)

and

FP ′′

Rd(t)⊕I′tP0
= FP ′′

Rd(t)P ′′(−dtδ)F
P ′′(−dtδ)
I′tP0

= FP ′′(−dtδ)
I′tP0

.

Also note that αRd(t)⊕I′t = q
⟨dimRd(t),dimI′t⟩αRd(t)αI′t

= qdt(qdt−qd(t−1))(q−1) = qd(2t−1)(qd−1)(q−1)
for t > 0, αRd(n) = q

dn − qd(n−1) and αI′′0
= q − 1 (see Lemma 1.4). This means that

Sg(Rd(n), P ′, P ′′, P0) = FP ′′

I′0P0
+ (qd − 1)∑

t≥1
qd(t−1)F

P ′′(−dtδ)
I′0(−dtδ)P0

and

Sg(Rd(n), P ′′, P ′, P0) = FP ′

I′′0 P0
+ (qd − 1)∑

t≥1
qd(t−1)F

P ′(−dtδ)
I′′0 (−dtδ)P0

.

But ⟨dimP0,dimP
′′⟩ = ⟨dimP ′ + dimP ′′ − ndδ,dimP ′′⟩ = 1 + nd (since ⟨dimP ′,dimP ′′⟩ = 0)

and in the same way ⟨dimP0,dimP
′⟩ = nd (since ⟨dimP ′′,dimP ′⟩ = −1). It follows that F

P ′′(−dtδ)
I′tP0

=

f⟨P0,P ′′(−dtδ)⟩−1(q) = fd(n−2t)(q) and F
P ′(−dtδ)
I′′t P0

= fd(n−2t)−1(q), so

FP
Rd(n)P0

= fdn(q) − fdn−1(q) + (qd − 1)∑
t≥1
qd(t−1)(fd(n−2t)(q) − fd(n−2t)−1(q)).

In particular, when d = 1 we have FP
RP0
= qn − 3qn−1 + 4qn−2 − 4qn−3 + ⋅ ⋅ ⋅ + (−1)n−14q + (−1)n4.

2.3.6 The polynomials F r
i0p

, where ∂p = −2, ∂i0 = 2 and r is the symbol of a homoge-
neous regular

Theorem 2.9. Suppose Q is a tame quiver, I0 an indecomposable preinjective of defect 2 and P an in-
decomposable preprojective of defect −2 such that dimP + dimI0 = dnδ. Let Rd(n) = R(n, a) be an
indecomposable regular module of regular-length n taken from the homogeneous tube Ta with deg a = d.

Then

F
Rd(n)
I0P

= q
dn − qd(n−1)

q − 1
gd,n(q).

Proof. Using a succession of reflection functors (corresponding to sources), renumbering of the vertices

and symmetry we can suppose without loss of generality that I0 is the simple injective corresponding to

the source 1. Note that during this process P and Rd(n) is never transformed into a simple projective

(since we apply functors S−i ). Also Ringel-Hall numbers, dimensions of homomorphisms and Euler

products are not modified by the reflection functors.
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Next, we will use the functor S−1 ∶ mod-kQ⟨1⟩ → mod-kσ1Q⟨1⟩. Let P ′ = S−1 (P ), R′d(n) =
S−1 (Rd(n)) (since homogeneity, degree of the tube and regular-length remain invariant) and note that

dimR′d(n) − dimP
′ = σ1(dimRd(n) − dimP ) = σ1(dimI0) = −dimP ′0, where P ′0 is the simple projec-

tive in mod-kσ1Q corresponding to the sink 1. Using Proposition 1.4 and the fact that submodules of

regulars have no preinjective component (so Z ∈ mod-kQ⟨1⟩) we obtain:

(q − 1)FRd(n)
I0P

=mRd(n)
P = hPRd(n) − ∑

dimZ<dimP

fPZ αZs
Rd(n)
Z

= hPRd(n) − ∑
dimZ<dimP<dimRd(n)

Z without preinjective components

fPZ αZs
Rd(n)
Z

= hP ′R′
d
(n) − ∑

dimZ′<dimR′d(n)<dimP ′

Z′ without preinjective components

fP
′

Z′ αZ′s
R′d(n)
Z′ = eP

′

R′
d
(n) = αR′

d
(n)F

P ′

R′
d
(n)P ′0

= (qdn − qd(n−1))gd,n(q).

2.3.7 The polynomials F p
rp0 , where ∂p0 = ∂p = −2 and r is the symbol of a non-

homogeneous regular

Theorem 2.10. Suppose Q is a tame quiver and P0, P are indecomposable preprojectives of defect −2
such that dimP − dimP0 = dimR, where R is an indecomposable regular module taken from a non-
homogeneous tube such that P projects to the regular-top ofR, thus ⟨dimP,dimtoprR⟩ ≠ 0. Then FP

RP0
=

hn(q), where n = ⌊12⟨dimP0,dimP ⟩⌋ and h0 = 1, h1 =X − 2 and for n ≥ 2

hn =Xn − 4(Xn−1 − 2Xn−2 + 3X l−3 − ⋅ ⋅ ⋅ + (−1)n−2(n − 1)X) + (−1)n2n = fn − fn−1 + (−1)n−1.

Proof. Suppose Q is a tame quiver and P0, P are indecomposable preprojectives of defect −2 and R is

a non-homogeneous regular indecomposable taken from a tube e such that dimP − dimP0 = dimR.

Using a succession of reflection functors (corresponding to sinks) and symmetry, we can modify the

orientation ofQ such that it possesses a unique sink and P0 is exactly the simple projective correspond-

ing to this sink. Note that during this process P and R is never transformed into a simple projective.

Indeed, the relation dimP = dimP0 + dimR is kept even after reflections, so P can’t be simple. This

means that Ringel-Hall numbers, dimensions of homomorphisms and Euler products are not modified

by the reflection functors.

We will use again a specific preprojective orthogonal exceptional pair (P ′′, P ′) corresponding to

P . Such a pair will almost always exists (for the given orientation and context) and will be explicitly

given in Section C.1. Only in a few cases for some very small dimensions might happen that there

is no such pair. For these cases the corresponding Ringel-Hall polynomial will be obtained by direct

calculation.

We apply Proposition 2.8 for P , P0 and X = R obtaining

FP
RP0
= 1

αR
∑
[U]

FR
UP ′F

P ′′

UP0
αU −

1

αR
∑
[V ]

FR
V P ′′F

P ′

V P0
αV
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= Sg(R,P ′, P ′′, P0) − Sg(R,P ′′, P ′, P0).

If the uniserial R projects on U (with ∂U = 1), then up to isomorphism U is either of the form I ′ or of

the form R′⊕ IR′ , where R′ is an indecomposable regular factor of R (it can be also 0), with the kernel

R′′ also indecomposable (due to uniseriality) and where I ′, IR′ are indecomposable preinjectives of

defect 1 such that dimIR′ + dimR′ = dimI ′ = dimR − dimP ′.
So, using Proposition 2.1, Corollary 2.1, Corollary 2.2 and the previous results we get:

S1 = Sg(R,P ′, P ′′, P0) =
1

αR
(FR

I′P ′F
P ′′

I′P0
αI′ + ∑

[R′]
FR
R′⊕IR′P ′F

P ′′

R′⊕IR′P0
αR′⊕IR′ )

= 1

αR
(FR

I′P ′F
P ′′

I′P0
αI′ + ∑

[R′]
FR
R′R′′F

R′′

IR′P
′FP ′′

R′P1
FP1
IR′P0

q⟨dimR′,dimIR′ ⟩αR′αIR′ )

= δtopR,RP ′(1,e)f⟨dimP0,dimP ′′⟩−1(q)+

+ 1

αR
∑

[R′],[R′′]∈Te indec.
0→R′′→R→R′→0 exact

dimR′′>dimP ′

topR′′=RP ′(1,e)
topR′=RP ′′(1,e)

αR′′αR′f⟨dimP0,dimP ′′−dimR′⟩−1(q)q⟨dimR′,dimP ′′−dimR′−dimP0⟩. (∗)

Similarly,

S2 = Sg(R,P ′′, P ′, P0) = δtopR,RP ′′(1,e)f⟨dimP0,dimP ′⟩−1(q)+

+ 1

αR
∑

[R′],[R′′]∈Te indec.
0→R′′→R→R′→0 exact

dimR′′>dimP ′′

topR′′=RP ′′(1,e)
topR′=RP ′(1,e)

αR′′αR′f⟨dimP0,dimP ′−dimR′⟩−1(q)q⟨dimR′,dimP ′−dimR′−dimP0⟩. (∗∗)

In order to perform the explicit calculations based on the formulas above we need to look separately

to each tame case, since as presented in the preliminaries, the system of ranks of the regular non-

homogeneous tubes is different in the various tame cases.

In each tame case we will follow the steps below:

1. Consider the set P of all isomorphism classes of preprojective indecomposable modules P such

that:

(a) ∂P = −2,

(b) dimP −dimP0 = dimR is the dimension of a regular non-homogeneous indecomposableR,

thus it takes the unique form 2dP δ + σP , where 0 ≤ σP < 2δ if nonzero is either a positive

real root or δ; note that P projects to the regular top of R in case σP is a positive real root,

however if σP = 0 (or δ) then the condition requiring P to project onto the regular top of

R is satisfied if and only if the module R taken from a non-homogeneous tube Te of rank

m has regular length 2dPm (or (2dP + 1)m) and regular top R1
P (1, e) or R2

P (1, e) (see

Lemma 2.2).
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Let ΣQ = {σP ∣[P ] ∈ P}, so it is the set of “remainders” modulo 2δ of dimP − dimP0. It is

important to note that ΣQ will be a finite set.

For each σ ∈ ΣQ denote by Pσ the preprojective indecomposable with dimPσ = dimP0 + σ.

Define Σ′Q = {σ ∈ ΣQ∣Pσ has an orthogonal exceptional pair} and Σ′′Q = ΣQ ∖Σ′Q.

For σ ∈ Σ′′Q, thus in cases Pσ does not have an orthogonal exceptional pair (this might happen

only in a few cases for some very small dimensions), the corresponding Ringel-Hall polynomial

will be obtained by direct calculation.

Define for σ ∈ Σ′Q
Pσ = {[P ] ∈ P ∣σP = σ} = {[Pσ(+2tδ)]∣t ∈ N}

and for σ ∈ Σ′′Q
Pσ+2δ = {[Pσ(+2tδ)]∣t ∈ N∗}.

This separation of cases is done since in case σ ∈ Σ′′Q, although Pσ does not have an orthogonal

exceptional pair, we will see that Pσ(+2δ) possesses such a pair.

2. For σ ∈ Σ′Q and [Pσ(+2tδ)] ∈ Pσ the considered generic orthogonal exceptional pair will be

(P ′′σ (+tδ), P ′σ(+tδ)), where (P ′′σ , P ′σ) is a certain orthogonal exceptional pair of Pσ given in

Section C.1.

For σ ∈ Σ′′Q and [Pσ(+2tδ)] ∈ Pσ+2δ (where t ≥ 1) the considered generic orthogonal exceptional

pair will be (P ′′σ+2δ(+(t − 1)δ), P
′
σ+2δ(+(t − 1)δ)), where (P ′′σ+2δ, P

′
σ+2δ) is a certain orthogonal

exceptional pair of Pσ(+2δ).

3. For elements in a class Pσ (or Pσ+2δ) using the generic orthogonal exceptional pair and the

formulas (∗), (∗∗) we can compute the Ringel-Hall polynomial by FP
RP0
= Sg(R,P ′, P ′′, P0) −

Sg(R,P ′′, P ′, P0) = S1 − S2.

We present in Section C.1 the detailed calculation based on the steps above in the case Ẽ6. The other

tame cases follow an analogous, however much more lengthier path, so we will omit the details and

just list the final results in Section C.2.

The calculations above and their results confirm us that the assertion of the theorem is true.

2.3.8 The polynomials F r
i0p

, where ∂p = −2, ∂i0 = 2 and r is the symbol of a non-
homogeneous regular

Theorem 2.11. Suppose Q is a tame quiver, I0 an indecomposable preinjective of defect 2 and P an
indecomposable preprojective of defect −2 such that dimP +dimI0 = dimR, whereR is an indecomposable
regular module taken from a non-homogeneous tube such that ⟨dimP,dim toprR⟩ ≠ 0. Then FR

I0P
=

qm−1hn(q), where (m − 1)δ < dimR ≤mδ and n = ⌊−1
2⟨dimI0,dimP ⟩⌋.

Proof. Using a succession of reflection functors (corresponding to sources), renumbering of the vertices

and symmetry, we can suppose without loss of generality that I0 is the simple injective corresponding

to the source 1. Note that during this process P and R is never transformed into a simple projective
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(since we apply functors S−i ). Also Ringel-Hall numbers, dimensions of homomorphisms and Euler

products are not modified by the reflection functors.

Next, we will use the functor S−1 ∶ mod-kQ⟨1⟩ → mod-kσ1Q⟨1⟩. Let P ′ = S−1 (P ),R′ = S−1 (R) (R′

being non-homogeneous regular indecomposable) and note that dimR′−dimP ′ = σ1(dimR−dimP ) =
σ1(dimI0) = −dimP ′0, where P ′0 is the simple projective in mod-kσ1Q corresponding to the sink 1.

Using Proposition 1.4 and the fact that submodules of regulars have no preinjective component (so

Z ∈ mod-kQ⟨1⟩) we obtain:

(q − 1)FR
I0P =m

R
P = hPR − ∑

dimZ<dimP

fPZ αZs
R
Z

= hPR − ∑
dimZ<dimP<dimR

Z without preinjective components

fPZ αZs
R
Z

= hP ′R′ − ∑
dimZ′<dimR′<dimP ′1

Z′ without preinjective components

fP
′

Z′ αZ′s
R′

Z′ = eP
′

R′ = αR′F
P ′

R′P ′0
= qm−1(q − 1)hn(q),

since R′ has the same regular-length as R and also

⟨dimI0,dimP ⟩ = ⟨σ1(dimI0), σ1(dimP )⟩ = ⟨−dimP ′0,dimP ′⟩.

Remark 2.1. (a) We have noticed that for the discrete type Ringel-Hall polynomials we have

fn(1) = hn(1) = (−1)n. This happens also in the Dynkin case (observed by Ringel in [42]). How-

ever, for the continuous type Ringle-Hall polynomial family gd,n(1) = 2(−1)dn and gd,0(1) = 1.

(b) We verified via a computer program that the polynomials fn are irreducible (as integer polyno-

mials) up to a very high degree. However we do not have a proof in general for the irreducibility.
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Chapter 3

Ringel-Hall polynomials in GR theory

Ringel-Hall polynomials appear in various contexts: as mentioned before, they are the structure con-

stants of quantum groups, they are used in the theory of cluster algebras and they can also be used

successfully to investigate the structure of the module category. In [45] Ringel used Ringel-Hall poly-

nomials over Dynkin quivers (thus of finite representation type) to reprove Bo Chen’s theorem, which

states that in the Dynkin case the GR factor and the GR submodule form an orthogonal exceptional

pair. Extending Ringel’s idea to tame quivers, the results of this chapter published in [57] describe

properties of the Gabriel-Roiter submodules of some specific modules over Euclidean quivers, using

tame Ringel-Hall polynomials in the proofs.

We will refer to Section 1.11 for all the basic definitions of GR theory.

Let Q be a simply-laced acyclic tame quiver, k a field and consider the module category mod-kQ.

Let x be a positive real root with negative defect. Throughout this chapter we will denote by P k(x)
the (up to isomorphism) unique indecomposable preprojective of dimension x.

In the first section (Theorem 3.1 and Theorem 3.2) we prove that the GR inclusions in preprojective

indecomposables and homogeneous modules of dimension δ as well as their GR measures are field

independent. A similar result for Dynkin quivers was obtained by Ringel in [45]. More precisely, our

first theorem asserts that the GR measure of P k(y) is independent from k. Moreover, if P k(x) ↪
P k(y) is a GR inclusion, the roots a depend also only on the root b and not on k. The second theorem

claims that GR measures of non-isomorphic homogeneous modules of dimension δ are equal and field

independent. For a GR inclusion P k(x) ↪ R, where R is homogeneous of dimension δ, the root a is

independent from k and also from the isomorphism class of R. In order to prove these theorems we

use Ringel’s ideas from [45], Bo Chen’s results from [13], Ringel-Hall polynomials from the previous

chapter and results from algebraic geometry.

As an application of the theorems above we will prove in the second section a result by Bo Chen

in [15] in a more general context: our result is valid also for the case Ẽ8 (this case is missing from [15])

and it is field independent (in [15] k is algebraically closed). More precisely we prove in Theorem 3.4

that a GR submodule P of a homogeneous module R of dimension δ has defect −1. As a consequence

we obtain a Kronecker pair (R/P,P ) and in this way we can embed the module category of the Kro-

necker algebra into mod-kQ, by sending the simple projective to P and the simple injective to R/P
(see Section 1.10). The proof of the theorem above follows the idea of Ringel from [45]: one compares
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all possible Ringel-Hall polynomials listed in Section 2.2 with the special form they take in case of a GR

inclusion.

3.1 GR measure of preprojectives and homogeneous modules of di-
mension δ

The first aim of this section is to prove that the GR inclusions in preprojectives are field independent. In

particular the GR measure of preprojectives is also field independent. A similar statement is true for all

the indecomposables in the Dynkin case (see [45]). Our approach for the tame case uses Ringel’s ideas

from [45] but also introduces some new concepts. Note that contrary to the Dynkin case, we cannot

use Schofield short exact sequences.

First, we consider some conventions. Consider a representation M of dimension x = (xi)i∈Q0 such

that its linear application kxt(α) → kxh(α)
corresponding to the arrowα is given by the matrixAα (in the

canonical basis). An endomorphism of this representation (using the canonical basis) can be identified

with a collection (Xi)i∈Q0 of square matricesXi of dimension xi which satisfy the relationsAαXt(α) =
Xh(α)Aα. These relations induce a homogeneous linear system of equations with the unknowns being

the elements of Xi. Denote by AM the matrix of this system. Trivially we have dimk End(M) =
corankAM .

Let k be a field with prime field k0, x a positive real root such that ∂x < 0 and P k(x) the prepro-

jective indecomposable representation over k with dimension x (unique up to isomorphism). In case

we use the representation P k0(x) over the prime field k0 of k, we agree that the representation P k(x)
is constructed in the following way: for α ∈ Q1 consider the linear application kxt(α) → kxh(α)

having

the same matrix in the canonical basis as the linear application k
xt(α)

0 → k
xh(α)

0 in the representation

P k0(x). Note that P k(x) is an indecomposable representation over k of dimension x (since APk(x) =
APk0(x), so dimk End(P k(x)) = corankAPk(x) = corankAPk0(x) = 1 = dimk End(P k0(x))). A

second convention is that if we use the rational representation PQ(x) with rational matrices corre-

sponding to the arrows (in the canonical base) Aα, then for a big enough prime p the representation

P Fp(x) has matricesAα mod p. Note also that this representation P Fp(x) is indecomposable for p big

enough.

The conventions above and the fact that a rational matrix taken modulo a big enough prime keeps

its rank imply the lemma below.

Lemma 3.1. (a) If there is a monomorphism P k0(x) → P k0(y) then there is a monomorphism
P k(x)→ P k(y).

(b) If there is a monomorphism PQ(x) → PQ(y) then there is a monomorphism P Fp(x) → P Fp(y)
for a prime p big enough.

The next lemma is a straightforward generalization of the corresponding result by Ringel in the

Dynkin case (see [45]).

Lemma 3.2. If there is a GR inclusionP k(x)→ P k(y) then there is a monomorphismP k0(x)→ P k0(y).

Using the existence of Ringel-Hall polynomials in the tame case we obtain:
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Lemma 3.3. If there is a monomorphism P k(x) → P k(y) for k finite then there is a monomorphism
P k′(x)→ P k′(y) for k′ finite and ∣k′∣ big enough.

Proof. Denote by α the decomposition symbol of the cokernel in the monomorphism P k(x)→ P k(y).
Using Theorem 1.1 there is a rational polynomial F y

αx such that for any field k′ with q′ ≥ q elements

F y
αx(q′) = ∑A∈S(α,k′) F

Pk′(y)
APk′(x). Due to our condition, F y

αx is a nonzero polynomial, so for q′ big enough

F y
αx(q′) is also nonzero. This implies our statement.

Using all the lemmas above we obtain the proposition below.

Proposition 3.1. (a) Consider a field k and its prime field k0. Then µ(P k0(x)) = µ(P k(x)), moreover
we have a GR inclusion P k0(x)→ P k0(y) if and only if we have a GR inclusion P k(x)→ P k(y).

(b) Consider two fields k, k′ with prime characteristic and a third field k′′ of characteristic 0. Then
µ(P k(x)) = µ(P k′(x)) ≥ µ(P k′′(x)) = µ(PQ(x)), moreover we have a GR inclusion P k(x) →
P k(y) if and only if we have a GR inclusion P k′(x)→ P k′(y).

Proof. (a) If µ(P k(x)) = {n1, ..., nt} then (using the fact that submodules of preprojectives are prepro-

jective) there is a sequence of GR inclusions P k(x1) → ... → P k(xt) = P k(x) with ∣P k(xi)∣ = ni. By

Lemma 3.2 there is a chain of monomorphismsP k0(x1)→ ...→ P k0(xt) = P k0(x)with ∣P k0(xi)∣ = ni.
It follows that µ(P k(x)) ≤ µ(P k0(x)). In the same manner, using Lemma 3.1 (a) we obtain that

µ(P k0(x)) ≤ µ(P k(x)), so µ(P k(x)) = µ(P k0(x)).

Suppose now that we have a GR inclusion P k(x) → P k(y), so µ(P k(y)) = µ(P k(x)) ∪ {∣y∣}.
Then by Lemma 3.2 we have a monomorphism P k0(x)→ P k0(y). Moreover, using the first part of our

statement we have µ(P k0(y)) = µ(P k(y)) = µ(P k(x))∪{∣y∣} = µ(P k0(x))∪{∣y∣}, which means that

we have a GR inclusion P k0(x)→ P k0(y). Conversely we proceed in the same way.

(b) Using (a) we have µ(PQ(x)) = µ(P k′′(x)). Suppose that char k = p and char k′ = q. Then again

by (a) we have µ(P k(x)) = µ(P Fp(x)) and µ(P k′(x)) = µ(P Fq(x)). Using Lemma 3.3 one gets that

µ(P Fp(x)) ≤ µ(P F
ql (x)) for l big enough. But as before µ(P F

ql (x)) = µ(P Fq(x)), so µ(P Fp(x)) ≤
µ(P Fq(x)), which implies (changing pwith q) that µ(P Fp(x)) = µ(P Fq(x)). By Lemma 3.1 (b) we get

that µ(PQ(x)) ≤ µ(P Fr(x)) for a big enough prime r.

Suppose now that we have a GR inclusion P k(x) → P k(y), so µ(P k(y)) = µ(P k(x)) ∪ {∣y∣}.
Then by Lemma 3.2 we have a monomorphism P Fp(x) → P Fp(y), so by Lemma 3.3 we also have a

monomorphism P
F
ql (x) → P

F
ql (y) for l big enough. Moreover, using the first part of our statement

we have µ(P F
ql (y)) = µ(P k(y)) = µ(P k(x))∪{∣y∣} = µ(P F

ql (x))∪{∣y∣}, which means that we have

a GR inclusion P
F
ql (x) → P

F
ql (y). By Lemma 3.2 and Lemma 3.1 (a) this implies a monomorphism

P k′(x) → P k′(y) which is in fact a GR inclusion, since µ(P k′(y)) = µ(P k(y)) = µ(P k(x)) ∪ {∣y∣} =
µ(P k′(x)) ∪ {∣y∣}.

The proposition above and Proposition 1.9 together imply:
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Proposition 3.2. Let k′ be a finite field with q′ elements. If we have a GR inclusion P k′(x) → P k′(y)
then there is a prime power q0 such that for every finite field k with q ≥ q0 elements it is true that

u
Pk(y)
Pk(x) =

qh − qs

q − 1
= qs(qh−s−1 + ... + q + 1),

where h = dimkHom(P k(x), P k(y)) > s = dimk Sing(P k(x), P k(y)) are field independent.

Proof. By Theorem 1.1 there is a rational polynomial f = ∑α F
y
αx, where α runs over all decomposition

symbols of dimension y−x. We also know that there is a prime power q0 such that nα(q) = ∣S(α, k)∣ ≠ 0
for all decomposition symbols α of dimension y − x and every finite field k with q ≥ q0 elements.

Since we have a GR inclusion P k′(x) → P k′(y) then using the proposition above we have a GR

inclusion P k(x)→ P k(y) for every finite field k and by Proposition 1.9 (e), (f)

u
Pk(y)
Pk(x) = q

sk(qh−sk−1 + ... + q + 1),

where h = dimkHom(P k(x), P k(y)) = ⟨x, y⟩ is field independent (preprojectives being directing) and

sk = dimk Sing(P k(x), P k(y)). Obviously we also have that u
Pk(y)
Pk(x) = f(q) for a finite field k with

q ≥ q0 elements. Since sk < h, there is a value s < h such that

u
Pk(y)
Pk(x) = q

s(qh−s−1 + ... + q + 1)

for infinitely many values q, but this means that f = Xh−Xs

X−1 .

Our next proposition uses the geometrical Lemma 1.15.

Proposition 3.3. If there is a GR inclusion P k(x)→ P k(y) for a finite field k, then there is a monomor-
phism PC(x)→ PC(y).

Proof. Due to Ringel (see [36]) we know that PC(x) and PC(y) are tree modules, so we can suppose

that the matrices corresponding to the arrows contain only 0 and 1. These representations exist also

over Q and modulo p (with the same matrices) in case p is a big enough prime. We fix such a p from

now on.

Define X = {N ∈ mod-QQ ∣ N ≤ PQ(y),N ≅ PQ(x)}. Since we have that X = {N ∈
mod-QQ ∣ N ≤ PQ(y), dimN = x, dimk End(N) = 1}, one can see that X is a (locally closed)

subvariety of the quiver GrassmannianGrx(PQ(y)) = {N ∈ mod-QQ ∣N ≤ PQ(y), dimN = x}. One

can also see that X has in fact a Z-form (see [47]) and in this way X(Fpl) = {N ∈ mod-FplQ ∣ N ≤
P

F
pl (y), N ≅ P F

pl (x)}.
Since we have a GR inclusion P k(x) → P k(y) for a finite field k, then using Proposition 3.2 we

obtain for p big enough that

∣X(Fpl)∣ = u
P

F
pl (y)

P
F
pl (x)

= pls(pl(h−s−1) + ... + pl + 1),

so using Lemma 1.15 we have that χ(X(C)) ≠ 0 which means that there is a monomorphism PC(x)→
PC(y).
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Putting together all the pieces from above, we obtain our first main result:

Theorem 3.1. Consider two fields k, k′. Then µ(P k(x)) = µ(P k′(x)), moreover, we have a GR inclusion
P k(x)→ P k(y) if and only if we have a GR inclusion P k′(x)→ P k′(y).

Proof. By Proposition 3.1 it is enough to consider the case when k has characteristic 0 and k′ charac-

teristic p. We know already that µ(P k(x)) ≤ µ(P k′(x)). Conversely, by Proposition 3.1 and Proposi-

tion 3.3 we have µ(P k′(x)) = µ(P Fp(x)) ≤ µ(PC(x)) = µ(PQ(x)) = µ(P k(x)). The second part of

the statement follows in the same manner as in the proof of Proposition 3.1.

We consider now regular homogeneous indecomposable modules of dimension δ denoted simply

by Rk(a) (instead of Rk(1, a)), with a ∈ Hk(k). We will prove that the GR measure of Rk(a) and also

the GR inclusions in Rk(a) do not depend on a and on the field k.

For the proof of the second main theorem we need the following result from [13].

Lemma 3.4. ([13]) If P is a preprojective indecomposable andRk(a) is a homogeneous module of dimen-
sion, δ then µ(P ) < µ(Rk(a)). Moreover, if ∣P ∣ < ∣δ∣ then there is a monomorphism P → tRk(a) for
some t ∈ N∗, so P is cogenerated by Rk(a).

Theorem 3.2. Consider the fields k, k′ and the points a ∈ Hk(k), a′ ∈ Hk′(k′). Then we have µ(Rk(a)) =
µ(Rk′(a′)). Moreover, we have a GR inclusion P k(x) → Rk(a) if and only if we have a GR inclusion
P k′(x)→ Rk′(a′).

Proof. Suppose that µ(Rk(a)) < µ(Rk′(a′)) and denote by P k(x) and
k′P (x′) the GR submodules of

Rk(a) and Rk′(a′). On one hand we have that µ(P k(x)) ∪ {∣δ∣} < µ(P k′(x′)) ∪ {∣δ∣} which implies

µ(P k(x)) < µ(P k′(x′)). On the other hand using Theorem 3.1 and the proposition above we get

µ(P k′(x′)) = µ(P k(x′)) < µ(Rk(a)) = µ(P k(x)) ∪ {∣δ∣}, a contradiction, since all the lengths in

µ(P k(x)) and µ(P k′(x′)) are smaller then ∣δ∣.
Suppose now that we have a GR inclusion P k′(x)→ Rk′(a′). This means, using the results above,

that µ(Rk(a)) = µ(Rk′(a′)) = µ(P k′(x)) ∪ {∣δ∣} = µ(P k(x)) ∪ {∣δ∣}. So one can see that µ(Rk(a))
starts with µ(P k(x)).

Since ∣P k(x)∣ = ∣P k′(x)∣ < ∣δ∣, it follows by Lemma 3.4 that there is a monomorphism P k(x) →
tRk(a) for some t ∈ N∗. But then using Proposition 1.9 (c) it follows that there is a monomorphism

P k(x)→ Rk(a). However, µ(Rk(a)) = µ(P k(x)) ∪ {∣δ∣}, so this monomorphism is a GR inclusion.

The following corollary clarifies the form of the Ringel-Hall polynomial corresponding to the GR

inclusion P k(x)→ Rk(a).

Corollary 3.3. Let k be a finite field with q elements. Then uR
k(a)

Pk(x) = F
δ
δ−xx(q) =

q−∂x−qs
q−1 where −∂x =

⟨x, δ⟩ > s = dimk Sing(P k(x),Rk(a)) are field independent and independent of a.

Proof. Since we have a GR inclusion P k(x) → Rk(a) then the factor is indecomposable, so it is iso-

morphic to Ik(δ − x). By Theorem 1.1 there is a rational polynomial F δ
δ−xx such that F δ

δ−xx(q) =
F

Rk(a)
Ik(δ−x)Pk(x). Since by the previous theorem the GR inclusions inRk(a) do not depend on a and on the
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field k, we obtain using Proposition 1.9 (f) that for q big enough F δ
δ−xx(q) =

q−∂x−qsk
q−1 (with sk < −∂x),

which means that there is a value s such that for infinitely many values q we have F δ
δ−xx(q) =

q−∂x−qs
q−1 .

But then F δ
δ−xx =

X−∂x−Xs

X−1 .

3.2 The defect of GR submodules in homogeneous modules of dimen-
sion δ

As an application of the results from the previous sections, using Ringel’s idea from [45] we can prove

the main result from [15] in a more general setting: the result is valid also for the case Ẽ8 (this case is

missing from [15]) and the base field k is arbitrary (in [15] k is algebraically closed).

Theorem 3.4. Let Q be a tame quiver with minimal radical vector δ. If R is a homogeneous module
with dimension δ and P a GR submodule, then P has defect −1. As a consequence the pair (R/P,P ) is a
Kronecker pair.

Proof. Since in the case Ãm the defect of a preprojective indecomposables is always −1, we suppose that

Q is not of type Ãm. We haveP = P k(x), where x is a positive real root with ∂x < 0. Using Theorem 3.2

it follows that P k(x′) → Rk′(a′) is a GR inclusion for any field k′ and any point a′ ∈ Hk′(k′). By

Corollary 3.3 this means that F δ
δ−xx =

X−∂x−Xs

X−1 . But we also know from Theorem 2.5 that F δ
δ−xx = f−∂x.

Comparing the polynomials one can see that ∂x = −1.

Since R/P is indecomposable preinjective of defect 1, the second assertion follows using the ob-

servations in Section 1.10.

Using Section 1.10, note that if P = P k(x) is a GR submodule in a homogeneous module R of

dimension δ, then R/P = Ik(δ − x) and the pair (Ik(δ − x), P k(x)) exists and remains a Kronecker

pair even in the case when the field has 2 elements and the quiver is not of type Ãm (so we do not have

homogeneous modules of dimension δ).
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mannians

LetK be the Kronecker quiver (see Section 1.5), k a finite field with q elements andH(kK) the rational

Ringel-Hall algebra of the Kronecker algebra (see Section 1.8).

For any moduleM ∈ mod-kK , and any e = (a, b) in N2
, we denote byGre(M)k the Grassmannian

variety of submodules of M with dimension vector e:

Gre(M)k = {N ∈ mod-kK ∣N ≤M,dim(N) = e}.

Then using the Ringel-Hall numbers FM
XY we have that

∣Gre(M)k∣ = ∑
[X],[Y ]
dimY =e

FM
XY .

The Grassmannian cardinalities above play an important role in the theory of cluster algebras and

quantized cluster algebras (see [20, 21, 6, 5, 11]).

For M indecomposable (excepting some regular ones) Gre(M)k is the set of k-points of a corre-

sponding variety Gre(M) defined over Z. Denote by Gre(M)C the set of C-points of this variety. It

is known (see Lemma 1.15) that if there exists a polynomial pe,M with integral coefficients such that

∣Gre(M)k∣ = pe,M(q) for infinitely many prime powers q, then the Euler-Poincaré characteristic (with

compact support) of Gre(M)C is given by χ(Gre(M)C) = pe,M(1).
In [12] Caldero and Zelevinsky describe explicit combinatorial formulas for the Euler-Poincaré char-

acteristics χ(Gre(M)C) whenever M is indecomposable.

Using the Ringel-Hall algebra approach and reflection functors we obtain specific recursions for the

Grassmannian cardinalities (see the Chapter 1). Combining these with the q-analogue of Nanjundiah’s

identity (see the preliminary chapter, Proposition 1.1), we deduce in the second section explicit combi-

natorial formulas for the cardinalities ∣Gre(M)k∣ whenever M is indecomposable. These formulas im-

ply directly the existence of polynomials pe,M with integral coefficients such that ∣Gre(M)k∣ = pe,M(q).
We realize in this way a quantification of the formulas by Caldero and Zelevinsky. In the last section

we show that our recursions provide an algorithm for computing the cardinality of every Kronecker
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quiver Grassmannian over a finite field. All these results were published in [55].

4.1 The recursions

Recall from Section 1.9, Remark 1.5 that mod-kK⟨i⟩ is the full subcategory of modules not containing

the simple module corresponding to the vertex i as a direct summand and T+ = S+1 , T − = S−2 induce

exact quasi-inverse equivalences between mod-kK⟨1⟩ and mod-kK⟨2⟩. Let a, b ∈ Z. We introduce the

following notations:

• for M ∈ mod-kK

AM
a,b ∶= ∣Gr(a,b)(M)k∣ = ∑

[X],[Y ]
dimY =(a,b)

FM
XY ;

• for M ∈ mod-kK⟨1⟩
BM

a,b ∶= ∑
[X],[Y ]

dimY =(a,b)
X,Y ∈mod-kK⟨1⟩

FM
XY ;

• for M ∈ mod-kK⟨2⟩
CM
a,b ∶= ∑

[X],[Y ]
dimY =(a,b)

X,Y ∈mod-kK⟨2⟩

FM
XY .

The sums AM
a,b, B

M
a,b, C

M
a,b are considered to be 0 if they are empty. In particular they are 0 if a < 0

or b < 0. Also notice that if dimM = (m,n) then AM
a,b = B

M
a,b = C

M
a,b = 0 for a >m or b > n.

Proposition 4.1. Suppose that up to isomorphism M = sS(1)⊕M ′ ⊕ tS(2) with M ′ ∈ mod-kK⟨1⟩ ∩
mod-kK⟨2⟩. Let a, b ∈ Z, l = a − b and dimM = (m,n).

(a) We have that

AM
a,b =∑

c∈Z
(m − a + c

c
)
q
B

M ′⊕tS(2)
a−c,b =∑

c∈Z
(m − a + c

c
)
q
C

T+(M ′⊕tS(2))
a−l,b−l+c ,

the sum being finite.

(b) We have that

AM
a,b = ∑

d∈Z
(b + d
d
)
q
C

sS(1)⊕M ′

a,b+d−t = ∑
d∈Z
(b + d
d
)
q
B

T−(sS(1)⊕M ′)
a+l−d+t,b+l ,

the sum being finite.

Proof. (a) If b < 0 then trivially

AM
a,b =∑

c∈Z
(m − a + c

c
)
q
B

M ′⊕tS(2)
a−c,b =∑

c∈Z
(m − a + c

c
)
q
C

T+(M ′⊕tS(2))
b,b−l+c = 0.

If a < 0 we have AM
a,b = 0. Then ∑c∈Z (m−a+cc

)
q
B

M ′⊕tS(2)
a−c,b = 0 because (m−a+cc

)
q
= 0 for c < 0, while

for c ≥ 0 we have a − c < 0 so B
M ′⊕tS(2)
a−c,b = 0. We also have ∑c∈Z (m−a+cc

)
q
C

T+(M ′⊕tS(2))
b,2b−a+c = 0 because
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(m−a+c
c
)
q
= 0 for c < 0, while for c ≥ 0 there is no Y ∈ mod-kK⟨2⟩ with dimension (b,2b − a + c) (see

Remark 1.5) so C
T+(M ′⊕tS(2))
a−l,b−l+c = 0.

Consider now the case a, b ≥ 0. Firstly notice that if Yc ∈ mod-kK⟨1⟩ then by Lemma 1.4, Lemma 1.8

and Remark 1.3 we have [cS(1)][Yc] = [cS(1) ⊕ Yc], so FZ
cS(1)Yc

= 1 for [Z] = [cS(1) ⊕ Yc] and

FZ
cS(1)Yc

= 0 in all the other cases. Then observe that ∑[X] FZ
X cS(1) = ∣{U ≤ Z ∣U ≅ cS(1)}∣ =

∣Grc(km−a+c)∣ = (m−a+cc
)
q

for Z = (km−a+c, kn−b; f, g), since a submodule U ≤ Z , U ≅ cS(1) has

the form U = (V,0; 0,0) with V subspace in km−a+c and dimkV = c.

Using the associativity of the Hall product we obtain:

AM
a,b = ∑

[X],[Y ]
dimY =(a,b)

FM
XY =∑

c≥0
∑

[X],[Yc]
dimYc=(a−c,b)
Yc∈mod-kK⟨1⟩

FM
XcS(1)⊕Yc

⋅ 1

=∑
c≥0

∑
c[X],[Yc],[Z]
dimYc=(a−c,b)
Yc∈mod-kK⟨1⟩

FM
XZ ⋅ FZ

cS(1)Yc
=∑

c≥0
∑

[X],[Yc],[Z]
dimYc=(a−c,b)
Yc∈mod-kK⟨1⟩

FZ
X cS(1) ⋅ F

M
ZYc

=∑
c≥0

∑
[Yc],[Z]

dimYc=(a−c,b)
dimZ=(m−a+c,n−b)

Yc∈mod-kK⟨1⟩

(∑
[X]

FZ
X cS(1)) ⋅ F

M
ZYc
=∑

c≥0
(m − a + c

c
)
q

∑
[Yc],[Z]

dimYc=(a−c,b)
Yc∈mod-kK⟨1⟩

FM
ZYc

=∑
c≥0
(m − a + c

c
)
q

∑
[Yc],[Z′]

dimYc=(a−c,b)
Yc,Z′∈mod-kK⟨1⟩

F
M ′⊕tS(2)
Z′Yc

=∑
c∈Z
(m − a + c

c
)
q
B

M ′⊕tS(2)
a−c,b .

Here we have used the following: if FM
ZYc
= F sS(1)⊕M ′⊕tS(2)

ZYc
≠ 0 then since Yc ∈ mod-kK⟨1⟩ it follows

that Yc embeds only in M ′ ⊕ tS(2) (see Lemma 1.4, Lemma 1.8), so Z = sS(1) ⊕ Z ′ with 0 → Yc →
M ′ ⊕ tS(2) → Z ′ → 0 exact, Z ′ ∈ mod-kK⟨1⟩ (because M ′ ⊕ tS(2) does not project on S(1)) and in

this way F
sS(1)⊕M ′⊕tS(2)
ZYc

= FM ′⊕tS(2)
Z′Yc

.

To prove the second equality we will use the functor T +. By Lemma 1.10 we have thatB
M ′⊕tS(2)
a−c,b =

C
T+(M ′⊕tS(2))
a−l,b−l+c .

(b) The proof is the dual of the previous proof.

We can state now the recursion theorem for the numbers AM
a,b.

Theorem 4.1. Suppose that up to isomorphism M = sS(1) ⊕M ′ ⊕ tS(2) with M ′ ∈ mod-kK⟨1⟩ ∩
mod-kK⟨2⟩. Let a, b ∈ Z, l = a − b and dimM = (m,n). We have the following recursions:

(a) AM
a,b = ∑c∈Z q

c(b−l+c)(m−2b
c
)
q
A

T+(M ′⊕tS(2))
a−l,b−l+c , the sum being finite;

(b) AM
a,b = ∑d∈Z q

d(2m−n−a−l+d)(2a−2m+n
d
)
q
A

T−(sS(1)⊕M ′)
a+l−d+t,b+l , the sum being finite.
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Proof. (a) Using the previous proposition and the fact that T+(M ′ ⊕ tS(2)) ∈ mod-kK⟨2⟩ we have

AM
a,b =∑

c∈Z
(m − a + c

c
)
q
C

T+(M ′⊕tS(2))
a−l,b−l+c ,

A
T+(M ′⊕tS(2))
a−l,b−l+c = ∑

d∈Z
(b − l + c + d

d
)
q
C

T+(M ′⊕tS(2))
a−l,b−l+c+d .

Let u = c + d. Using Lemma 1.1 (c),

∑
c∈Z

qc(b−l+c)(m − 2b
c
)
q
A

T+(M ′⊕tS(2))
a−l,b−l+c = ∑

c,d∈Z
qc(b−l+c)(m − 2b

c
)
q
(b − l + c + d

d
)
q
C

T+(M ′⊕tS(2))
a−l,b−l+c+d

= ∑
u∈Z
(∑
c∈Z

qc(b−l+c)(m − 2b
c
)
q
(b − l + u
u − c

)
q
)CT+(M ′⊕tS(2))

a−l,b−l+u

= ∑
u∈Z
(m − a + u

u
)
q
C

T+(M ′⊕tS(2))
a−l,b−l+u = AM

a,b.

(b) Using the previous proposition, Remark 1.5 and the fact that T−(sS(1) ⊕M ′) ∈ mod-kK⟨1⟩ we

have

AM
a,b = ∑

d∈Z
(b + d
d
)
q
B

T−(sS(1)⊕M ′)
a+l−d+t,b+l ,

A
T−(sS(1)⊕M ′)
a+l−d+t,b+l =∑

c∈Z
(2m − n − a − l + d + c

c
)
q
B

T−(sS(1)⊕M ′)
a+l−d+t−c,b+l .

Let u = c + d. Using Lemma 1.1 (c),

∑
d∈Z

qd(2m−n−a−l+d)(2a − 2m + n
d

)
q
A

T−(sS(1)⊕M ′)
a+l−d+t,b+l =

= ∑
c,d∈Z

qd(2m−n−a−l+d)(2a − 2m + n
d

)
q
(2m − n − a − l + d + c

c
)
q
B

T−(sS(1)⊕M ′)
a+l−d+t−c,b+l

= ∑
u∈Z
(∑
d∈Z

qd(2m−n−a−l+d)(2a − 2m + n
d

)
q
(2m − n − a − l + u

u − d
)
q
B

T−(sS(1)⊕M ′)
a+l−u+t,b+l

= ∑
u∈Z
(b + u
u
)
q
B

T−(sS(1)⊕M ′)
a+l−u+t,b+l = AM

a,b.

4.2 Formulas for the cardinalities AM
a,b = ∣Gr(a,b)(M)k∣ with M inde-

composable

Let n ∈ N, a, b ∈ Z. Using the recurrences from the previous chapter we will provide closed formulas for

APn

a,b, A
In
a,b and A

R(t,x)
a,b (where Pn is indecomposable preprojective, In is indecomposable preinjective

and R(t, x) is indecomposable regular homogeneous with quasi-lenght t and with x ∈ Hk(k), thus of

degree degx = 1).
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Chapter 4 Cardinalities of Kro-

necker quiver Grassmannians

Theorem 4.2. APn

a,b = ∣Gr(a,b)(Pn)k∣ =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0 for a < 0 or b < 0

1 for a = b = 0

(n+1−b
n+1−a)q(

a−1
a−b−1)q otherwise

.

Remark 4.1. (a) Using the definitions and Lemma 1.1 (a) notice that (n+1−bn+1−a)q(
a−1

a−b−1)q = 0 for 0 <
a ≤ b, for a > n + 1, for b > n, for b < 0 < a.

(b) In the recursions from Theorem 4.1 we will have nontrivial Gaussian coefficients (aℓ)q with a < 0.

For example using Theorem 4.2, the previous remark and the recursion from Theorem 4.1 (a) we

have that

(3
1
)
q
(5
1
)
q
= AP6

6,4 = ∑c∈Z q
c(2+c)(−1

c
)
q
AP5

4,2+c = (
−1
0
)
q
AP5

4,2 + q
3(−1

1
)
q
AP5

4,3

= (−10 )q(
4
2
)
q
(3
1
)
q
+ q3(−11 )q(

3
2
)
q
(3
0
)
q
= (42)q(

3
1
)
q
+ q3(−1

q )(
3
2
)
q
(3
0
)
q
= (31)q(

5
1
)
q
.

Proof. Induction on n. For n = 0 we have that AP0

a,b = 1 when (a, b) = (1,0) or (a, b) = (0,0) and 0

otherwise so using the previous remark we can see that the formula is true.

Suppose now n ≥ 1. Then trivially APn

a,b = 0 for a < 0 or b < 0 and APn
0,0 = 1 so we only need to look

at the case a, b ≥ 0, (a, b) ≠ (0,0). Let l = a − b. Using Theorem 4.1 (a) we obtain the recursion

APn

a,b =∑
c∈Z

qc(b−l+c)(n − 2b + 1
c

)
q
APn−1

a−l,b−l+c,

the sum being finite.

Using Remark 4.1 and the induction hypothesis notice that if b > 0 (and a ≥ 0) then

APn−1

a−l,b−l+c = A
Pn−1

b,2b−a+c = (
n − 2b + a − c

n − b
)
q
( b − 1
a − b − c − 1

)
q
,

so denoting by u = a−b−c−1, using the previous recursion and the q analogue of Nanjundiah’s identity

(Proposition 1.1) with the entries p = a − b − 1, m = n + 1 − a, µ = n + 1 − b and ν = a − 1 we get:

APn

a,b =∑
c∈Z

qc(b−l+c)(n − 2b + 1
c

)
q
APn−1

a−l,b−l+c

=∑
c∈Z

qc(2b−a+c)(n − 2b + 1
c

)
q
(n − 2b + a − c

n − b
)
q
( b − 1
a − b − c − 1

)
q

= ∑
u∈Z

q(a−b−u−1)(b−u−1)( n − 2b + 1
a − b − u − 1

)
q
(n − b + 1 + u

n − b
)
q
(b − 1
u
)
q
= (n + 1 − b

n + 1 − a
)
q
( a − 1
a − b − 1

)
q
.

If now b = 0 (and n + 1 ≥ a > 0) then trivially

APn

a,b = ∑
[X]

FPn

X aS(1) = (
n + 1
a
)
q
= (n + 1 − 0

n + 1 − a
)
q
( a − 1
a − 0 − 1

)
q
.

If b = 0 and a > n + 1 then trivially APn

a,b = 0 (see Remark 4.1 (a)).
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necker quiver Grassmannians

Theorem 4.3. AIn
a,b = ∣Gr(a,b)(In)k∣ =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0 for a > n or b > n + 1

1 for a = n, b = n + 1

(n−b
a−b)q(

a+1
b
)
q

otherwise

.

Remark 4.2. Using the definitions and Lemma 1.1 (a) notice that (n−ba−b)q(
a+1
b
)
q
= 0 for a < b, for a < 0,

for b < 0, for a > n and b < n + 1.

Proof. We just dualize Theorem 4.2. More precisely reversing the arrows in the Kronecker quiver we

have that

AIn
a,b = ∣Gr(a,b)(In)k∣ = ∑

[X],[Y ]
dimY =(a,b)

F In
XY = ∑

[X],[Y ]
dimX=(b,a)

FPn
XY

= ∑
[X],[Y ]

dimY =(n+1−b,n−a)

FPn
XY = ∣Gr(n+1−b,n−a)(Pn)Fq ∣ = A

Pn

n+1−b,n−a.

Lemma 4.1. Let t ∈ N∗, a, b ∈ Z and x,x′ ∈ Hk(k). Then we have:

(a) AR(t,x)
a,a = 1 for 0 ≤ a ≤ t;

(b) AR(t,x)
a,b = 0 for 0 ≤ a < b ≤ t;

(c) AR(t,x)
a,b = AR(t,x′)

a,b .

Proof. (a) Suppose dimY = (a, a), a > 0 (so the defect is 0) and Y embeds into R(t, x). Then using

Lemma 1.4, Lemma 1.8 and the uniseriality of the regulars one can see that Y must be of the form

R(t′, x) with 0 < t′ ≤ t. So it follows that for 0 < a ≤ n, we have A
R(t,x)
a,a = FR(t,x)

R(t′′,x)R(t′,x) = 1. The rest

of the statement follows easily.

(b) If for 0 ≤ a < b ≤ t AR(t,x)
a,b > 0 this would mean that there is a module Y of dimension (a, b) which

embeds intoR(t, x). But a < bmeans that the defect ∂Y > 0, so Y must have a preinjective component.

Using Lemma 1.4, Lemma 1.8 one can notice that we can’t embed a preinjective into a regular module.

(c) Using Lemma 1.4, Lemma 1.8 and the uniseriality of regulars, observe that for F
R(t,x)
XY ≠ 0 the

modules X,Y can contain at most a single regular direct component which is of the form R(t′, x).
Permuting the points of Hk(k) the assertion follows.

Theorem 4.4. Let t ∈ N∗, a, b ∈ Z and x ∈ Hk(k) (thus of degree 1). Then we have

A
R(t,x)
a,b = ∣Gr(a,b)(R(t, x))k∣ =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

0 for a < 0 or b < 0

(t−b
t−a)q(

a
a−b)q otherwise

.
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Remark 4.3. Using the definitions and Lemma 1.1 (a) notice that (t−bt−a)q(
a

a−b)q = 0 for a < b, for a > t,
for b > t and (t−bt−a)q(

a
a−b)q = 1 for 0 ≤ a = b ≤ t.

Proof. Using the previous remark observe that the formula is trivially true whenever a < 0 or b < 0 or

a > t or b > t. Also when b = 0 and 0 ≤ a ≤ t then trivially

A
R(t,x)
a,0 = ∑

[X]

F
R(t,x)
X aS(1) = (

t

a
)
q
= (t − 0

t − a
)
q
( a

a − 0
)
q
.

Using Lemma 4.1 one can see that the formula is true in the cases 0 ≤ a = b ≤ t and 0 ≤ a < b ≤ t.
So we only need to consider the case 0 < b < a ≤ t. Let l = a − b. Using Theorem 4.1 (a) and

Lemma 4.1 (c) we obtain the recursion

A
R(t,x)
a,b =∑

c∈Z
qc(b−l+c)(t − 2b

c
)
q
A

R(t,x)
a−l,b−l+c,

the sum being finite.

We proceed by induction on a. Using the recursion and the considerations above for a = 2 ≤ t we

have

A
R(t,x)
2,1 =∑

c∈Z
qc

2

(t − 2
c
)
q
A

R(t,x)
1,c = (t − 2

0
)
q
(t
1
)
q
+ q(t − 2

1
)
q
= (t − 1

t − 2
)
q
(2
1
)
q
.

Let now 3 ≤ a ≤ t and 0 < b < a. Using Remark 4.3 and the induction hypothesis notice that

A
R(t,x)
a−l,b−l+c = A

R(t,x)
b,2b−a+c = (

t − 2b + a − c
t − b

)
q
( b

a − b − c
)
q
,

so denoting by u = a− b− c, using the previous recursion and Proposition 1.1 with the entries p = a− b,
m = t − a, µ = t − b and ν = a we get:

A
R(t,x)
a,b =∑

c∈Z
qc(b−l+c)(t − 2b

c
)
q
A

R(t,x)
a−l,b−l+c

=∑
c∈Z

qc(2b−a+c)(t − 2b
c
)
q
(t − 2b + a − c

t − b
)
q
( b

a − b − c
)
q

= ∑
u∈Z

q(a−b−u)(b−u)( t − 2b
a − b − u

)
q
(t − b + u

t − b
)
q
(b
u
)
q
= (t − b

t − a
)
q
( a

a − b
)
q
.

We can see from the previous theorems that in the cases M = Pn, M = In or M = R(t, x) for

x ∈ Hk(k), the cardinality ∣Gre(M)k∣ is a polynomial with integral coefficients pe,M(q). Also notice

that in these cases Gre(M)k is the set of k-points of a corresponding variety Gre(M) defined over Z
(since the matrices of these representations are given by zeros and ones). Denoting by Gre(M)C the

set of C-points of this variety it follows by Lemma 1.15 that χ(Gre(M)C) = pe,M(1).
For k = C we can consider the complex path algebra CK of the Kronecker quiver and the category

mod-CK . For e ∈ N2
we denote by Gre(M(C)) the Grassmannian variety of all submodules of di-

mension e in M(C). Then we will have Gre(M)C = Gre(M(C)) and so χ(Gre(M(C))) = pe,M(1).
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Using that (an)1 = (
a
n
) we obtain:

Corollary 4.5 ([12]). (a) χ(Gr(a,b)(Pn(C))) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0 for a < 0 or b < 0

1 for a = b = 0

(n+1−b
n+1−a)(

a−1
a−b−1) otherwise

;

(b) χ(Gr(a,b)(In(C))) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0 for a > n or b > n + 1

1 for a = n, b = n + 1

(n−b
a−b)(

a+1
b
) otherwise

;

(c) χ(Gr(a,b)(R(t, x,C))) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

0 for a < 0 or b < 0

(t−b
t−a)(

a
a−b) otherwise

, where x ∈ HC(C) = P1
C = C ∪ {∞}.

4.3 A recursive algorithm for the cardinalitiesAM
a,b = ∣Gr(a,b)(M)k∣with

M arbitrary

Let M ∈ mod-kK arbitrary and suppose dimM = (m,n). We know that up to isomorphism M =
P⊕R⊕I , whereP (respectively I ,R) is a module with all its indecomposable components preprojective

(respectively preinjective, regular). We also know that AM
a,b = 0 for a < 0 or b < 0 or a >m or b > n.

Applying the recursion from Theorem 4.1 (a) after a finite number of steps AP⊕R⊕I
a,b is reduced to

a finite number of cardinalities of the form AR′⊕I′
a′,b′ . Applying the recursion from Theorem 4.1 (b) after

a finite number of steps AR′⊕I′
a′,b′ is reduced to a finite number of cardinalities of the form AR′′

a′′,b′′ . Using

the arguments from the proof of Lemma 4.1 (b) we can see that AR′′

a′′,b′′ = 0 for a′′ < b′′ so applying the

recursion from Theorem 4.1 (a) after a finite number of steps AR′′

a′′,b′′ with a′′ ≥ b′′ ≥ 0 is reduced to a

finite number of cardinalities of the form AR′′′

a′′′,a′′′ .

Suppose R′′′ = ⊕mi=1R(λi, xi), where λi are partitions, xi ∈ P1(k) are pairwise different closed

points with degree degxi and ∑m
i=1 degxi∣λi∣ = n so dimR′′′ = (n,n). Denote a′′′ simply by a and

suppose 0 ≤ a ≤ n. For partitions ν, µ, λ we consider gνλµ(q
degx) = FR(ν,x)

R(λ,x)R(µ,x), the classical Hall

polynomial (see Section 1.7). We know that gνλµ = g
ν
µλ and gνλµ = 0 unless ∣ν∣ = ∣µ∣ + ∣λ∣ and µ,λ ⊆ ν.

Using Lemma 1.4, Lemma 1.8 and Remark 1.3 we have that

[⊕mi=1R(λi, xi)][⊕mi=1R(µi, xi)] =
m

∏
i=1
[R(λi, xi)][R(µi, xi)],

so

F
⊕m
i=1R(ν

i,xi)
⊕m
i=1R(λi,xi) ⊕m

i=1R(µi,xi)
=

m

∏
i=1
F

R(νi,xi)
R(λi,xi)R(µi,xi)

.

Using the considerations above and the arguments from the proof of Lemma 4.1 (a) we will have

AR′′′

a,a = ∑
λi,µi⊆νi

∑m
i=1 degxi∣µi∣=a

∑m
i=1 degxi∣λi∣=n−a

F
⊕m
i=1R(ν

i,xi)
⊕m
i=1R(λi,xi) ⊕m

i=1R(µi,xi)
= ∑

λi,µi⊆νi
∑m

i=1 degxi∣µi∣=a
∑m

i=1 degxi∣λi∣=n−a

m

∏
i=1
gν

i

λiµi(qdegxi).

72



Appendix A

Schofield pairs

In this part we present the list of Schofield pairs of canonically oriented tame quivers (see Section 1.10). Following

[49] we denote by ∆(Ãp,q), ∆(D̃m), ∆(Ẽ6), ∆(Ẽ7), ∆(Ẽ8) the canonically oriented quivers.

For every considered canonically oriented quiver ∆(Q), the corresponding data about the Schofield pairs is to

be found in the section with the title “Schofield pairs for the quiver ∆(Q) – δ = . . . ” where δ is the minimal radical

vector in the case of Q. Each section begins with a drawing of ∆(Q) to specify the node labeling and we also

give the Cartan and Coxeter matrices denoted by C∆(Q), respectively Φ∆(Q). Then there will be three subdivisions

(“Schofield pairs associated to preprojective exceptional modules”, “Schofield pairs associated to preinjective ex-

ceptional modules” and “Schofield pairs associated to regular exceptional modules”) containing the drawing of the

corresponding part of the Auslander–Reiten quiver and the computed list of Schofield pairs associated to preprojec-

tive, preinjective, respectively regular exceptionals. On the graphical representation of the AR quiver, blue arrows

show the existence of a so-called irreducible monomorphism, while red arrows represent the existence of irreducible

epimorphisms between suitable indecomposable modules (for details see [2]). In case of each indecomposable on

the Auslander–Reiten quiver, we show its dimension vector, since this is the only information needed to determine

the Schofield sequences.

For any given M ∈ mod-kQ exceptional with s(M) = s we enlist all the s−1 Schofield pairs associated to M as

M ∶ (Y1,X1), (Y2,X2), . . . (Ys−1,Xs−1),

when there are no special pairs associated to M , respectively

M ∶ (Y1,X1), . . . , (Ys−2,Xs−2), (uI, (u + 1)P),

when M is a preprojective indecomposable with ∂M = −1 and

M ∶ (Y1,X1), . . . , (Ys−2,Xs−2), ((v + 1)I, vP ),

whenM is a preinjective indecomposable with ∂M = 1. Note that for everyM with ∂M = ±1, its associated special

Schofield pair may be obtained using Corollary 1.4 (therefore, in the general formulas we just mark their presence).

All special pairs are marked with teal color.

We group the modulesM according to the vertices of the Auslander–Reiten quiver. Thus for every vertex i ∈ Q0

we will have groups entitled “Modules of the form P (n, i)” enlisting Schofield pairs associated to families of pre-
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projective exceptionals and “Modules of the form I(n, i)” with Schofield pairs associated to families of preinjective

exceptionals. The regular exceptional modules are grouped by their non-homogeneous tubes. On the drawings

depicting non-homogeneous tubes, the exceptional regulars are marked with green background color. We have

marked with pink background the preprojectives and the preinjectives beyond which all Schofield sequences may

be obtained by Auslander–Reiten translation (inverse translation in the case of preprojectives).

Although using Proposition 1.6 the Schofield pairs are completely described in the case of quiver of type Am, we

compute and enlist concretely the Schofield pairs for the quivers ∆(A1,2), ∆(A1,3), ∆(A1,4), ∆(A2,2), ∆(A2,3),
∆(A2,4), ∆(A3,3), ∆(A3,4) and ∆(A3,5). We also list the pairs for ∆(D4), ∆(D5) and ∆(D6) as examples before

giving the general formulas for ∆(Dm), m ≥ 4. We end this part with the complete lists for ∆(E6), ∆(E7) and

∆(E8).
The computations were performed by a software implemented in the computer algebra system GAP (see [23]),

which also generated the LATEX source for this part (including the drawings of the various Auslander–Reiten quivers).

A.1 Schofield pairs for the quiver ∆(Ã1,2) – δ = 1 1
1

1 3oo

��
2

^^

C∆(Ã1,2) =

⎡⎢⎢⎢⎢⎢⎢⎣

1 1 2

0 1 1

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦

Φ∆(Ã1,2) =

⎡⎢⎢⎢⎢⎢⎢⎣

−1 1 1

−1 0 2

−2 1 2

⎤⎥⎥⎥⎥⎥⎥⎦

Schofield pairs associated to preprojective exceptional modules

Modules of the form P (n,1)

Defect: ∂P (n,1) = −1, for n ≥ 0.

P (0,1) ∶ −

P (1,1) ∶ (R1
0(1), P (0,3)), (I(0,3),2P (0,2))

P (n,1) ∶ (R(n−1)mod 2+1
0 (1), P (n − 1,3)), (uI, (u + 1)P ), n > 1

Modules of the form P (n,2)

Defect: ∂P (n,2) = −1, for n ≥ 0.

P (0,2) ∶ (R1
0(1), P (0,1))

P (1,2) ∶ (R2
0(1), P (1,1)), (2I(0,2),3P (0,1))

P (n,2) ∶ (Rn mod 2+1
0 (1), P (n,1)), (uI, (u + 1)P ), n > 1

Modules of the form P (n,3)

Defect: ∂P (n,3) = −1, for n ≥ 0.
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P (0,3) ∶ (R2
0(1), P (0,2)), (I(0,2),2P (0,1))

P (n,3) ∶ (R(n+1)mod 2+1
0 (1), P (n,2)), (uI, (u + 1)P ), n > 0

1 0
0

P (0,1)

1 0
1

P (0,2)

2 1
1

P (0,3)

2 1
2

P (1,1)

3 2
2

P (1,2)

3 2
3

P (1,3)

4 3
3

P (2,1)

4 3
4

P (2,2)

5 4
4

P (2,3)

5 4
5

P (3,1)

6 5
5

P (3,2)

6 5
6

P (3,3)

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: ∂I(n,1) = 1, for n ≥ 0.

I(0,1) ∶ (I(0,2),R2
0(1)), (2I(0,3), P (0,2))

I(n,1) ∶ (I(n,2),R(−n+1)mod 2+1
0 (1)), ((v + 1)I, vP ), n > 0

Modules of the form I(n,2)

Defect: ∂I(n,2) = 1, for n ≥ 0.

I(0,2) ∶ (I(0,3),R1
0(1))

I(1,2) ∶ (I(1,3),R2
0(1)), (3I(0,3),2P (0,2))

I(n,2) ∶ (I(n,3),R(−n+2)mod 2+1
0 (1)), ((v + 1)I, vP ), n > 1

Modules of the form I(n,3)

Defect: ∂I(n,3) = 1, for n ≥ 0.

I(0,3) ∶ −

I(1,3) ∶ (I(0,1),R1
0(1)), (2I(0,2), P (0,1))

I(n,3) ∶ (I(n − 1,1),R(−n+1)mod 2+1
0 (1)), ((v + 1)I, vP ), n > 1
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1 2
1

I(0,1)

0 1
1

I(0,2)

0 1
0

I(0,3)

2 3
3

I(1,1)

2 3
2

I(1,2)

1 2
2

I(1,3)

4 5
4

I(2,1)

3 4
4

I(2,2)

3 4
3

I(2,3)

5 6
6

I(3,1)

5 6
5

I(3,2)

4 5
5

I(3,3)

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

Schofield pairs associated to regular exceptional modules

The non-homogeneous tube T ∆(Ã1,2)
0

R1
0(1) ∶ −

R2
0(1) ∶ (I(0,3), P (0,1))

T ∆(Ã1,2)
0

0 0
1

R1
0(1)

1 1
0

R2
0(1)

0 0
1

R1
0(1)

1 1
1

R1
0(2)

1 1
1

R2
0(2)

2 2
1

R2
0(3)

1 1
2

R1
0(3)

2 2
1

R2
0(3)

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1

A.2 Schofield pairs for the quiver ∆(Ã1,3) – δ = 1 1
1 1

1 4oo

��
2

^^

3oo

C∆(Ã1,3) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 2

0 1 1 1

0 0 1 1

0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Φ∆(Ã1,3) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1 0 1

−1 0 1 1

−1 0 0 2

−2 1 0 2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Schofield pairs associated to preprojective exceptional modules

Modules of the form P (n,1)

Defect: ∂P (n,1) = −1, for n ≥ 0.

P (0,1) ∶ −

P (1,1) ∶ (R2
0(2), P (0,3)), (R3

0(1), P (0,4)), (I(0,3),2P (0,2))

P (n,1) ∶ (Rn mod 3+1
0 (2), P (n − 1,3)), (R(n+1)mod 3+1

0 (1), P (n − 1,4)), (uI, (u + 1)P ), n > 1

Modules of the form P (n,2)

Defect: ∂P (n,2) = −1, for n ≥ 0.

P (0,2) ∶ (R3
0(1), P (0,1))

P (1,2) ∶ (R3
0(2), P (0,4)), (R1

0(1), P (1,1)), (I(0,4),2P (0,3))

P (n,2) ∶ (R(n+1)mod 3+1
0 (2), P (n − 1,4)), (R(n−1)mod 3+1

0 (1), P (n,1)), (uI, (u + 1)P ), n > 1

Modules of the form P (n,3)

Defect: ∂P (n,3) = −1, for n ≥ 0.

P (0,3) ∶ (R3
0(2), P (0,1)), (R1

0(1), P (0,2))

P (1,3) ∶ (R1
0(2), P (1,1)), (R2

0(1), P (1,2)), (2I(0,2),3P (0,1))

P (n,3) ∶ (R(n−1)mod 3+1
0 (2), P (n,1)), (Rn mod 3+1

0 (1), P (n,2)), (uI, (u + 1)P ), n > 1

Modules of the form P (n,4)

Defect: ∂P (n,4) = −1, for n ≥ 0.

P (0,4) ∶ (R1
0(2), P (0,2)), (R2

0(1), P (0,3)), (I(0,2),2P (0,1))

P (n,4) ∶ (Rn mod 3+1
0 (2), P (n,2)), (R(n+1)mod 3+1

0 (1), P (n,3)), (uI, (u + 1)P ), n > 0
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1 0
0 0

P (0,1)

1 0
1 0

P (0,2)

1 0
1 1

P (0,3)

2 1
1 1

P (0,4)

2 1
2 1

P (1,1)

2 1
2 2

P (1,2)

3 2
2 2

P (1,3)

3 2
3 2

P (1,4)

3 2
3 3

P (2,1)

4 3
3 3

P (2,2)

4 3
4 3

P (2,3)

4 3
4 4

P (2,4)

5 4
4 4

P (3,1)

5 4
5 4

P (3,2)

5 4
5 5

P (3,3)

6 5
5 5

P (3,4)

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: ∂I(n,1) = 1, for n ≥ 0.

I(0,1) ∶ (I(0,2),R2
0(1)), (I(0,3),R2

0(2)), (2I(0,4), P (0,3))

I(n,1) ∶ (I(n,2),R(−n+1)mod 3+1
0 (1)), (I(n,3),R(−n+1)mod 3+1

0 (2)), ((v + 1)I, vP ), n > 0

Modules of the form I(n,2)

Defect: ∂I(n,2) = 1, for n ≥ 0.

I(0,2) ∶ (I(0,3),R3
0(1)), (I(0,4),R3

0(2))

I(1,2) ∶ (I(1,3),R2
0(1)), (I(1,4),R2

0(2)), (3I(0,4),2P (0,3))

I(n,2) ∶ (I(n,3),R(−n+2)mod 3+1
0 (1)), (I(n,4),R(−n+2)mod 3+1

0 (2)), ((v + 1)I, vP ), n > 1

Modules of the form I(n,3)

Defect: ∂I(n,3) = 1, for n ≥ 0.

I(0,3) ∶ (I(0,4),R1
0(1))

I(1,3) ∶ (I(0,1),R3
0(2)), (I(1,4),R3

0(1)), (2I(0,2), P (0,1))

I(n,3) ∶ (I(n − 1,1),R(−n+3)mod 3+1
0 (2)), (I(n,4),R(−n+3)mod 3+1

0 (1)), ((v + 1)I, vP ), n > 1
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Modules of the form I(n,4)

Defect: ∂I(n,4) = 1, for n ≥ 0.

I(0,4) ∶ −

I(1,4) ∶ (I(0,1),R1
0(1)), (I(0,2),R1

0(2)), (2I(0,3), P (0,2))

I(n,4) ∶ (I(n − 1,1),R(−n+1)mod 3+1
0 (1)), (I(n − 1,2),R(−n+1)mod 3+1

0 (2)), ((v + 1)I, vP ), n > 1

1 2
1 1

I(0,1)

0 1
1 1

I(0,2)

0 1
0 1

I(0,3)

0 1
0 0

I(0,4)

2 3
2 3

I(1,1)

2 3
2 2

I(1,2)

1 2
2 2

I(1,3)

1 2
1 2

I(1,4)

3 4
4 4

I(2,1)

3 4
3 4

I(2,2)

3 4
3 3

I(2,3)

2 3
3 3

I(2,4)

5 6
5 5

I(3,1)

4 5
5 5

I(3,2)

4 5
4 5

I(3,3)

4 5
4 4

I(3,4)

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

Schofield pairs associated to regular exceptional modules

The non-homogeneous tube T ∆(Ã1,3)
0

R1
0(1) ∶ −

R1
0(2) ∶ (R2

0(1),R1
0(1)), (I(0,3), P (0,1))

R2
0(1) ∶ (I(0,4), P (0,1))

R2
0(2) ∶ (R3

0(1),R2
0(1)), (I(0,4), P (0,2))

R3
0(1) ∶ −

R3
0(2) ∶ (R1

0(1),R3
0(1))
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T ∆(Ã1,3)
0

0 0
0 1

R1
0(1)

1 1
0 0

R2
0(1)

0 0
1 0

R3
0(1)

0 0
0 1

R1
0(1)

1 1
0 1

R1
0(2)

1 1
1 0

R2
0(2)

0 0
1 1

R3
0(2)

1 1
1 1

R3
0(3)

1 1
1 1

R1
0(3)

1 1
1 1

R2
0(3)

1 1
1 1

R3
0(3)

1 1
2 1

R3
0(4)

1 1
1 2

R1
0(4)

2 2
1 1

R2
0(4)

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

A.3 Schofield pairs for the quiver ∆(Ã1,4) – δ = 1 1
1 1 1

1 5oo

��
2

^^

3oo 4oo

C∆(Ã1,4) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 2

0 1 1 1 1

0 0 1 1 1

0 0 0 1 1

0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Φ∆(Ã1,4) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1 0 0 1

−1 0 1 0 1

−1 0 0 1 1

−1 0 0 0 2

−2 1 0 0 2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Schofield pairs associated to preprojective exceptional modules

Modules of the form P (n,1)

Defect: ∂P (n,1) = −1, for n ≥ 0.

P (0,1) ∶ −

P (1,1) ∶ (R1
0(3), P (0,3)), (R2

0(2), P (0,4)), (R3
0(1), P (0,5)), (I(0,3),2P (0,2))

P (n,1) ∶ (R(n−1)mod 4+1
0 (3), P (n − 1,3)), (Rn mod 4+1

0 (2), P (n − 1,4)), (R(n+1)mod 4+1
0 (1), P (n − 1,5))

(uI, (u + 1)P ), n > 1

Modules of the form P (n,2)

Defect: ∂P (n,2) = −1, for n ≥ 0.

P (0,2) ∶ (R3
0(1), P (0,1))

P (1,2) ∶ (R2
0(3), P (0,4)), (R3

0(2), P (0,5)), (R4
0(1), P (1,1)), (I(0,4),2P (0,3))

P (n,2) ∶ (Rn mod 4+1
0 (3), P (n − 1,4)), (R(n+1)mod 4+1

0 (2), P (n − 1,5)), (R(n+2)mod 4+1
0 (1), P (n,1))
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(uI, (u + 1)P ), n > 1

Modules of the form P (n,3)

Defect: ∂P (n,3) = −1, for n ≥ 0.

P (0,3) ∶ (R3
0(2), P (0,1)), (R4

0(1), P (0,2))

P (1,3) ∶ (R3
0(3), P (0,5)), (R4

0(2), P (1,1)), (R1
0(1), P (1,2)), (I(0,5),2P (0,4))

P (n,3) ∶ (R(n+1)mod 4+1
0 (3), P (n − 1,5)), (R(n+2)mod 4+1

0 (2), P (n,1)), (R(n−1)mod 4+1
0 (1), P (n,2))

(uI, (u + 1)P ), n > 1

Modules of the form P (n,4)

Defect: ∂P (n,4) = −1, for n ≥ 0.

P (0,4) ∶ (R3
0(3), P (0,1)), (R4

0(2), P (0,2)), (R1
0(1), P (0,3))

P (1,4) ∶ (R4
0(3), P (1,1)), (R1

0(2), P (1,2)), (R2
0(1), P (1,3)), (2I(0,2),3P (0,1))

P (n,4) ∶ (R(n+2)mod 4+1
0 (3), P (n,1)), (R(n−1)mod 4+1

0 (2), P (n,2)), (Rn mod 4+1
0 (1), P (n,3))

(uI, (u + 1)P ), n > 1

Modules of the form P (n,5)

Defect: ∂P (n,5) = −1, for n ≥ 0.

P (0,5) ∶ (R4
0(3), P (0,2)), (R1

0(2), P (0,3)), (R2
0(1), P (0,4)), (I(0,2),2P (0,1))

P (n,5) ∶ (R(n+3)mod 4+1
0 (3), P (n,2)), (Rn mod 4+1

0 (2), P (n,3)), (R(n+1)mod 4+1
0 (1), P (n,4))

(uI, (u + 1)P ), n > 0
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1 0
0 0 0

P (0,1)

1 0
1 0 0

P (0,2)

1 0
1 1 0

P (0,3)

1 0
1 1 1

P (0,4)

2 1
1 1 1

P (0,5)

2 1
2 1 1

P (1,1)

2 1
2 2 1

P (1,2)

2 1
2 2 2

P (1,3)

3 2
2 2 2

P (1,4)

3 2
3 2 2

P (1,5)

3 2
3 3 2

P (2,1)

3 2
3 3 3

P (2,2)

4 3
3 3 3

P (2,3)

4 3
4 3 3

P (2,4)

4 3
4 4 3

P (2,5)

4 3
4 4 4

P (3,1)

5 4
4 4 4

P (3,2)

5 4
5 4 4

P (3,3)

5 4
5 5 4

P (3,4)

5 4
5 5 5

P (3,5)

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: ∂I(n,1) = 1, for n ≥ 0.

I(0,1) ∶ (I(0,2),R2
0(1)), (I(0,3),R2

0(2)), (I(0,4),R2
0(3)), (2I(0,5), P (0,4))

I(n,1) ∶ (I(n,2),R(−n+1)mod 4+1
0 (1)), (I(n,3),R(−n+1)mod 4+1

0 (2)), (I(n,4),R(−n+1)mod 4+1
0 (3))

((v + 1)I, vP ), n > 0

Modules of the form I(n,2)

Defect: ∂I(n,2) = 1, for n ≥ 0.

I(0,2) ∶ (I(0,3),R3
0(1)), (I(0,4),R3

0(2)), (I(0,5),R3
0(3))

I(1,2) ∶ (I(1,3),R2
0(1)), (I(1,4),R2

0(2)), (I(1,5),R2
0(3)), (3I(0,5),2P (0,4))

I(n,2) ∶ (I(n,3),R(−n+2)mod 4+1
0 (1)), (I(n,4),R(−n+2)mod 4+1

0 (2)), (I(n,5),R(−n+2)mod 4+1
0 (3))

((v + 1)I, vP ), n > 1

Modules of the form I(n,3)

Defect: ∂I(n,3) = 1, for n ≥ 0.

I(0,3) ∶ (I(0,4),R4
0(1)), (I(0,5),R4

0(2))

I(1,3) ∶ (I(0,1),R3
0(3)), (I(1,4),R3

0(1)), (I(1,5),R3
0(2)), (2I(0,2), P (0,1))
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I(n,3) ∶ (I(n − 1,1),R(−n+3)mod 4+1
0 (3)), (I(n,4),R(−n+3)mod 4+1

0 (1)), (I(n,5),R(−n+3)mod 4+1
0 (2))

((v + 1)I, vP ), n > 1

Modules of the form I(n,4)

Defect: ∂I(n,4) = 1, for n ≥ 0.

I(0,4) ∶ (I(0,5),R1
0(1))

I(1,4) ∶ (I(0,1),R4
0(2)), (I(0,2),R4

0(3)), (I(1,5),R4
0(1)), (2I(0,3), P (0,2))

I(n,4) ∶ (I(n − 1,1),R(−n+4)mod 4+1
0 (2)), (I(n − 1,2),R(−n+4)mod 4+1

0 (3)), (I(n,5),R(−n+4)mod 4+1
0 (1))

((v + 1)I, vP ), n > 1

Modules of the form I(n,5)

Defect: ∂I(n,5) = 1, for n ≥ 0.

I(0,5) ∶ −

I(1,5) ∶ (I(0,1),R1
0(1)), (I(0,2),R1

0(2)), (I(0,3),R1
0(3)), (2I(0,4), P (0,3))

I(n,5) ∶ (I(n − 1,1),R(−n+1)mod 4+1
0 (1)), (I(n − 1,2),R(−n+1)mod 4+1

0 (2)), (I(n − 1,3),R(−n+1)mod 4+1
0 (3))

((v + 1)I, vP ), n > 1

83



A.3 Schofield pairs for the quiver ∆(Ã1,4) Appendix A Schofield pairs

1 2
1 1 1

I(0,1)

0 1
1 1 1

I(0,2)

0 1
0 1 1

I(0,3)

0 1
0 0 1

I(0,4)

0 1
0 0 0

I(0,5)

2 3
2 2 3

I(1,1)

2 3
2 2 2

I(1,2)

1 2
2 2 2

I(1,3)

1 2
1 2 2

I(1,4)

1 2
1 1 2

I(1,5)

3 4
3 4 4

I(2,1)

3 4
3 3 4

I(2,2)

3 4
3 3 3

I(2,3)

2 3
3 3 3

I(2,4)

2 3
2 3 3

I(2,5)

4 5
5 5 5

I(3,1)

4 5
4 5 5

I(3,2)

4 5
4 4 5

I(3,3)

4 5
4 4 4

I(3,4)

3 4
4 4 4

I(3,5)

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

Schofield pairs associated to regular exceptional modules

The non-homogeneous tube T ∆(Ã1,4)
0

R1
0(1) ∶ −

R1
0(2) ∶ (R2

0(1),R1
0(1)), (I(0,4), P (0,1))

R2
0(1) ∶ (I(0,5), P (0,1))

R2
0(2) ∶ (R3

0(1),R2
0(1)), (I(0,5), P (0,2))

R3
0(1) ∶ −

R3
0(2) ∶ (R4

0(1),R3
0(1))

R4
0(1) ∶ −

R4
0(2) ∶ (R1

0(1),R4
0(1))

R4
0(3) ∶ (R1

0(2),R4
0(1)), (R2

0(1),R4
0(2)), (I(0,3), P (0,1))

R1
0(3) ∶ (R2

0(2),R1
0(1)), (R3

0(1),R1
0(2)), (I(0,4), P (0,2))

R2
0(3) ∶ (R3

0(2),R2
0(1)), (R4

0(1),R2
0(2)), (I(0,5), P (0,3))

R3
0(3) ∶ (R4

0(2),R3
0(1)), (R1

0(1),R3
0(2))
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T ∆(Ã1,4)
0

0 0
0 0 1

R1
0(1)

1 1
0 0 0

R2
0(1)

0 0
1 0 0

R3
0(1)

0 0
0 1 0

R4
0(1)

0 0
0 0 1

R1
0(1)

1 1
0 0 1

R1
0(2)

1 1
1 0 0

R2
0(2)

0 0
1 1 0

R3
0(2)

0 0
0 1 1

R4
0(2)

1 1
0 1 1

R4
0(3)

1 1
1 0 1

R1
0(3)

1 1
1 1 0

R2
0(3)

0 0
1 1 1

R3
0(3)

1 1
0 1 1

R4
0(3)

1 1
1 1 1

R4
0(4)

1 1
1 1 1

R1
0(4)

1 1
1 1 1

R2
0(4)

1 1
1 1 1

R3
0(4)

1 1
2 1 1

R3
0(5)

1 1
1 2 1

R4
0(5)

1 1
1 1 2

R1
0(5)

2 2
1 1 1

R2
0(5)

1 1
2 1 1

R3
0(5)

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1 τ−1 τ−1

A.4 Schofield pairs for the quiver ∆(Ã2,2) – δ = 1
1 1
1

2

��
1 4

^^

��
3

^^ C∆(Ã2,2) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 2

0 1 0 1

0 0 1 1

0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Φ∆(Ã2,2) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1 1 0

−1 0 1 1

−1 1 0 1

−2 1 1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Schofield pairs associated to preprojective exceptional modules

Modules of the form P (n,1)

Defect: ∂P (n,1) = −1, for n ≥ 0.

P (0,1) ∶ −

P (1,1) ∶ (R1
0(1), P (0,2)), (R1

∞(1), P (0,3))

P (2,1) ∶ (R2
0(1), P (1,2)), (R2

∞(1), P (1,3)), (2I(1,4),3P (0,1))

P (n,1) ∶ (R(n−1)mod 2+1
0 (1), P (n − 1,2)), (R(n−1)mod 2+1

∞ (1), P (n − 1,3)), (uI, (u + 1)P ), n > 2
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Modules of the form P (n,2)

Defect: ∂P (n,2) = −1, for n ≥ 0.

P (0,2) ∶ (R1
∞(1), P (0,1))

P (1,2) ∶ (R1
0(1), P (0,4)), (R2

∞(1), P (1,1)), (I(0,2),2P (0,3))

P (n,2) ∶ (R(n−1)mod 2+1
0 (1), P (n − 1,4)), (Rn mod 2+1

∞ (1), P (n,1)), (uI, (u + 1)P ), n > 1

Modules of the form P (n,3)

Defect: ∂P (n,3) = −1, for n ≥ 0.

P (0,3) ∶ (R1
0(1), P (0,1))

P (1,3) ∶ (R1
∞(1), P (0,4)), (R2

0(1), P (1,1)), (I(0,3),2P (0,2))

P (n,3) ∶ (R(n−1)mod 2+1
∞ (1), P (n − 1,4)), (Rn mod 2+1

0 (1), P (n,1)), (uI, (u + 1)P ), n > 1

Modules of the form P (n,4)

Defect: ∂P (n,4) = −1, for n ≥ 0.

P (0,4) ∶ (R2
∞(1), P (0,2)), (R2

0(1), P (0,3)), (I(1,4),2P (0,1))

P (n,4) ∶ (R(n+1)mod 2+1
∞ (1), P (n,2)), (R(n+1)mod 2+1

0 (1), P (n,3)), (uI, (u + 1)P ), n > 0

0
1 0
0

P (0,1)

1
1 0
0

P (0,2)

0
1 0
1

P (0,3)

1
2 1
1

P (0,4)

1
1 0
1

P (1,1)

1
2 1
2

P (1,2)

2
2 1
1

P (1,3)

2
2 1
2

P (1,4)

2
3 2
2

P (2,1)

3
3 2
2

P (2,2)

2
3 2
3

P (2,3)

3
4 3
3

P (2,4)

3
3 2
3

P (3,1)

3
4 3
4

P (3,2)

4
4 3
3

P (3,3)

4
4 3
4

P (3,4)
● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1
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Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: ∂I(n,1) = 1, for n ≥ 0.

I(0,1) ∶ (I(0,2),R2
∞(1)), (I(0,3),R2

0(1)), (2I(0,4), P (1,1))

I(n,1) ∶ (I(n,2),R(−n+1)mod 2+1
∞ (1)), (I(n,3),R(−n+1)mod 2+1

0 (1)), ((v + 1)I, vP ), n > 0

Modules of the form I(n,2)

Defect: ∂I(n,2) = 1, for n ≥ 0.

I(0,2) ∶ (I(0,4),R1
∞(1))

I(1,2) ∶ (I(0,1),R1
0(1)), (I(1,4),R2

∞(1)), (2I(0,3), P (0,2))

I(n,2) ∶ (I(n − 1,1),R(−n+1)mod 2+1
0 (1)), (I(n,4),R(−n+2)mod 2+1

∞ (1)), ((v + 1)I, vP ), n > 1

Modules of the form I(n,3)

Defect: ∂I(n,3) = 1, for n ≥ 0.

I(0,3) ∶ (I(0,4),R1
0(1))

I(1,3) ∶ (I(0,1),R1
∞(1)), (I(1,4),R2

0(1)), (2I(0,2), P (0,3))

I(n,3) ∶ (I(n − 1,1),R(−n+1)mod 2+1
∞ (1)), (I(n,4),R(−n+2)mod 2+1

0 (1)), ((v + 1)I, vP ), n > 1

Modules of the form I(n,4)

Defect: ∂I(n,4) = 1, for n ≥ 0.

I(0,4) ∶ −

I(1,4) ∶ (I(0,2),R1
0(1)), (I(0,3),R1

∞(1))

I(2,4) ∶ (I(1,2),R2
0(1)), (I(1,3),R2

∞(1)), (3I(0,4),2P (1,1))

I(n,4) ∶ (I(n − 1,2),R(−n+3)mod 2+1
0 (1)), (I(n − 1,3),R(−n+3)mod 2+1

∞ (1)), ((v + 1)I, vP ), n > 2
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1
1 2
1

I(0,1)

1
0 1
0

I(0,2)

0
0 1
1

I(0,3)

0
0 1
0

I(0,4)

2
1 2
2

I(1,1)

1
1 2
2

I(1,2)

2
1 2
1

I(1,3)

1
0 1
1

I(1,4)

3
3 4
3

I(2,1)

3
2 3
2

I(2,2)

2
2 3
3

I(2,3)

2
2 3
2

I(2,4)

4
3 4
4

I(3,1)

3
3 4
4

I(3,2)

4
3 4
3

I(3,3)

3
2 3
3

I(3,4)
● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

Schofield pairs associated to regular exceptional modules

The non-homogeneous tube T ∆(Ã2,2)
0

R1
0(1) ∶ −

R2
0(1) ∶ (I(0,2), P (0,1)), (I(0,4), P (0,2))

T ∆(Ã2,2)
0

0
0 0
1

R1
0(1)

1
1 1
0

R2
0(1)

0
0 0
1

R1
0(1)

1
1 1
1

R1
0(2)

1
1 1
1

R2
0(2)

2
2 2
1

R2
0(3)

1
1 1
2

R1
0(3)

2
2 2
1

R2
0(3)

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1

The non-homogeneous tube T ∆(Ã2,2)
∞

R1
∞(1) ∶ −

R2
∞(1) ∶ (I(0,3), P (0,1)), (I(0,4), P (0,3))
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T ∆(Ã2,2)
∞

1
0 0
0

R1
∞
(1)

0
1 1
1

R2
∞
(1)

1
0 0
0

R1
∞
(1)

1
1 1
1

R1
∞
(2)

1
1 1
1

R2
∞
(2)

1
2 2
2

R2
∞
(3)

2
1 1
1

R1
∞
(3)

1
2 2
2

R2
∞
(3)

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1

A.5 Schofield pairs for the quiver ∆(Ã2,3) – δ = 1
1 1
1 1

2

��
1 5

gg

��
3

^^

4oo

C∆(Ã2,3) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 2

0 1 0 0 1

0 0 1 1 1

0 0 0 1 1

0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Φ∆(Ã2,3) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1 1 0 0

−1 0 1 0 1

−1 1 0 1 0

−1 1 0 0 1

−2 1 1 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Schofield pairs associated to preprojective exceptional modules

Modules of the form P (n,1)

Defect: ∂P (n,1) = −1, for n ≥ 0.

P (0,1) ∶ −

P (1,1) ∶ (R3
0(1), P (0,2)), (R1

∞(1), P (0,3))

P (2,1) ∶ (R3
0(2), P (0,5)), (R1

0(1), P (1,2)), (R2
∞(1), P (1,3)), (I(0,2),2P (0,4))

P (n,1) ∶ (Rn mod 3+1
0 (2), P (n − 2,5)), (R(n−2)mod 3+1

0 (1), P (n − 1,2)), (R(n−1)mod 2+1
∞ (1), P (n − 1,3))

(uI, (u + 1)P ), n > 2

Modules of the form P (n,2)

Defect: ∂P (n,2) = −1, for n ≥ 0.

P (0,2) ∶ (R1
∞(1), P (0,1))

P (1,2) ∶ (R2
0(2), P (0,4)), (R3

0(1), P (0,5)), (R2
∞(1), P (1,1)), (I(1,5),2P (0,3))

P (n,2) ∶ (Rn mod 3+1
0 (2), P (n − 1,4)), (R(n+1)mod 3+1

0 (1), P (n − 1,5)), (Rn mod 2+1
∞ (1), P (n,1))

(uI, (u + 1)P ), n > 1
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Modules of the form P (n,3)

Defect: ∂P (n,3) = −1, for n ≥ 0.

P (0,3) ∶ (R3
0(1), P (0,1))

P (1,3) ∶ (R3
0(2), P (0,2)), (R1

∞(1), P (0,4)), (R1
0(1), P (1,1))

P (2,3) ∶ (R1
0(2), P (1,2)), (R2

∞(1), P (1,4)), (R2
0(1), P (2,1)), (2I(1,4),3P (0,1))

P (n,3) ∶ (R(n−2)mod 3+1
0 (2), P (n − 1,2)), (R(n−1)mod 2+1

∞ (1), P (n − 1,4)), (R(n−1)mod 3+1
0 (1), P (n,1))

(uI, (u + 1)P ), n > 2

Modules of the form P (n,4)

Defect: ∂P (n,4) = −1, for n ≥ 0.

P (0,4) ∶ (R3
0(2), P (0,1)), (R1

0(1), P (0,3))

P (1,4) ∶ (R1
∞(1), P (0,5)), (R1

0(2), P (1,1)), (R2
0(1), P (1,3)), (I(0,3),2P (0,2))

P (n,4) ∶ (R(n−1)mod 2+1
∞ (1), P (n − 1,5)), (R(n−1)mod 3+1

0 (2), P (n,1)), (Rn mod 3+1
0 (1), P (n,3))

(uI, (u + 1)P ), n > 1

Modules of the form P (n,5)

Defect: ∂P (n,5) = −1, for n ≥ 0.

P (0,5) ∶ (R2
∞(1), P (0,2)), (R1

0(2), P (0,3)), (R2
0(1), P (0,4)), (I(1,4),2P (0,1))

P (n,5) ∶ (R(n+1)mod 2+1
∞ (1), P (n,2)), (Rn mod 3+1

0 (2), P (n,3)), (R(n+1)mod 3+1
0 (1), P (n,4))

(uI, (u + 1)P ), n > 0
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0
1 0
0 0

P (0,1)

1
1 0
0 0

P (0,2)

0
1 0
1 0

P (0,3)

0
1 0
1 1

P (0,4)

1
2 1
1 1

P (0,5)

1
1 0
1 0

P (1,1)

1
2 1
2 1

P (1,2)

1
1 0
1 1

P (1,3)

2
2 1
1 1

P (1,4)

2
2 1
2 1

P (1,5)

1
2 1
2 2

P (2,1)

2
2 1
2 2

P (2,2)

2
3 2
2 2

P (2,3)

2
3 2
3 2

P (2,4)

2
3 2
3 3

P (2,5)

3
3 2
2 2

P (3,1)

3
4 3
3 3

P (3,2)

3
3 2
3 2

P (3,3)

3
3 2
3 3

P (3,4)

4
4 3
3 3

P (3,5)

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: ∂I(n,1) = 1, for n ≥ 0.

I(0,1) ∶ (I(0,2),R2
∞(1)), (I(0,3),R2

0(1)), (I(0,4),R2
0(2)), (2I(0,5), P (1,3))

I(n,1) ∶ (I(n,2),R(−n+1)mod 2+1
∞ (1)), (I(n,3),R(−n+1)mod 3+1

0 (1)), (I(n,4),R(−n+1)mod 3+1
0 (2))

((v + 1)I, vP ), n > 0

Modules of the form I(n,2)

Defect: ∂I(n,2) = 1, for n ≥ 0.

I(0,2) ∶ (I(0,5),R1
∞(1))

I(1,2) ∶ (I(0,1),R1
0(1)), (I(0,3),R1

0(2)), (I(1,5),R2
∞(1)), (2I(0,4), P (1,1))

I(n,2) ∶ (I(n − 1,1),R(−n+1)mod 3+1
0 (1)), (I(n − 1,3),R(−n+1)mod 3+1

0 (2)), (I(n,5),R(−n+2)mod 2+1
∞ (1))

((v + 1)I, vP ), n > 1

Modules of the form I(n,3)

Defect: ∂I(n,3) = 1, for n ≥ 0.

I(0,3) ∶ (I(0,4),R3
0(1)), (I(0,5),R3

0(2))
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I(1,3) ∶ (I(0,1),R1
∞(1)), (I(1,4),R2

0(1)), (I(1,5),R2
0(2)), (2I(0,2), P (0,4))

I(n,3) ∶ (I(n − 1,1),R(−n+1)mod 2+1
∞ (1)), (I(n,4),R(−n+2)mod 3+1

0 (1)), (I(n,5),R(−n+2)mod 3+1
0 (2))

((v + 1)I, vP ), n > 1

Modules of the form I(n,4)

Defect: ∂I(n,4) = 1, for n ≥ 0.

I(0,4) ∶ (I(0,5),R1
0(1))

I(1,4) ∶ (I(0,2),R3
0(2)), (I(0,3),R1

∞(1)), (I(1,5),R3
0(1))

I(2,4) ∶ (I(1,2),R2
0(2)), (I(1,3),R2

∞(1)), (I(2,5),R2
0(1)), (3I(0,5),2P (1,3))

I(n,4) ∶ (I(n − 1,2),R(−n+3)mod 3+1
0 (2)), (I(n − 1,3),R(−n+3)mod 2+1

∞ (1)), (I(n,5),R(−n+3)mod 3+1
0 (1))

((v + 1)I, vP ), n > 2

Modules of the form I(n,5)

Defect: ∂I(n,5) = 1, for n ≥ 0.

I(0,5) ∶ −

I(1,5) ∶ (I(0,2),R1
0(1)), (I(0,4),R1

∞(1))

I(2,5) ∶ (I(0,1),R3
0(2)), (I(1,2),R3

0(1)), (I(1,4),R2
∞(1)), (2I(0,3), P (0,2))

I(n,5) ∶ (I(n − 2,1),R(−n+4)mod 3+1
0 (2)), (I(n − 1,2),R(−n+4)mod 3+1

0 (1)), (I(n − 1,4),R(−n+3)mod 2+1
∞ (1))

((v + 1)I, vP ), n > 2
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1
1 2
1 1

I(0,1)

1
0 1
0 0

I(0,2)

0
0 1
1 1

I(0,3)

0
0 1
0 1

I(0,4)

0
0 1
0 0

I(0,5)

2
1 2
1 2

I(1,1)

1
1 2
1 2

I(1,2)

2
1 2
1 1

I(1,3)

1
0 1
1 1

I(1,4)

1
0 1
0 1

I(1,5)

2
2 3
3 3

I(2,1)

2
1 2
2 2

I(2,2)

2
2 3
2 3

I(2,3)

2
2 3
2 2

I(2,4)

1
1 2
2 2

I(2,5)

4
3 4
3 3

I(3,1)

3
3 4
3 3

I(3,2)

3
2 3
3 3

I(3,3)

3
2 3
2 3

I(3,4)

3
2 3
2 2

I(3,5)

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

Schofield pairs associated to regular exceptional modules

The non-homogeneous tube T ∆(Ã2,3)
0

R1
0(1) ∶ −

R1
0(2) ∶ (R2

0(1),R1
0(1)), (I(1,5), P (0,1)), (I(0,4), P (0,2))

R2
0(1) ∶ (I(0,2), P (0,1)), (I(0,5), P (0,2))

R2
0(2) ∶ (R3

0(1),R2
0(1)), (I(0,2), P (0,3)), (I(0,5), P (1,1))

R3
0(1) ∶ −

R3
0(2) ∶ (R1

0(1),R3
0(1))
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T ∆(Ã2,3)
0

0
0 0
0 1

R1
0(1)

1
1 1
0 0

R2
0(1)

0
0 0
1 0

R3
0(1)

0
0 0
0 1

R1
0(1)

1
1 1
0 1

R1
0(2)

1
1 1
1 0

R2
0(2)

0
0 0
1 1

R3
0(2)

1
1 1
1 1

R3
0(3)

1
1 1
1 1

R1
0(3)

1
1 1
1 1

R2
0(3)

1
1 1
1 1

R3
0(3)

1
1 1
2 1

R3
0(4)

1
1 1
1 2

R1
0(4)

2
2 2
1 1

R2
0(4)

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

The non-homogeneous tube T ∆(Ã2,3)
∞

R1
∞(1) ∶ −

R2
∞(1) ∶ (I(0,3), P (0,1)), (I(0,4), P (0,3)), (I(0,5), P (0,4))

T ∆(Ã2,3)
∞

1
0 0
0 0

R1
∞
(1)

0
1 1
1 1

R2
∞
(1)

1
0 0
0 0

R1
∞
(1)

1
1 1
1 1

R1
∞
(2)

1
1 1
1 1

R2
∞
(2)

1
2 2
2 2

R2
∞
(3)

2
1 1
1 1

R1
∞
(3)

1
2 2
2 2

R2
∞
(3)

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1
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A.6 Schofield pairs for the quiver ∆(Ã2,4) – δ = 1
1 1
1 1 1

2

��
1 6

ii

��
3

^^

4oo 5oo

C∆(Ã2,4) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 1 2

0 1 0 0 0 1

0 0 1 1 1 1

0 0 0 1 1 1

0 0 0 0 1 1

0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Φ∆(Ã2,4) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1 1 0 0 0

−1 0 1 0 0 1

−1 1 0 1 0 0

−1 1 0 0 1 0

−1 1 0 0 0 1

−2 1 1 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Schofield pairs associated to preprojective exceptional modules

Modules of the form P (n,1)

Defect: ∂P (n,1) = −1, for n ≥ 0.

P (0,1) ∶ −

P (1,1) ∶ (R3
0(1), P (0,2)), (R1

∞(1), P (0,3))

P (2,1) ∶ (R2
0(3), P (0,5)), (R3

0(2), P (0,6)), (R4
0(1), P (1,2)), (R2

∞(1), P (1,3)), (I(1,6),2P (0,4))

P (n,1) ∶ (R(n−1)mod 4+1
0 (3), P (n − 2,5)), (Rn mod 4+1

0 (2), P (n − 2,6)), (R(n+1)mod 4+1
0 (1), P (n − 1,2))

(R(n−1)mod 2+1
∞ (1), P (n − 1,3)), (uI, (u + 1)P ), n > 2

Modules of the form P (n,2)

Defect: ∂P (n,2) = −1, for n ≥ 0.

P (0,2) ∶ (R1
∞(1), P (0,1))

P (1,2) ∶ (R1
0(3), P (0,4)), (R2

0(2), P (0,5)), (R3
0(1), P (0,6)), (R2

∞(1), P (1,1)), (I(1,5),2P (0,3))

P (n,2) ∶ (R(n−1)mod 4+1
0 (3), P (n − 1,4)), (Rn mod 4+1

0 (2), P (n − 1,5)), (R(n+1)mod 4+1
0 (1), P (n − 1,6))

(Rn mod 2+1
∞ (1), P (n,1)), (uI, (u + 1)P ), n > 1

Modules of the form P (n,3)

Defect: ∂P (n,3) = −1, for n ≥ 0.

P (0,3) ∶ (R3
0(1), P (0,1))

P (1,3) ∶ (R3
0(2), P (0,2)), (R1

∞(1), P (0,4)), (R4
0(1), P (1,1))

P (2,3) ∶ (R3
0(3), P (0,6)), (R4

0(2), P (1,2)), (R2
∞(1), P (1,4)), (R1

0(1), P (2,1)), (I(0,2),2P (0,5))

P (n,3) ∶ (Rn mod 4+1
0 (3), P (n − 2,6)), (R(n+1)mod 4+1

0 (2), P (n − 1,2)), (R(n−1)mod 2+1
∞ (1), P (n − 1,4))

(R(n−2)mod 4+1
0 (1), P (n,1)), (uI, (u + 1)P ), n > 2
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Modules of the form P (n,4)

Defect: ∂P (n,4) = −1, for n ≥ 0.

P (0,4) ∶ (R3
0(2), P (0,1)), (R4

0(1), P (0,3))

P (1,4) ∶ (R3
0(3), P (0,2)), (R1

∞(1), P (0,5)), (R4
0(2), P (1,1)), (R1

0(1), P (1,3))

P (2,4) ∶ (R4
0(3), P (1,2)), (R2

∞(1), P (1,5)), (R1
0(2), P (2,1)), (R2

0(1), P (2,3)), (2I(1,4),3P (0,1))

P (n,4) ∶ (R(n+1)mod 4+1
0 (3), P (n − 1,2)), (R(n−1)mod 2+1

∞ (1), P (n − 1,5)), (R(n−2)mod 4+1
0 (2), P (n,1))

(R(n−1)mod 4+1
0 (1), P (n,3)), (uI, (u + 1)P ), n > 2

Modules of the form P (n,5)

Defect: ∂P (n,5) = −1, for n ≥ 0.

P (0,5) ∶ (R3
0(3), P (0,1)), (R4

0(2), P (0,3)), (R1
0(1), P (0,4))

P (1,5) ∶ (R1
∞(1), P (0,6)), (R4

0(3), P (1,1)), (R1
0(2), P (1,3)), (R2

0(1), P (1,4)), (I(0,3),2P (0,2))

P (n,5) ∶ (R(n−1)mod 2+1
∞ (1), P (n − 1,6)), (R(n+2)mod 4+1

0 (3), P (n,1)), (R(n−1)mod 4+1
0 (2), P (n,3))

(Rn mod 4+1
0 (1), P (n,4)), (uI, (u + 1)P ), n > 1

Modules of the form P (n,6)

Defect: ∂P (n,6) = −1, for n ≥ 0.

P (0,6) ∶ (R2
∞(1), P (0,2)), (R4

0(3), P (0,3)), (R1
0(2), P (0,4)), (R2

0(1), P (0,5)), (I(1,4),2P (0,1))

P (n,6) ∶ (R(n+1)mod 2+1
∞ (1), P (n,2)), (R(n+3)mod 4+1

0 (3), P (n,3)), (Rn mod 4+1
0 (2), P (n,4))

(R(n+1)mod 4+1
0 (1), P (n,5)), (uI, (u + 1)P ), n > 0
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0
1 0
0 0 0

P (0,1)

1
1 0
0 0 0

P (0,2)

0
1 0
1 0 0

P (0,3)

0
1 0
1 1 0

P (0,4)

0
1 0
1 1 1

P (0,5)

1
2 1
1 1 1

P (0,6)

1
1 0
1 0 0

P (1,1)

1
2 1
2 1 1

P (1,2)

1
1 0
1 1 0

P (1,3)

1
1 0
1 1 1

P (1,4)

2
2 1
1 1 1

P (1,5)

2
2 1
2 1 1

P (1,6)

1
2 1
2 2 1

P (2,1)

2
2 1
2 2 1

P (2,2)

1
2 1
2 2 2

P (2,3)

2
3 2
2 2 2

P (2,4)

2
3 2
3 2 2

P (2,5)

2
3 2
3 3 2

P (2,6)

2
2 1
2 2 2

P (3,1)

2
3 2
3 3 3

P (3,2)

3
3 2
2 2 2

P (3,3)

3
3 2
3 2 2

P (3,4)

3
3 2
3 3 2

P (3,5)

3
3 2
3 3 3

P (3,6)

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: ∂I(n,1) = 1, for n ≥ 0.

I(0,1) ∶ (I(0,2),R2
∞(1)), (I(0,3),R2

0(1)), (I(0,4),R2
0(2)), (I(0,5),R2

0(3)), (2I(0,6), P (1,4))

I(n,1) ∶ (I(n,2),R(−n+1)mod 2+1
∞ (1)), (I(n,3),R(−n+1)mod 4+1

0 (1)), (I(n,4),R(−n+1)mod 4+1
0 (2))

(I(n,5),R(−n+1)mod 4+1
0 (3)), ((v + 1)I, vP ), n > 0

Modules of the form I(n,2)

Defect: ∂I(n,2) = 1, for n ≥ 0.

I(0,2) ∶ (I(0,6),R1
∞(1))

I(1,2) ∶ (I(0,1),R1
0(1)), (I(0,3),R1

0(2)), (I(0,4),R1
0(3)), (I(1,6),R2

∞(1)), (2I(0,5), P (1,3))

I(n,2) ∶ (I(n − 1,1),R(−n+1)mod 4+1
0 (1)), (I(n − 1,3),R(−n+1)mod 4+1

0 (2)), (I(n − 1,4),R(−n+1)mod 4+1
0 (3))

(I(n,6),R(−n+2)mod 2+1
∞ (1)), ((v + 1)I, vP ), n > 1
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Modules of the form I(n,3)

Defect: ∂I(n,3) = 1, for n ≥ 0.

I(0,3) ∶ (I(0,4),R3
0(1)), (I(0,5),R3

0(2)), (I(0,6),R3
0(3))

I(1,3) ∶ (I(0,1),R1
∞(1)), (I(1,4),R2

0(1)), (I(1,5),R2
0(2)), (I(1,6),R2

0(3)), (2I(0,2), P (0,5))

I(n,3) ∶ (I(n − 1,1),R(−n+1)mod 2+1
∞ (1)), (I(n,4),R(−n+2)mod 4+1

0 (1)), (I(n,5),R(−n+2)mod 4+1
0 (2))

(I(n,6),R(−n+2)mod 4+1
0 (3)), ((v + 1)I, vP ), n > 1

Modules of the form I(n,4)

Defect: ∂I(n,4) = 1, for n ≥ 0.

I(0,4) ∶ (I(0,5),R4
0(1)), (I(0,6),R4

0(2))

I(1,4) ∶ (I(0,2),R3
0(3)), (I(0,3),R1

∞(1)), (I(1,5),R3
0(1)), (I(1,6),R3

0(2))

I(2,4) ∶ (I(1,2),R2
0(3)), (I(1,3),R2

∞(1)), (I(2,5),R2
0(1)), (I(2,6),R2

0(2)), (3I(0,6),2P (1,4))

I(n,4) ∶ (I(n − 1,2),R(−n+3)mod 4+1
0 (3)), (I(n − 1,3),R(−n+3)mod 2+1

∞ (1)), (I(n,5),R(−n+3)mod 4+1
0 (1))

(I(n,6),R(−n+3)mod 4+1
0 (2)), ((v + 1)I, vP ), n > 2

Modules of the form I(n,5)

Defect: ∂I(n,5) = 1, for n ≥ 0.

I(0,5) ∶ (I(0,6),R1
0(1))

I(1,5) ∶ (I(0,2),R4
0(2)), (I(0,4),R1

∞(1)), (I(1,6),R4
0(1))

I(2,5) ∶ (I(0,1),R3
0(3)), (I(1,2),R3

0(2)), (I(1,4),R2
∞(1)), (I(2,6),R3

0(1)), (2I(0,3), P (0,2))

I(n,5) ∶ (I(n − 2,1),R(−n+4)mod 4+1
0 (3)), (I(n − 1,2),R(−n+4)mod 4+1

0 (2)), (I(n − 1,4),R(−n+3)mod 2+1
∞ (1))

(I(n,6),R(−n+4)mod 4+1
0 (1)), ((v + 1)I, vP ), n > 2

Modules of the form I(n,6)

Defect: ∂I(n,6) = 1, for n ≥ 0.

I(0,6) ∶ −

I(1,6) ∶ (I(0,2),R1
0(1)), (I(0,5),R1

∞(1))

I(2,6) ∶ (I(0,1),R4
0(2)), (I(0,3),R4

0(3)), (I(1,2),R4
0(1)), (I(1,5),R2

∞(1)), (2I(0,4), P (1,1))

I(n,6) ∶ (I(n − 2,1),R(−n+5)mod 4+1
0 (2)), (I(n − 2,3),R(−n+5)mod 4+1

0 (3)), (I(n − 1,2),R(−n+5)mod 4+1
0 (1))

(I(n − 1,5),R(−n+3)mod 2+1
∞ (1)), ((v + 1)I, vP ), n > 2
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1
1 2
1 1 1

I(0,1)

1
0 1
0 0 0

I(0,2)

0
0 1
1 1 1

I(0,3)

0
0 1
0 1 1

I(0,4)

0
0 1
0 0 1

I(0,5)

0
0 1
0 0 0

I(0,6)

2
1 2
1 1 2

I(1,1)

1
1 2
1 1 2

I(1,2)

2
1 2
1 1 1

I(1,3)

1
0 1
1 1 1

I(1,4)

1
0 1
0 1 1

I(1,5)

1
0 1
0 0 1

I(1,6)

2
2 3
2 3 3

I(2,1)

2
1 2
1 2 2

I(2,2)

2
2 3
2 2 3

I(2,3)

2
2 3
2 2 2

I(2,4)

1
1 2
2 2 2

I(2,5)

1
1 2
1 2 2

I(2,6)

3
2 3
3 3 3

I(3,1)

2
2 3
3 3 3

I(3,2)

3
2 3
2 3 3

I(3,3)

3
2 3
2 2 3

I(3,4)

3
2 3
2 2 2

I(3,5)

2
1 2
2 2 2

I(3,6)

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

Schofield pairs associated to regular exceptional modules

The non-homogeneous tube T ∆(Ã2,4)
0

R1
0(1) ∶ −

R1
0(2) ∶ (R2

0(1),R1
0(1)), (I(1,6), P (0,1)), (I(0,5), P (0,2))

R2
0(1) ∶ (I(0,2), P (0,1)), (I(0,6), P (0,2))

R2
0(2) ∶ (R3

0(1),R2
0(1)), (I(0,2), P (0,3)), (I(0,6), P (1,1))

R3
0(1) ∶ −

R3
0(2) ∶ (R4

0(1),R3
0(1))

R4
0(1) ∶ −

R4
0(2) ∶ (R1

0(1),R4
0(1))

R4
0(3) ∶ (R1

0(2),R4
0(1)), (R2

0(1),R4
0(2)), (I(1,5), P (0,1)), (I(0,4), P (0,2))

R1
0(3) ∶ (R2

0(2),R1
0(1)), (R3

0(1),R1
0(2)), (I(1,6), P (0,3)), (I(0,5), P (1,1))

R2
0(3) ∶ (R3

0(2),R2
0(1)), (R4

0(1),R2
0(2)), (I(0,2), P (0,4)), (I(0,6), P (1,3))
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R3
0(3) ∶ (R4

0(2),R3
0(1)), (R1

0(1),R3
0(2))

T ∆(Ã2,4)
0

0
0 0
0 0 1

R1
0(1)

1
1 1
0 0 0

R2
0(1)

0
0 0
1 0 0

R3
0(1)

0
0 0
0 1 0

R4
0(1)

0
0 0
0 0 1

R1
0(1)

1
1 1
0 0 1

R1
0(2)

1
1 1
1 0 0

R2
0(2)

0
0 0
1 1 0

R3
0(2)

0
0 0
0 1 1

R4
0(2)

1
1 1
0 1 1

R4
0(3)

1
1 1
1 0 1

R1
0(3)

1
1 1
1 1 0

R2
0(3)

0
0 0
1 1 1

R3
0(3)

1
1 1
0 1 1

R4
0(3)

1
1 1
1 1 1

R4
0(4)

1
1 1
1 1 1

R1
0(4)

1
1 1
1 1 1

R2
0(4)

1
1 1
1 1 1

R3
0(4)

1
1 1
2 1 1

R3
0(5)

1
1 1
1 2 1

R4
0(5)

1
1 1
1 1 2

R1
0(5)

2
2 2
1 1 1

R2
0(5)

1
1 1
2 1 1

R3
0(5)

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1 τ−1 τ−1

The non-homogeneous tube T ∆(Ã2,4)
∞

R1
∞(1) ∶ −

R2
∞(1) ∶ (I(0,3), P (0,1)), (I(0,4), P (0,3)), (I(0,5), P (0,4)), (I(0,6), P (0,5))
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T ∆(Ã2,4)
∞

1
0 0
0 0 0

R1
∞
(1)

0
1 1
1 1 1

R2
∞
(1)

1
0 0
0 0 0

R1
∞
(1)

1
1 1
1 1 1

R1
∞
(2)

1
1 1
1 1 1

R2
∞
(2)

1
2 2
2 2 2

R2
∞
(3)

2
1 1
1 1 1

R1
∞
(3)

1
2 2
2 2 2

R2
∞
(3)

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1

A.7 Schofield pairs for the quiver ∆(Ã3,3) – δ = 1 1
1 1
1 1

2

��

3oo

1 6

^^

��
4

^^

5oo

C∆(Ã3,3) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 1 2

0 1 1 0 0 1

0 0 1 0 0 1

0 0 0 1 1 1

0 0 0 0 1 1

0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Φ∆(Ã3,3) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1 0 1 0 0

−1 0 1 1 0 0

−1 0 0 1 0 1

−1 1 0 0 1 0

−1 1 0 0 0 1

−2 1 0 1 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Schofield pairs associated to preprojective exceptional modules

Modules of the form P (n,1)

Defect: ∂P (n,1) = −1, for n ≥ 0.

P (0,1) ∶ −

P (1,1) ∶ (R3
0(1), P (0,2)), (R3

∞(1), P (0,4))

P (2,1) ∶ (R3
0(2), P (0,3)), (R3

∞(2), P (0,5)), (R1
0(1), P (1,2)), (R1

∞(1), P (1,4))

P (3,1) ∶ (R1
0(2), P (1,3)), (R1

∞(2), P (1,5)), (R2
0(1), P (2,2)), (R2

∞(1), P (2,4)), (2I(2,6),3P (0,1))

P (n,1) ∶ (R(n−3)mod 3+1
0 (2), P (n − 2,3)), (R(n−3)mod 3+1

∞ (2), P (n − 2,5)), (R(n−2)mod 3+1
0 (1), P (n − 1,2))

(R(n−2)mod 3+1
∞ (1), P (n − 1,4)), (uI, (u + 1)P ), n > 3

Modules of the form P (n,2)

Defect: ∂P (n,2) = −1, for n ≥ 0.

P (0,2) ∶ (R3
∞(1), P (0,1))

P (1,2) ∶ (R3
0(1), P (0,3)), (R3

∞(2), P (0,4)), (R1
∞(1), P (1,1))
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P (2,2) ∶ (R3
0(2), P (0,6)), (R1

0(1), P (1,3)), (R1
∞(2), P (1,4)), (R2

∞(1), P (2,1)), (I(0,2),2P (0,5))

P (n,2) ∶ (Rn mod 3+1
0 (2), P (n − 2,6)), (R(n−2)mod 3+1

0 (1), P (n − 1,3)), (R(n−2)mod 3+1
∞ (2), P (n − 1,4))

(R(n−1)mod 3+1
∞ (1), P (n,1)), (uI, (u + 1)P ), n > 2

Modules of the form P (n,3)

Defect: ∂P (n,3) = −1, for n ≥ 0.

P (0,3) ∶ (R3
∞(2), P (0,1)), (R1

∞(1), P (0,2))

P (1,3) ∶ (R2
0(2), P (0,5)), (R3

0(1), P (0,6)), (R1
∞(2), P (1,1)), (R2

∞(1), P (1,2)), (I(1,3),2P (0,4))

P (n,3) ∶ (Rn mod 3+1
0 (2), P (n − 1,5)), (R(n+1)mod 3+1

0 (1), P (n − 1,6)), (R(n−1)mod 3+1
∞ (2), P (n,1))

(Rn mod 3+1
∞ (1), P (n,2)), (uI, (u + 1)P ), n > 1

Modules of the form P (n,4)

Defect: ∂P (n,4) = −1, for n ≥ 0.

P (0,4) ∶ (R3
0(1), P (0,1))

P (1,4) ∶ (R3
0(2), P (0,2)), (R3

∞(1), P (0,5)), (R1
0(1), P (1,1))

P (2,4) ∶ (R3
∞(2), P (0,6)), (R1

0(2), P (1,2)), (R1
∞(1), P (1,5)), (R2

0(1), P (2,1)), (I(0,4),2P (0,3))

P (n,4) ∶ (Rn mod 3+1
∞ (2), P (n − 2,6)), (R(n−2)mod 3+1

0 (2), P (n − 1,2)), (R(n−2)mod 3+1
∞ (1), P (n − 1,5))

(R(n−1)mod 3+1
0 (1), P (n,1)), (uI, (u + 1)P ), n > 2

Modules of the form P (n,5)

Defect: ∂P (n,5) = −1, for n ≥ 0.

P (0,5) ∶ (R3
0(2), P (0,1)), (R1

0(1), P (0,4))

P (1,5) ∶ (R2
∞(2), P (0,3)), (R3

∞(1), P (0,6)), (R1
0(2), P (1,1)), (R2

0(1), P (1,4)), (I(1,5),2P (0,2))

P (n,5) ∶ (Rn mod 3+1
∞ (2), P (n − 1,3)), (R(n+1)mod 3+1

∞ (1), P (n − 1,6)), (R(n−1)mod 3+1
0 (2), P (n,1))

(Rn mod 3+1
0 (1), P (n,4)), (uI, (u + 1)P ), n > 1

Modules of the form P (n,6)

Defect: ∂P (n,6) = −1, for n ≥ 0.

P (0,6) ∶ (R1
∞(2), P (0,2)), (R2

∞(1), P (0,3)), (R1
0(2), P (0,4)), (R2

0(1), P (0,5)), (I(2,6),2P (0,1))

P (n,6) ∶ (Rn mod 3+1
∞ (2), P (n,2)), (R(n+1)mod 3+1

∞ (1), P (n,3)), (Rn mod 3+1
0 (2), P (n,4))
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(R(n+1)mod 3+1
0 (1), P (n,5)), (uI, (u + 1)P ), n > 0

0 0
1 0
0 0

P (0,1)

1 0
1 0
0 0

P (0,2)

1 1
1 0
0 0

P (0,3)

0 0
1 0
1 0

P (0,4)

0 0
1 0
1 1

P (0,5)

1 1
2 1
1 1

P (0,6)

1 0
1 0
1 0

P (1,1)

1 1
1 0
1 0

P (1,2)

1 1
2 1
2 1

P (1,3)

1 0
1 0
1 1

P (1,4)

2 1
2 1
1 1

P (1,5)

2 1
2 1
2 1

P (1,6)

1 1
1 0
1 1

P (2,1)

1 1
2 1
2 2

P (2,2)

2 1
2 1
2 2

P (2,3)

2 2
2 1
1 1

P (2,4)

2 2
2 1
2 1

P (2,5)

2 2
2 1
2 2

P (2,6)

2 2
3 2
2 2

P (3,1)

3 2
3 2
2 2

P (3,2)

3 3
3 2
2 2

P (3,3)

2 2
3 2
3 2

P (3,4)

2 2
3 2
3 3

P (3,5)

3 3
4 3
3 3

P (3,6)
● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: ∂I(n,1) = 1, for n ≥ 0.

I(0,1) ∶ (I(0,2),R2
∞(1)), (I(0,3),R2

∞(2)), (I(0,4),R2
0(1)), (I(0,5),R2

0(2)), (2I(0,6), P (2,1))

I(n,1) ∶ (I(n,2),R(−n+1)mod 3+1
∞ (1)), (I(n,3),R(−n+1)mod 3+1

∞ (2)), (I(n,4),R(−n+1)mod 3+1
0 (1))

(I(n,5),R(−n+1)mod 3+1
0 (2)), ((v + 1)I, vP ), n > 0

Modules of the form I(n,2)

Defect: ∂I(n,2) = 1, for n ≥ 0.

I(0,2) ∶ (I(0,3),R3
∞(1)), (I(0,6),R3

∞(2))

I(1,2) ∶ (I(0,1),R1
0(1)), (I(0,4),R1

0(2)), (I(1,3),R2
∞(1)), (I(1,6),R2

∞(2)), (2I(0,5), P (1,2))
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I(n,2) ∶ (I(n − 1,1),R(−n+1)mod 3+1
0 (1)), (I(n − 1,4),R(−n+1)mod 3+1

0 (2)), (I(n,3),R(−n+2)mod 3+1
∞ (1))

(I(n,6),R(−n+2)mod 3+1
∞ (2)), ((v + 1)I, vP ), n > 1

Modules of the form I(n,3)

Defect: ∂I(n,3) = 1, for n ≥ 0.

I(0,3) ∶ (I(0,6),R1
∞(1))

I(1,3) ∶ (I(0,2),R1
0(1)), (I(0,5),R3

∞(2)), (I(1,6),R3
∞(1))

I(2,3) ∶ (I(0,1),R3
0(2)), (I(1,2),R3

0(1)), (I(1,5),R2
∞(2)), (I(2,6),R2

∞(1)), (2I(0,4), P (0,3))

I(n,3) ∶ (I(n − 2,1),R(−n+4)mod 3+1
0 (2)), (I(n − 1,2),R(−n+4)mod 3+1

0 (1)), (I(n − 1,5),R(−n+3)mod 3+1
∞ (2))

(I(n,6),R(−n+3)mod 3+1
∞ (1)), ((v + 1)I, vP ), n > 2

Modules of the form I(n,4)

Defect: ∂I(n,4) = 1, for n ≥ 0.

I(0,4) ∶ (I(0,5),R3
0(1)), (I(0,6),R3

0(2))

I(1,4) ∶ (I(0,1),R1
∞(1)), (I(0,2),R1

∞(2)), (I(1,5),R2
0(1)), (I(1,6),R2

0(2)), (2I(0,3), P (1,4))

I(n,4) ∶ (I(n − 1,1),R(−n+1)mod 3+1
∞ (1)), (I(n − 1,2),R(−n+1)mod 3+1

∞ (2)), (I(n,5),R(−n+2)mod 3+1
0 (1))

(I(n,6),R(−n+2)mod 3+1
0 (2)), ((v + 1)I, vP ), n > 1

Modules of the form I(n,5)

Defect: ∂I(n,5) = 1, for n ≥ 0.

I(0,5) ∶ (I(0,6),R1
0(1))

I(1,5) ∶ (I(0,3),R3
0(2)), (I(0,4),R1

∞(1)), (I(1,6),R3
0(1))

I(2,5) ∶ (I(0,1),R3
∞(2)), (I(1,3),R2

0(2)), (I(1,4),R3
∞(1)), (I(2,6),R2

0(1)), (2I(0,2), P (0,5))

I(n,5) ∶ (I(n − 2,1),R(−n+4)mod 3+1
∞ (2)), (I(n − 1,3),R(−n+3)mod 3+1

0 (2)), (I(n − 1,4),R(−n+4)mod 3+1
∞ (1))

(I(n,6),R(−n+3)mod 3+1
0 (1)), ((v + 1)I, vP ), n > 2

Modules of the form I(n,6)

Defect: ∂I(n,6) = 1, for n ≥ 0.

I(0,6) ∶ −

I(1,6) ∶ (I(0,3),R1
0(1)), (I(0,5),R1

∞(1))
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I(2,6) ∶ (I(0,2),R3
0(2)), (I(0,4),R3

∞(2)), (I(1,3),R3
0(1)), (I(1,5),R3

∞(1))

I(3,6) ∶ (I(1,2),R2
0(2)), (I(1,4),R2

∞(2)), (I(2,3),R2
0(1)), (I(2,5),R2

∞(1)), (3I(0,6),2P (2,1))

I(n,6) ∶ (I(n − 2,2),R(−n+4)mod 3+1
0 (2)), (I(n − 2,4),R(−n+4)mod 3+1

∞ (2)), (I(n − 1,3),R(−n+4)mod 3+1
0 (1))

(I(n − 1,5),R(−n+4)mod 3+1
∞ (1)), ((v + 1)I, vP ), n > 3

1 1
1 2
1 1

I(0,1)

1 1
0 1
0 0

I(0,2)

0 1
0 1
0 0

I(0,3)

0 0
0 1
1 1

I(0,4)

0 0
0 1
0 1

I(0,5)

0 0
0 1
0 0

I(0,6)

1 2
1 2
1 2

I(1,1)

1 1
1 2
1 2

I(1,2)

1 1
0 1
0 1

I(1,3)

1 2
1 2
1 1

I(1,4)

0 1
0 1
1 1

I(1,5)

0 1
0 1
0 1

I(1,6)

2 2
1 2
2 2

I(2,1)

1 2
1 2
2 2

I(2,2)

1 1
1 2
2 2

I(2,3)

2 2
1 2
1 2

I(2,4)

2 2
1 2
1 1

I(2,5)

1 1
0 1
1 1

I(2,6)

3 3
3 4
3 3

I(3,1)

3 3
2 3
2 2

I(3,2)

2 3
2 3
2 2

I(3,3)

2 2
2 3
3 3

I(3,4)

2 2
2 3
2 3

I(3,5)

2 2
2 3
2 2

I(3,6)
● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

Schofield pairs associated to regular exceptional modules

The non-homogeneous tube T ∆(Ã3,3)
0

R1
0(1) ∶ −

R1
0(2) ∶ (R2

0(1),R1
0(1)), (I(1,3), P (0,1)), (I(1,6), P (0,2)), (I(0,5), P (0,3))

R2
0(1) ∶ (I(0,2), P (0,1)), (I(0,3), P (0,2)), (I(0,6), P (0,3))

R2
0(2) ∶ (R3

0(1),R2
0(1)), (I(0,2), P (0,4)), (I(0,3), P (1,1)), (I(0,6), P (1,2))

R3
0(1) ∶ −

R3
0(2) ∶ (R1

0(1),R3
0(1))
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T ∆(Ã3,3)
0

0 0
0 0
0 1

R1
0(1)

1 1
1 1
0 0

R2
0(1)

0 0
0 0
1 0

R3
0(1)

0 0
0 0
0 1

R1
0(1)

1 1
1 1
0 1

R1
0(2)

1 1
1 1
1 0

R2
0(2)

0 0
0 0
1 1

R3
0(2)

1 1
1 1
1 1

R3
0(3)

1 1
1 1
1 1

R1
0(3)

1 1
1 1
1 1

R2
0(3)

1 1
1 1
1 1

R3
0(3)

1 1
1 1
2 1

R3
0(4)

1 1
1 1
1 2

R1
0(4)

2 2
2 2
1 1

R2
0(4)

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

The non-homogeneous tube T ∆(Ã3,3)
∞

R1
∞(1) ∶ −

R1
∞(2) ∶ (R2

∞(1),R1
∞(1)), (I(1,5), P (0,1)), (I(1,6), P (0,4)), (I(0,3), P (0,5))

R2
∞(1) ∶ (I(0,4), P (0,1)), (I(0,5), P (0,4)), (I(0,6), P (0,5))

R2
∞(2) ∶ (R3

∞(1),R2
∞(1)), (I(0,4), P (0,2)), (I(0,5), P (1,1)), (I(0,6), P (1,4))

R3
∞(1) ∶ −

R3
∞(2) ∶ (R1

∞(1),R3
∞(1))
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T ∆(Ã3,3)
∞

0 1
0 0
0 0

R1
∞
(1)

0 0
1 1
1 1

R2
∞
(1)

1 0
0 0
0 0

R3
∞
(1)

0 1
0 0
0 0

R1
∞
(1)

0 1
1 1
1 1

R1
∞
(2)

1 0
1 1
1 1

R2
∞
(2)

1 1
0 0
0 0

R3
∞
(2)

1 1
1 1
1 1

R3
∞
(3)

1 1
1 1
1 1

R1
∞
(3)

1 1
1 1
1 1

R2
∞
(3)

1 1
1 1
1 1

R3
∞
(3)

2 1
1 1
1 1

R3
∞
(4)

1 2
1 1
1 1

R1
∞
(4)

1 1
2 2
2 2

R2
∞
(4)

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

A.8 Schofield pairs for the quiver ∆(Ã3,4) – δ = 1 1
1 1
1 1 1

2

��

3oo

1 7

gg

��
4

^^

5oo 6oo

C∆(Ã3,4) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 1 1 2

0 1 1 0 0 0 1

0 0 1 0 0 0 1

0 0 0 1 1 1 1

0 0 0 0 1 1 1

0 0 0 0 0 1 1

0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Φ∆(Ã3,4) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1 0 1 0 0 0

−1 0 1 1 0 0 0

−1 0 0 1 0 0 1

−1 1 0 0 1 0 0

−1 1 0 0 0 1 0

−1 1 0 0 0 0 1

−2 1 0 1 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Schofield pairs associated to preprojective exceptional modules

Modules of the form P (n,1)

Defect: ∂P (n,1) = −1, for n ≥ 0.

P (0,1) ∶ −

P (1,1) ∶ (R3
0(1), P (0,2)), (R3

∞(1), P (0,4))
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P (2,1) ∶ (R3
0(2), P (0,3)), (R3

∞(2), P (0,5)), (R4
0(1), P (1,2)), (R1

∞(1), P (1,4))

P (3,1) ∶ (R3
0(3), P (0,7)), (R4

0(2), P (1,3)), (R1
∞(2), P (1,5)), (R1

0(1), P (2,2)), (R2
∞(1), P (2,4))

(I(0,2),2P (0,6))

P (n,1) ∶ (R(n−1)mod 4+1
0 (3), P (n − 3,7)), (Rn mod 4+1

0 (2), P (n − 2,3)), (R(n−3)mod 3+1
∞ (2), P (n − 2,5))

(R(n−3)mod 4+1
0 (1), P (n − 1,2)), (R(n−2)mod 3+1

∞ (1), P (n − 1,4)), (uI, (u + 1)P ), n > 3

Modules of the form P (n,2)

Defect: ∂P (n,2) = −1, for n ≥ 0.

P (0,2) ∶ (R3
∞(1), P (0,1))

P (1,2) ∶ (R3
0(1), P (0,3)), (R3

∞(2), P (0,4)), (R1
∞(1), P (1,1))

P (2,2) ∶ (R2
0(3), P (0,6)), (R3

0(2), P (0,7)), (R4
0(1), P (1,3)), (R1

∞(2), P (1,4)), (R2
∞(1), P (2,1))

(I(1,3),2P (0,5))

P (n,2) ∶ (R(n−1)mod 4+1
0 (3), P (n − 2,6)), (Rn mod 4+1

0 (2), P (n − 2,7)), (R(n+1)mod 4+1
0 (1), P (n − 1,3))

(R(n−2)mod 3+1
∞ (2), P (n − 1,4)), (R(n−1)mod 3+1

∞ (1), P (n,1)), (uI, (u + 1)P ), n > 2

Modules of the form P (n,3)

Defect: ∂P (n,3) = −1, for n ≥ 0.

P (0,3) ∶ (R3
∞(2), P (0,1)), (R1

∞(1), P (0,2))

P (1,3) ∶ (R1
0(3), P (0,5)), (R2

0(2), P (0,6)), (R3
0(1), P (0,7)), (R1

∞(2), P (1,1)), (R2
∞(1), P (1,2))

(I(2,7),2P (0,4))

P (n,3) ∶ (R(n−1)mod 4+1
0 (3), P (n − 1,5)), (Rn mod 4+1

0 (2), P (n − 1,6)), (R(n+1)mod 4+1
0 (1), P (n − 1,7))

(R(n−1)mod 3+1
∞ (2), P (n,1)), (Rn mod 3+1

∞ (1), P (n,2)), (uI, (u + 1)P ), n > 1

Modules of the form P (n,4)

Defect: ∂P (n,4) = −1, for n ≥ 0.

P (0,4) ∶ (R3
0(1), P (0,1))

P (1,4) ∶ (R3
0(2), P (0,2)), (R3

∞(1), P (0,5)), (R4
0(1), P (1,1))

P (2,4) ∶ (R3
0(3), P (0,3)), (R3

∞(2), P (0,6)), (R4
0(2), P (1,2)), (R1

∞(1), P (1,5)), (R1
0(1), P (2,1))

P (3,4) ∶ (R4
0(3), P (1,3)), (R1

∞(2), P (1,6)), (R1
0(2), P (2,2)), (R2

∞(1), P (2,5)), (R2
0(1), P (3,1))

(2I(2,6),3P (0,1))

P (n,4) ∶ (Rn mod 4+1
0 (3), P (n − 2,3)), (R(n−3)mod 3+1

∞ (2), P (n − 2,6)), (R(n−3)mod 4+1
0 (2), P (n − 1,2))
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(R(n−2)mod 3+1
∞ (1), P (n − 1,5)), (R(n−2)mod 4+1

0 (1), P (n,1)), (uI, (u + 1)P ), n > 3

Modules of the form P (n,5)

Defect: ∂P (n,5) = −1, for n ≥ 0.

P (0,5) ∶ (R3
0(2), P (0,1)), (R4

0(1), P (0,4))

P (1,5) ∶ (R3
0(3), P (0,2)), (R3

∞(1), P (0,6)), (R4
0(2), P (1,1)), (R1

0(1), P (1,4))

P (2,5) ∶ (R3
∞(2), P (0,7)), (R4

0(3), P (1,2)), (R1
∞(1), P (1,6)), (R1

0(2), P (2,1)), (R2
0(1), P (2,4))

(I(0,4),2P (0,3))

P (n,5) ∶ (Rn mod 3+1
∞ (2), P (n − 2,7)), (R(n+1)mod 4+1

0 (3), P (n − 1,2)), (R(n−2)mod 3+1
∞ (1), P (n − 1,6))

(R(n−2)mod 4+1
0 (2), P (n,1)), (R(n−1)mod 4+1

0 (1), P (n,4)), (uI, (u + 1)P ), n > 2

Modules of the form P (n,6)

Defect: ∂P (n,6) = −1, for n ≥ 0.

P (0,6) ∶ (R3
0(3), P (0,1)), (R4

0(2), P (0,4)), (R1
0(1), P (0,5))

P (1,6) ∶ (R2
∞(2), P (0,3)), (R3

∞(1), P (0,7)), (R4
0(3), P (1,1)), (R1

0(2), P (1,4)), (R2
0(1), P (1,5))

(I(1,5),2P (0,2))

P (n,6) ∶ (Rn mod 3+1
∞ (2), P (n − 1,3)), (R(n+1)mod 3+1

∞ (1), P (n − 1,7)), (R(n+2)mod 4+1
0 (3), P (n,1))

(R(n−1)mod 4+1
0 (2), P (n,4)), (Rn mod 4+1

0 (1), P (n,5)), (uI, (u + 1)P ), n > 1

Modules of the form P (n,7)

Defect: ∂P (n,7) = −1, for n ≥ 0.

P (0,7) ∶ (R1
∞(2), P (0,2)), (R2

∞(1), P (0,3)), (R4
0(3), P (0,4)), (R1

0(2), P (0,5)), (R2
0(1), P (0,6))

(I(2,6),2P (0,1))

P (n,7) ∶ (Rn mod 3+1
∞ (2), P (n,2)), (R(n+1)mod 3+1

∞ (1), P (n,3)), (R(n+3)mod 4+1
0 (3), P (n,4))

(Rn mod 4+1
0 (2), P (n,5)), (R(n+1)mod 4+1

0 (1), P (n,6)), (uI, (u + 1)P ), n > 0
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0 0
1 0
0 0 0

P (0,1)

1 0
1 0
0 0 0

P (0,2)

1 1
1 0
0 0 0

P (0,3)

0 0
1 0
1 0 0

P (0,4)

0 0
1 0
1 1 0

P (0,5)

0 0
1 0
1 1 1

P (0,6)

1 1
2 1
1 1 1

P (0,7)

1 0
1 0
1 0 0

P (1,1)

1 1
1 0
1 0 0

P (1,2)

1 1
2 1
2 1 1

P (1,3)

1 0
1 0
1 1 0

P (1,4)

1 0
1 0
1 1 1

P (1,5)

2 1
2 1
1 1 1

P (1,6)

2 1
2 1
2 1 1

P (1,7)

1 1
1 0
1 1 0

P (2,1)

1 1
2 1
2 2 1

P (2,2)

2 1
2 1
2 2 1

P (2,3)

1 1
1 0
1 1 1

P (2,4)

2 2
2 1
1 1 1

P (2,5)

2 2
2 1
2 1 1

P (2,6)

2 2
2 1
2 2 1

P (2,7)

1 1
2 1
2 2 2

P (3,1)

2 1
2 1
2 2 2

P (3,2)

2 2
2 1
2 2 2

P (3,3)

2 2
3 2
2 2 2

P (3,4)

2 2
3 2
3 2 2

P (3,5)

2 2
3 2
3 3 2

P (3,6)

2 2
3 2
3 3 3

P (3,7)

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: ∂I(n,1) = 1, for n ≥ 0.

I(0,1) ∶ (I(0,2),R2
∞(1)), (I(0,3),R2

∞(2)), (I(0,4),R2
0(1)), (I(0,5),R2

0(2)), (I(0,6),R2
0(3))

(2I(0,7), P (2,4))

I(n,1) ∶ (I(n,2),R(−n+1)mod 3+1
∞ (1)), (I(n,3),R(−n+1)mod 3+1

∞ (2)), (I(n,4),R(−n+1)mod 4+1
0 (1))

(I(n,5),R(−n+1)mod 4+1
0 (2)), (I(n,6),R(−n+1)mod 4+1

0 (3)), ((v + 1)I, vP ), n > 0

Modules of the form I(n,2)

Defect: ∂I(n,2) = 1, for n ≥ 0.

I(0,2) ∶ (I(0,3),R3
∞(1)), (I(0,7),R3

∞(2))

I(1,2) ∶ (I(0,1),R1
0(1)), (I(0,4),R1

0(2)), (I(0,5),R1
0(3)), (I(1,3),R2

∞(1)), (I(1,7),R2
∞(2))

(2I(0,6), P (2,1))

I(n,2) ∶ (I(n − 1,1),R(−n+1)mod 4+1
0 (1)), (I(n − 1,4),R(−n+1)mod 4+1

0 (2)), (I(n − 1,5),R(−n+1)mod 4+1
0 (3))
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(I(n,3),R(−n+2)mod 3+1
∞ (1)), (I(n,7),R(−n+2)mod 3+1

∞ (2)), ((v + 1)I, vP ), n > 1

Modules of the form I(n,3)

Defect: ∂I(n,3) = 1, for n ≥ 0.

I(0,3) ∶ (I(0,7),R1
∞(1))

I(1,3) ∶ (I(0,2),R1
0(1)), (I(0,6),R3

∞(2)), (I(1,7),R3
∞(1))

I(2,3) ∶ (I(0,1),R4
0(2)), (I(0,4),R4

0(3)), (I(1,2),R4
0(1)), (I(1,6),R2

∞(2)), (I(2,7),R2
∞(1))

(2I(0,5), P (1,2))

I(n,3) ∶ (I(n − 2,1),R(−n+5)mod 4+1
0 (2)), (I(n − 2,4),R(−n+5)mod 4+1

0 (3)), (I(n − 1,2),R(−n+5)mod 4+1
0 (1))

(I(n − 1,6),R(−n+3)mod 3+1
∞ (2)), (I(n,7),R(−n+3)mod 3+1

∞ (1)), ((v + 1)I, vP ), n > 2

Modules of the form I(n,4)

Defect: ∂I(n,4) = 1, for n ≥ 0.

I(0,4) ∶ (I(0,5),R3
0(1)), (I(0,6),R3

0(2)), (I(0,7),R3
0(3))

I(1,4) ∶ (I(0,1),R1
∞(1)), (I(0,2),R1

∞(2)), (I(1,5),R2
0(1)), (I(1,6),R2

0(2)), (I(1,7),R2
0(3))

(2I(0,3), P (1,5))

I(n,4) ∶ (I(n − 1,1),R(−n+1)mod 3+1
∞ (1)), (I(n − 1,2),R(−n+1)mod 3+1

∞ (2)), (I(n,5),R(−n+2)mod 4+1
0 (1))

(I(n,6),R(−n+2)mod 4+1
0 (2)), (I(n,7),R(−n+2)mod 4+1

0 (3)), ((v + 1)I, vP ), n > 1

Modules of the form I(n,5)

Defect: ∂I(n,5) = 1, for n ≥ 0.

I(0,5) ∶ (I(0,6),R4
0(1)), (I(0,7),R4

0(2))

I(1,5) ∶ (I(0,3),R3
0(3)), (I(0,4),R1

∞(1)), (I(1,6),R3
0(1)), (I(1,7),R3

0(2))

I(2,5) ∶ (I(0,1),R3
∞(2)), (I(1,3),R2

0(3)), (I(1,4),R3
∞(1)), (I(2,6),R2

0(1)), (I(2,7),R2
0(2))

(2I(0,2), P (0,6))

I(n,5) ∶ (I(n − 2,1),R(−n+4)mod 3+1
∞ (2)), (I(n − 1,3),R(−n+3)mod 4+1

0 (3)), (I(n − 1,4),R(−n+4)mod 3+1
∞ (1))

(I(n,6),R(−n+3)mod 4+1
0 (1)), (I(n,7),R(−n+3)mod 4+1

0 (2)), ((v + 1)I, vP ), n > 2

Modules of the form I(n,6)

Defect: ∂I(n,6) = 1, for n ≥ 0.
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I(0,6) ∶ (I(0,7),R1
0(1))

I(1,6) ∶ (I(0,3),R4
0(2)), (I(0,5),R1

∞(1)), (I(1,7),R4
0(1))

I(2,6) ∶ (I(0,2),R3
0(3)), (I(0,4),R3

∞(2)), (I(1,3),R3
0(2)), (I(1,5),R3

∞(1)), (I(2,7),R3
0(1))

I(3,6) ∶ (I(1,2),R2
0(3)), (I(1,4),R2

∞(2)), (I(2,3),R2
0(2)), (I(2,5),R2

∞(1)), (I(3,7),R2
0(1))

(3I(0,7),2P (2,4))

I(n,6) ∶ (I(n − 2,2),R(−n+4)mod 4+1
0 (3)), (I(n − 2,4),R(−n+4)mod 3+1

∞ (2)), (I(n − 1,3),R(−n+4)mod 4+1
0 (2))

(I(n − 1,5),R(−n+4)mod 3+1
∞ (1)), (I(n,7),R(−n+4)mod 4+1

0 (1)), ((v + 1)I, vP ), n > 3

Modules of the form I(n,7)

Defect: ∂I(n,7) = 1, for n ≥ 0.

I(0,7) ∶ −

I(1,7) ∶ (I(0,3),R1
0(1)), (I(0,6),R1

∞(1))

I(2,7) ∶ (I(0,2),R4
0(2)), (I(0,5),R3

∞(2)), (I(1,3),R4
0(1)), (I(1,6),R3

∞(1))

I(3,7) ∶ (I(0,1),R3
0(3)), (I(1,2),R3

0(2)), (I(1,5),R2
∞(2)), (I(2,3),R3

0(1)), (I(2,6),R2
∞(1))

(2I(0,4), P (0,3))

I(n,7) ∶ (I(n − 3,1),R(−n+5)mod 4+1
0 (3)), (I(n − 2,2),R(−n+5)mod 4+1

0 (2)), (I(n − 2,5),R(−n+4)mod 3+1
∞ (2))

(I(n − 1,3),R(−n+5)mod 4+1
0 (1)), (I(n − 1,6),R(−n+4)mod 3+1

∞ (1)), ((v + 1)I, vP ), n > 3

112



A.8 Schofield pairs for the quiver ∆(Ã3,4) Appendix A Schofield pairs

1 1
1 2
1 1 1

I(0,1)

1 1
0 1
0 0 0

I(0,2)

0 1
0 1
0 0 0

I(0,3)

0 0
0 1
1 1 1

I(0,4)

0 0
0 1
0 1 1

I(0,5)

0 0
0 1
0 0 1

I(0,6)

0 0
0 1
0 0 0

I(0,7)

1 2
1 2
1 1 2

I(1,1)

1 1
1 2
1 1 2

I(1,2)

1 1
0 1
0 0 1

I(1,3)

1 2
1 2
1 1 1

I(1,4)

0 1
0 1
1 1 1

I(1,5)

0 1
0 1
0 1 1

I(1,6)

0 1
0 1
0 0 1

I(1,7)

2 2
1 2
1 2 2

I(2,1)

1 2
1 2
1 2 2

I(2,2)

1 1
1 2
1 2 2

I(2,3)

2 2
1 2
1 1 2

I(2,4)

2 2
1 2
1 1 1

I(2,5)

1 1
0 1
1 1 1

I(2,6)

1 1
0 1
0 1 1

I(2,7)

2 2
2 3
3 3 3

I(3,1)

2 2
1 2
2 2 2

I(3,2)

1 2
1 2
2 2 2

I(3,3)

2 2
2 3
2 3 3

I(3,4)

2 2
2 3
2 2 3

I(3,5)

2 2
2 3
2 2 2

I(3,6)

1 1
1 2
2 2 2

I(3,7)

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

Schofield pairs associated to regular exceptional modules

The non-homogeneous tube T ∆(Ã3,4)
0

R1
0(1) ∶ −

R1
0(2) ∶ (R2

0(1),R1
0(1)), (I(1,3), P (0,1)), (I(1,7), P (0,2)), (I(0,6), P (0,3))

R2
0(1) ∶ (I(0,2), P (0,1)), (I(0,3), P (0,2)), (I(0,7), P (0,3))

R2
0(2) ∶ (R3

0(1),R2
0(1)), (I(0,2), P (0,4)), (I(0,3), P (1,1)), (I(0,7), P (1,2))

R3
0(1) ∶ −

R3
0(2) ∶ (R4

0(1),R3
0(1))

R4
0(1) ∶ −

R4
0(2) ∶ (R1

0(1),R4
0(1))

R4
0(3) ∶ (R1

0(2),R4
0(1)), (R2

0(1),R4
0(2)), (I(2,7), P (0,1)), (I(1,6), P (0,2)), (I(0,5), P (0,3))

R1
0(3) ∶ (R2

0(2),R1
0(1)), (R3

0(1),R1
0(2)), (I(1,3), P (0,4)), (I(1,7), P (1,1)), (I(0,6), P (1,2))

R2
0(3) ∶ (R3

0(2),R2
0(1)), (R4

0(1),R2
0(2)), (I(0,2), P (0,5)), (I(0,3), P (1,4)), (I(0,7), P (2,1))

R3
0(3) ∶ (R4

0(2),R3
0(1)), (R1

0(1),R3
0(2))
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T ∆(Ã3,4)
0

0 0
0 0
0 0 1

R1
0(1)

1 1
1 1
0 0 0

R2
0(1)

0 0
0 0
1 0 0

R3
0(1)

0 0
0 0
0 1 0

R4
0(1)

0 0
0 0
0 0 1

R1
0(1)

1 1
1 1
0 0 1

R1
0(2)

1 1
1 1
1 0 0

R2
0(2)

0 0
0 0
1 1 0

R3
0(2)

0 0
0 0
0 1 1

R4
0(2)

1 1
1 1
0 1 1

R4
0(3)

1 1
1 1
1 0 1

R1
0(3)

1 1
1 1
1 1 0

R2
0(3)

0 0
0 0
1 1 1

R3
0(3)

1 1
1 1
0 1 1

R4
0(3)

1 1
1 1
1 1 1

R4
0(4)

1 1
1 1
1 1 1

R1
0(4)

1 1
1 1
1 1 1

R2
0(4)

1 1
1 1
1 1 1

R3
0(4)

1 1
1 1
2 1 1

R3
0(5)

1 1
1 1
1 2 1

R4
0(5)

1 1
1 1
1 1 2

R1
0(5)

2 2
2 2
1 1 1

R2
0(5)

1 1
1 1
2 1 1

R3
0(5)

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1 τ−1 τ−1

The non-homogeneous tube T ∆(Ã3,4)
∞

R1
∞(1) ∶ −

R1
∞(2) ∶ (R2

∞(1),R1
∞(1)), (I(1,5), P (0,1)), (I(1,6), P (0,4)), (I(1,7), P (0,5)), (I(0,3), P (0,6))

R2
∞(1) ∶ (I(0,4), P (0,1)), (I(0,5), P (0,4)), (I(0,6), P (0,5)), (I(0,7), P (0,6))

R2
∞(2) ∶ (R3

∞(1),R2
∞(1)), (I(0,4), P (0,2)), (I(0,5), P (1,1)), (I(0,6), P (1,4)), (I(0,7), P (1,5))

R3
∞(1) ∶ −

R3
∞(2) ∶ (R1

∞(1),R3
∞(1))
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T ∆(Ã3,4)
∞

0 1
0 0
0 0 0

R1
∞
(1)

0 0
1 1
1 1 1

R2
∞
(1)

1 0
0 0
0 0 0

R3
∞
(1)

0 1
0 0
0 0 0

R1
∞
(1)

0 1
1 1
1 1 1

R1
∞
(2)

1 0
1 1
1 1 1

R2
∞
(2)

1 1
0 0
0 0 0

R3
∞
(2)

1 1
1 1
1 1 1

R3
∞
(3)

1 1
1 1
1 1 1

R1
∞
(3)

1 1
1 1
1 1 1

R2
∞
(3)

1 1
1 1
1 1 1

R3
∞
(3)

2 1
1 1
1 1 1

R3
∞
(4)

1 2
1 1
1 1 1

R1
∞
(4)

1 1
2 2
2 2 2

R2
∞
(4)

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

A.9 Schofield pairs for the quiver ∆(Ã3,5) – δ = 1 1
1 1
1 1 1 1

2

��

3oo

1 8

ii

��
4

^^

5oo 6oo 7oo

C∆(Ã3,5) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 1 1 1 2

0 1 1 0 0 0 0 1

0 0 1 0 0 0 0 1

0 0 0 1 1 1 1 1

0 0 0 0 1 1 1 1

0 0 0 0 0 1 1 1

0 0 0 0 0 0 1 1

0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Φ∆(Ã3,5) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1 0 1 0 0 0 0

−1 0 1 1 0 0 0 0

−1 0 0 1 0 0 0 1

−1 1 0 0 1 0 0 0

−1 1 0 0 0 1 0 0

−1 1 0 0 0 0 1 0

−1 1 0 0 0 0 0 1

−2 1 0 1 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Schofield pairs associated to preprojective exceptional modules

Modules of the form P (n,1)

Defect: ∂P (n,1) = −1, for n ≥ 0.

P (0,1) ∶ −
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P (1,1) ∶ (R3
0(1), P (0,2)), (R3

∞(1), P (0,4))

P (2,1) ∶ (R3
0(2), P (0,3)), (R3

∞(2), P (0,5)), (R4
0(1), P (1,2)), (R1

∞(1), P (1,4))

P (3,1) ∶ (R2
0(4), P (0,7)), (R3

0(3), P (0,8)), (R4
0(2), P (1,3)), (R1

∞(2), P (1,5)), (R5
0(1), P (2,2))

(R2
∞(1), P (2,4)), (I(1,3),2P (0,6))

P (n,1) ∶ (R(n−2)mod 5+1
0 (4), P (n − 3,7)), (R(n−1)mod 5+1

0 (3), P (n − 3,8)), (Rn mod 5+1
0 (2), P (n − 2,3))

(R(n−3)mod 3+1
∞ (2), P (n − 2,5)), (R(n+1)mod 5+1

0 (1), P (n − 1,2)), (R(n−2)mod 3+1
∞ (1), P (n − 1,4))

(uI, (u + 1)P ), n > 3

Modules of the form P (n,2)

Defect: ∂P (n,2) = −1, for n ≥ 0.

P (0,2) ∶ (R3
∞(1), P (0,1))

P (1,2) ∶ (R3
0(1), P (0,3)), (R3

∞(2), P (0,4)), (R1
∞(1), P (1,1))

P (2,2) ∶ (R1
0(4), P (0,6)), (R2

0(3), P (0,7)), (R3
0(2), P (0,8)), (R4

0(1), P (1,3)), (R1
∞(2), P (1,4))

(R2
∞(1), P (2,1)), (I(2,8),2P (0,5))

P (n,2) ∶ (R(n−2)mod 5+1
0 (4), P (n − 2,6)), (R(n−1)mod 5+1

0 (3), P (n − 2,7)), (Rn mod 5+1
0 (2), P (n − 2,8))

(R(n+1)mod 5+1
0 (1), P (n − 1,3)), (R(n−2)mod 3+1

∞ (2), P (n − 1,4)), (R(n−1)mod 3+1
∞ (1), P (n,1))

(uI, (u + 1)P ), n > 2

Modules of the form P (n,3)

Defect: ∂P (n,3) = −1, for n ≥ 0.

P (0,3) ∶ (R3
∞(2), P (0,1)), (R1

∞(1), P (0,2))

P (1,3) ∶ (R5
0(4), P (0,5)), (R1

0(3), P (0,6)), (R2
0(2), P (0,7)), (R3

0(1), P (0,8)), (R1
∞(2), P (1,1))

(R2
∞(1), P (1,2)), (I(2,7),2P (0,4))

P (n,3) ∶ (R(n+3)mod 5+1
0 (4), P (n − 1,5)), (R(n−1)mod 5+1

0 (3), P (n − 1,6)), (Rn mod 5+1
0 (2), P (n − 1,7))

(R(n+1)mod 5+1
0 (1), P (n − 1,8)), (R(n−1)mod 3+1

∞ (2), P (n,1)), (Rn mod 3+1
∞ (1), P (n,2))

(uI, (u + 1)P ), n > 1

Modules of the form P (n,4)

Defect: ∂P (n,4) = −1, for n ≥ 0.

P (0,4) ∶ (R3
0(1), P (0,1))

P (1,4) ∶ (R3
0(2), P (0,2)), (R3

∞(1), P (0,5)), (R4
0(1), P (1,1))
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P (2,4) ∶ (R3
0(3), P (0,3)), (R3

∞(2), P (0,6)), (R4
0(2), P (1,2)), (R1

∞(1), P (1,5)), (R5
0(1), P (2,1))

P (3,4) ∶ (R3
0(4), P (0,8)), (R4

0(3), P (1,3)), (R1
∞(2), P (1,6)), (R5

0(2), P (2,2)), (R2
∞(1), P (2,5))

(R1
0(1), P (3,1)), (I(0,2),2P (0,7))

P (n,4) ∶ (R(n−1)mod 5+1
0 (4), P (n − 3,8)), (Rn mod 5+1

0 (3), P (n − 2,3)), (R(n−3)mod 3+1
∞ (2), P (n − 2,6))

(R(n+1)mod 5+1
0 (2), P (n − 1,2)), (R(n−2)mod 3+1

∞ (1), P (n − 1,5)), (R(n−3)mod 5+1
0 (1), P (n,1))

(uI, (u + 1)P ), n > 3

Modules of the form P (n,5)

Defect: ∂P (n,5) = −1, for n ≥ 0.

P (0,5) ∶ (R3
0(2), P (0,1)), (R4

0(1), P (0,4))

P (1,5) ∶ (R3
0(3), P (0,2)), (R3

∞(1), P (0,6)), (R4
0(2), P (1,1)), (R5

0(1), P (1,4))

P (2,5) ∶ (R3
0(4), P (0,3)), (R3

∞(2), P (0,7)), (R4
0(3), P (1,2)), (R1

∞(1), P (1,6)), (R5
0(2), P (2,1))

(R1
0(1), P (2,4))

P (3,5) ∶ (R4
0(4), P (1,3)), (R1

∞(2), P (1,7)), (R5
0(3), P (2,2)), (R2

∞(1), P (2,6)), (R1
0(2), P (3,1))

(R2
0(1), P (3,4)), (2I(2,6),3P (0,1))

P (n,5) ∶ (Rn mod 5+1
0 (4), P (n − 2,3)), (R(n−3)mod 3+1

∞ (2), P (n − 2,7)), (R(n+1)mod 5+1
0 (3), P (n − 1,2))

(R(n−2)mod 3+1
∞ (1), P (n − 1,6)), (R(n−3)mod 5+1

0 (2), P (n,1)), (R(n−2)mod 5+1
0 (1), P (n,4))

(uI, (u + 1)P ), n > 3

Modules of the form P (n,6)

Defect: ∂P (n,6) = −1, for n ≥ 0.

P (0,6) ∶ (R3
0(3), P (0,1)), (R4

0(2), P (0,4)), (R5
0(1), P (0,5))

P (1,6) ∶ (R3
0(4), P (0,2)), (R3

∞(1), P (0,7)), (R4
0(3), P (1,1)), (R5

0(2), P (1,4)), (R1
0(1), P (1,5))

P (2,6) ∶ (R3
∞(2), P (0,8)), (R4

0(4), P (1,2)), (R1
∞(1), P (1,7)), (R5

0(3), P (2,1)), (R1
0(2), P (2,4))

(R2
0(1), P (2,5)), (I(0,4),2P (0,3))

P (n,6) ∶ (Rn mod 3+1
∞ (2), P (n − 2,8)), (R(n+1)mod 5+1

0 (4), P (n − 1,2)), (R(n−2)mod 3+1
∞ (1), P (n − 1,7))

(R(n+2)mod 5+1
0 (3), P (n,1)), (R(n−2)mod 5+1

0 (2), P (n,4)), (R(n−1)mod 5+1
0 (1), P (n,5))

(uI, (u + 1)P ), n > 2

Modules of the form P (n,7)

Defect: ∂P (n,7) = −1, for n ≥ 0.
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P (0,7) ∶ (R3
0(4), P (0,1)), (R4

0(3), P (0,4)), (R5
0(2), P (0,5)), (R1

0(1), P (0,6))

P (1,7) ∶ (R2
∞(2), P (0,3)), (R3

∞(1), P (0,8)), (R4
0(4), P (1,1)), (R5

0(3), P (1,4)), (R1
0(2), P (1,5))

(R2
0(1), P (1,6)), (I(1,5),2P (0,2))

P (n,7) ∶ (Rn mod 3+1
∞ (2), P (n − 1,3)), (R(n+1)mod 3+1

∞ (1), P (n − 1,8)), (R(n+2)mod 5+1
0 (4), P (n,1))

(R(n+3)mod 5+1
0 (3), P (n,4)), (R(n−1)mod 5+1

0 (2), P (n,5)), (Rn mod 5+1
0 (1), P (n,6))

(uI, (u + 1)P ), n > 1

Modules of the form P (n,8)

Defect: ∂P (n,8) = −1, for n ≥ 0.

P (0,8) ∶ (R1
∞(2), P (0,2)), (R2

∞(1), P (0,3)), (R4
0(4), P (0,4)), (R5

0(3), P (0,5)), (R1
0(2), P (0,6))

(R2
0(1), P (0,7)), (I(2,6),2P (0,1))

P (n,8) ∶ (Rn mod 3+1
∞ (2), P (n,2)), (R(n+1)mod 3+1

∞ (1), P (n,3)), (R(n+3)mod 5+1
0 (4), P (n,4))

(R(n+4)mod 5+1
0 (3), P (n,5)), (Rn mod 5+1

0 (2), P (n,6)), (R(n+1)mod 5+1
0 (1), P (n,7))

(uI, (u + 1)P ), n > 0
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0 0
1 0
0 0 0 0

P (0,1)

1 0
1 0
0 0 0 0

P (0,2)

1 1
1 0
0 0 0 0

P (0,3)

0 0
1 0
1 0 0 0

P (0,4)

0 0
1 0
1 1 0 0

P (0,5)

0 0
1 0
1 1 1 0

P (0,6)

0 0
1 0
1 1 1 1

P (0,7)

1 1
2 1
1 1 1 1

P (0,8)

1 0
1 0
1 0 0 0

P (1,1)

1 1
1 0
1 0 0 0

P (1,2)

1 1
2 1
2 1 1 1

P (1,3)

1 0
1 0
1 1 0 0

P (1,4)

1 0
1 0
1 1 1 0

P (1,5)

1 0
1 0
1 1 1 1

P (1,6)

2 1
2 1
1 1 1 1

P (1,7)

2 1
2 1
2 1 1 1

P (1,8)

1 1
1 0
1 1 0 0

P (2,1)

1 1
2 1
2 2 1 1

P (2,2)

2 1
2 1
2 2 1 1

P (2,3)

1 1
1 0
1 1 1 0

P (2,4)

1 1
1 0
1 1 1 1

P (2,5)

2 2
2 1
1 1 1 1

P (2,6)

2 2
2 1
2 1 1 1

P (2,7)

2 2
2 1
2 2 1 1

P (2,8)

1 1
2 1
2 2 2 1

P (3,1)

2 1
2 1
2 2 2 1

P (3,2)

2 2
2 1
2 2 2 1

P (3,3)

1 1
2 1
2 2 2 2

P (3,4)

2 2
3 2
2 2 2 2

P (3,5)

2 2
3 2
3 2 2 2

P (3,6)

2 2
3 2
3 3 2 2

P (3,7)

2 2
3 2
3 3 3 2

P (3,8)

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: ∂I(n,1) = 1, for n ≥ 0.

I(0,1) ∶ (I(0,2),R2
∞(1)), (I(0,3),R2

∞(2)), (I(0,4),R2
0(1)), (I(0,5),R2

0(2)), (I(0,6),R2
0(3))

(I(0,7),R2
0(4)), (2I(0,8), P (2,5))

I(n,1) ∶ (I(n,2),R(−n+1)mod 3+1
∞ (1)), (I(n,3),R(−n+1)mod 3+1

∞ (2)), (I(n,4),R(−n+1)mod 5+1
0 (1))

(I(n,5),R(−n+1)mod 5+1
0 (2)), (I(n,6),R(−n+1)mod 5+1

0 (3)), (I(n,7),R(−n+1)mod 5+1
0 (4))

((v + 1)I, vP ), n > 0

Modules of the form I(n,2)

Defect: ∂I(n,2) = 1, for n ≥ 0.

I(0,2) ∶ (I(0,3),R3
∞(1)), (I(0,8),R3

∞(2))
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I(1,2) ∶ (I(0,1),R1
0(1)), (I(0,4),R1

0(2)), (I(0,5),R1
0(3)), (I(0,6),R1

0(4)), (I(1,3),R2
∞(1))

(I(1,8),R2
∞(2)), (2I(0,7), P (2,4))

I(n,2) ∶ (I(n − 1,1),R(−n+1)mod 5+1
0 (1)), (I(n − 1,4),R(−n+1)mod 5+1

0 (2)), (I(n − 1,5),R(−n+1)mod 5+1
0 (3))

(I(n − 1,6),R(−n+1)mod 5+1
0 (4)), (I(n,3),R(−n+2)mod 3+1

∞ (1)), (I(n,8),R(−n+2)mod 3+1
∞ (2))

((v + 1)I, vP ), n > 1

Modules of the form I(n,3)

Defect: ∂I(n,3) = 1, for n ≥ 0.

I(0,3) ∶ (I(0,8),R1
∞(1))

I(1,3) ∶ (I(0,2),R1
0(1)), (I(0,7),R3

∞(2)), (I(1,8),R3
∞(1))

I(2,3) ∶ (I(0,1),R5
0(2)), (I(0,4),R5

0(3)), (I(0,5),R5
0(4)), (I(1,2),R5

0(1)), (I(1,7),R2
∞(2))

(I(2,8),R2
∞(1)), (2I(0,6), P (2,1))

I(n,3) ∶ (I(n − 2,1),R(−n+6)mod 5+1
0 (2)), (I(n − 2,4),R(−n+6)mod 5+1

0 (3)), (I(n − 2,5),R(−n+6)mod 5+1
0 (4))

(I(n − 1,2),R(−n+6)mod 5+1
0 (1)), (I(n − 1,7),R(−n+3)mod 3+1

∞ (2)), (I(n,8),R(−n+3)mod 3+1
∞ (1))

((v + 1)I, vP ), n > 2

Modules of the form I(n,4)

Defect: ∂I(n,4) = 1, for n ≥ 0.

I(0,4) ∶ (I(0,5),R3
0(1)), (I(0,6),R3

0(2)), (I(0,7),R3
0(3)), (I(0,8),R3

0(4))

I(1,4) ∶ (I(0,1),R1
∞(1)), (I(0,2),R1

∞(2)), (I(1,5),R2
0(1)), (I(1,6),R2

0(2)), (I(1,7),R2
0(3))

(I(1,8),R2
0(4)), (2I(0,3), P (1,6))

I(n,4) ∶ (I(n − 1,1),R(−n+1)mod 3+1
∞ (1)), (I(n − 1,2),R(−n+1)mod 3+1

∞ (2)), (I(n,5),R(−n+2)mod 5+1
0 (1))

(I(n,6),R(−n+2)mod 5+1
0 (2)), (I(n,7),R(−n+2)mod 5+1

0 (3)), (I(n,8),R(−n+2)mod 5+1
0 (4))

((v + 1)I, vP ), n > 1

Modules of the form I(n,5)

Defect: ∂I(n,5) = 1, for n ≥ 0.

I(0,5) ∶ (I(0,6),R4
0(1)), (I(0,7),R4

0(2)), (I(0,8),R4
0(3))

I(1,5) ∶ (I(0,3),R3
0(4)), (I(0,4),R1

∞(1)), (I(1,6),R3
0(1)), (I(1,7),R3

0(2)), (I(1,8),R3
0(3))

I(2,5) ∶ (I(0,1),R3
∞(2)), (I(1,3),R2

0(4)), (I(1,4),R3
∞(1)), (I(2,6),R2

0(1)), (I(2,7),R2
0(2))

(I(2,8),R2
0(3)), (2I(0,2), P (0,7))
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I(n,5) ∶ (I(n − 2,1),R(−n+4)mod 3+1
∞ (2)), (I(n − 1,3),R(−n+3)mod 5+1

0 (4)), (I(n − 1,4),R(−n+4)mod 3+1
∞ (1))

(I(n,6),R(−n+3)mod 5+1
0 (1)), (I(n,7),R(−n+3)mod 5+1

0 (2)), (I(n,8),R(−n+3)mod 5+1
0 (3))

((v + 1)I, vP ), n > 2

Modules of the form I(n,6)

Defect: ∂I(n,6) = 1, for n ≥ 0.

I(0,6) ∶ (I(0,7),R5
0(1)), (I(0,8),R5

0(2))

I(1,6) ∶ (I(0,3),R4
0(3)), (I(0,5),R1

∞(1)), (I(1,7),R4
0(1)), (I(1,8),R4

0(2))

I(2,6) ∶ (I(0,2),R3
0(4)), (I(0,4),R3

∞(2)), (I(1,3),R3
0(3)), (I(1,5),R3

∞(1)), (I(2,7),R3
0(1))

(I(2,8),R3
0(2))

I(3,6) ∶ (I(1,2),R2
0(4)), (I(1,4),R2

∞(2)), (I(2,3),R2
0(3)), (I(2,5),R2

∞(1)), (I(3,7),R2
0(1))

(I(3,8),R2
0(2)), (3I(0,8),2P (2,5))

I(n,6) ∶ (I(n − 2,2),R(−n+4)mod 5+1
0 (4)), (I(n − 2,4),R(−n+4)mod 3+1

∞ (2)), (I(n − 1,3),R(−n+4)mod 5+1
0 (3))

(I(n − 1,5),R(−n+4)mod 3+1
∞ (1)), (I(n,7),R(−n+4)mod 5+1

0 (1)), (I(n,8),R(−n+4)mod 5+1
0 (2))

((v + 1)I, vP ), n > 3

Modules of the form I(n,7)

Defect: ∂I(n,7) = 1, for n ≥ 0.

I(0,7) ∶ (I(0,8),R1
0(1))

I(1,7) ∶ (I(0,3),R5
0(2)), (I(0,6),R1

∞(1)), (I(1,8),R5
0(1))

I(2,7) ∶ (I(0,2),R4
0(3)), (I(0,5),R3

∞(2)), (I(1,3),R4
0(2)), (I(1,6),R3

∞(1)), (I(2,8),R4
0(1))

I(3,7) ∶ (I(0,1),R3
0(4)), (I(1,2),R3

0(3)), (I(1,5),R2
∞(2)), (I(2,3),R3

0(2)), (I(2,6),R2
∞(1))

(I(3,8),R3
0(1)), (2I(0,4), P (0,3))

I(n,7) ∶ (I(n − 3,1),R(−n+5)mod 5+1
0 (4)), (I(n − 2,2),R(−n+5)mod 5+1

0 (3)), (I(n − 2,5),R(−n+4)mod 3+1
∞ (2))

(I(n − 1,3),R(−n+5)mod 5+1
0 (2)), (I(n − 1,6),R(−n+4)mod 3+1

∞ (1)), (I(n,8),R(−n+5)mod 5+1
0 (1))

((v + 1)I, vP ), n > 3

Modules of the form I(n,8)

Defect: ∂I(n,8) = 1, for n ≥ 0.

I(0,8) ∶ −

I(1,8) ∶ (I(0,3),R1
0(1)), (I(0,7),R1

∞(1))
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I(2,8) ∶ (I(0,2),R5
0(2)), (I(0,6),R3

∞(2)), (I(1,3),R5
0(1)), (I(1,7),R3

∞(1))

I(3,8) ∶ (I(0,1),R4
0(3)), (I(0,4),R4

0(4)), (I(1,2),R4
0(2)), (I(1,6),R2

∞(2)), (I(2,3),R4
0(1))

(I(2,7),R2
∞(1)), (2I(0,5), P (1,2))

I(n,8) ∶ (I(n − 3,1),R(−n+6)mod 5+1
0 (3)), (I(n − 3,4),R(−n+6)mod 5+1

0 (4)), (I(n − 2,2),R(−n+6)mod 5+1
0 (2))

(I(n − 2,6),R(−n+4)mod 3+1
∞ (2)), (I(n − 1,3),R(−n+6)mod 5+1

0 (1)), (I(n − 1,7),R(−n+4)mod 3+1
∞ (1))

((v + 1)I, vP ), n > 3

1 1
1 2
1 1 1 1

I(0,1)

1 1
0 1
0 0 0 0

I(0,2)

0 1
0 1
0 0 0 0

I(0,3)

0 0
0 1
1 1 1 1

I(0,4)

0 0
0 1
0 1 1 1

I(0,5)

0 0
0 1
0 0 1 1

I(0,6)

0 0
0 1
0 0 0 1

I(0,7)

0 0
0 1
0 0 0 0

I(0,8)

1 2
1 2
1 1 1 2

I(1,1)

1 1
1 2
1 1 1 2

I(1,2)

1 1
0 1
0 0 0 1

I(1,3)

1 2
1 2
1 1 1 1

I(1,4)

0 1
0 1
1 1 1 1

I(1,5)

0 1
0 1
0 1 1 1

I(1,6)

0 1
0 1
0 0 1 1

I(1,7)

0 1
0 1
0 0 0 1

I(1,8)

2 2
1 2
1 1 2 2

I(2,1)

1 2
1 2
1 1 2 2

I(2,2)

1 1
1 2
1 1 2 2

I(2,3)

2 2
1 2
1 1 1 2

I(2,4)

2 2
1 2
1 1 1 1

I(2,5)

1 1
0 1
1 1 1 1

I(2,6)

1 1
0 1
0 1 1 1

I(2,7)

1 1
0 1
0 0 1 1

I(2,8)

2 2
2 3
2 3 3 3

I(3,1)

2 2
1 2
1 2 2 2

I(3,2)

1 2
1 2
1 2 2 2

I(3,3)

2 2
2 3
2 2 3 3

I(3,4)

2 2
2 3
2 2 2 3

I(3,5)

2 2
2 3
2 2 2 2

I(3,6)

1 1
1 2
2 2 2 2

I(3,7)

1 1
1 2
1 2 2 2

I(3,8)

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ
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Schofield pairs associated to regular exceptional modules

The non-homogeneous tube T ∆(Ã3,5)
0

R1
0(1) ∶ −

R1
0(2) ∶ (R2

0(1),R1
0(1)), (I(1,3), P (0,1)), (I(1,8), P (0,2)), (I(0,7), P (0,3))

R2
0(1) ∶ (I(0,2), P (0,1)), (I(0,3), P (0,2)), (I(0,8), P (0,3))

R2
0(2) ∶ (R3

0(1),R2
0(1)), (I(0,2), P (0,4)), (I(0,3), P (1,1)), (I(0,8), P (1,2))

R3
0(1) ∶ −

R3
0(2) ∶ (R4

0(1),R3
0(1))

R4
0(1) ∶ −

R4
0(2) ∶ (R5

0(1),R4
0(1))

R5
0(1) ∶ −

R5
0(2) ∶ (R1

0(1),R5
0(1))

R5
0(3) ∶ (R1

0(2),R5
0(1)), (R2

0(1),R5
0(2)), (I(2,8), P (0,1)), (I(1,7), P (0,2)), (I(0,6), P (0,3))

R5
0(4) ∶ (R1

0(3),R5
0(1)), (R2

0(2),R5
0(2)), (R3

0(1),R5
0(3)), (I(2,8), P (0,4)), (I(1,7), P (1,1))

(I(0,6), P (1,2))

R1
0(3) ∶ (R2

0(2),R1
0(1)), (R3

0(1),R1
0(2)), (I(1,3), P (0,4)), (I(1,8), P (1,1)), (I(0,7), P (1,2))

R1
0(4) ∶ (R2

0(3),R1
0(1)), (R3

0(2),R1
0(2)), (R4

0(1),R1
0(3)), (I(1,3), P (0,5)), (I(1,8), P (1,4))

(I(0,7), P (2,1))

R2
0(3) ∶ (R3

0(2),R2
0(1)), (R4

0(1),R2
0(2)), (I(0,2), P (0,5)), (I(0,3), P (1,4)), (I(0,8), P (2,1))

R2
0(4) ∶ (R3

0(3),R2
0(1)), (R4

0(2),R2
0(2)), (R5

0(1),R2
0(3)), (I(0,2), P (0,6)), (I(0,3), P (1,5))

(I(0,8), P (2,4))

R3
0(3) ∶ (R4

0(2),R3
0(1)), (R5

0(1),R3
0(2))

R3
0(4) ∶ (R4

0(3),R3
0(1)), (R5

0(2),R3
0(2)), (R1

0(1),R3
0(3))

R4
0(3) ∶ (R5

0(2),R4
0(1)), (R1

0(1),R4
0(2))

R4
0(4) ∶ (R5

0(3),R4
0(1)), (R1

0(2),R4
0(2)), (R2

0(1),R4
0(3)), (I(2,7), P (0,1)), (I(1,6), P (0,2))

(I(0,5), P (0,3))
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T ∆(Ã3,5)
0

0 0
0 0
0 0 0 1

R1
0(1)

1 1
1 1
0 0 0 0

R2
0(1)

0 0
0 0
1 0 0 0

R3
0(1)

0 0
0 0
0 1 0 0

R4
0(1)

0 0
0 0
0 0 1 0

R5
0(1)

0 0
0 0
0 0 0 1

R1
0(1)

1 1
1 1
0 0 0 1

R1
0(2)

1 1
1 1
1 0 0 0

R2
0(2)

0 0
0 0
1 1 0 0

R3
0(2)

0 0
0 0
0 1 1 0

R4
0(2)

0 0
0 0
0 0 1 1

R5
0(2)

1 1
1 1
0 0 1 1

R5
0(3)

1 1
1 1
1 0 0 1

R1
0(3)

1 1
1 1
1 1 0 0

R2
0(3)

0 0
0 0
1 1 1 0

R3
0(3)

0 0
0 0
0 1 1 1

R4
0(3)

1 1
1 1
0 0 1 1

R5
0(3)

1 1
1 1
1 0 1 1

R5
0(4)

1 1
1 1
1 1 0 1

R1
0(4)

1 1
1 1
1 1 1 0

R2
0(4)

0 0
0 0
1 1 1 1

R3
0(4)

1 1
1 1
0 1 1 1

R4
0(4)

1 1
1 1
1 1 1 1

R4
0(5)

1 1
1 1
1 1 1 1

R5
0(5)

1 1
1 1
1 1 1 1

R1
0(5)

1 1
1 1
1 1 1 1

R2
0(5)

1 1
1 1
1 1 1 1

R3
0(5)

1 1
1 1
1 1 1 1

R4
0(5)

1 1
1 1
1 2 1 1

R4
0(6)

1 1
1 1
1 1 2 1

R5
0(6)

1 1
1 1
1 1 1 2

R1
0(6)

2 2
2 2
1 1 1 1

R2
0(6)

1 1
1 1
2 1 1 1

R3
0(6)

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

The non-homogeneous tube T ∆(Ã3,5)
∞

R1
∞(1) ∶ −

R1
∞(2) ∶ (R2

∞(1),R1
∞(1)), (I(1,5), P (0,1)), (I(1,6), P (0,4)), (I(1,7), P (0,5)), (I(1,8), P (0,6))

(I(0,3), P (0,7))

R2
∞(1) ∶ (I(0,4), P (0,1)), (I(0,5), P (0,4)), (I(0,6), P (0,5)), (I(0,7), P (0,6)), (I(0,8), P (0,7))

R2
∞(2) ∶ (R3

∞(1),R2
∞(1)), (I(0,4), P (0,2)), (I(0,5), P (1,1)), (I(0,6), P (1,4)), (I(0,7), P (1,5))

(I(0,8), P (1,6))

R3
∞(1) ∶ −

R3
∞(2) ∶ (R1

∞(1),R3
∞(1))
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T ∆(Ã3,5)
∞

0 1
0 0
0 0 0 0

R1
∞
(1)

0 0
1 1
1 1 1 1

R2
∞
(1)

1 0
0 0
0 0 0 0

R3
∞
(1)

0 1
0 0
0 0 0 0

R1
∞
(1)

0 1
1 1
1 1 1 1

R1
∞
(2)

1 0
1 1
1 1 1 1

R2
∞
(2)

1 1
0 0
0 0 0 0

R3
∞
(2)

1 1
1 1
1 1 1 1

R3
∞
(3)

1 1
1 1
1 1 1 1

R1
∞
(3)

1 1
1 1
1 1 1 1

R2
∞
(3)

1 1
1 1
1 1 1 1

R3
∞
(3)

2 1
1 1
1 1 1 1

R3
∞
(4)

1 2
1 1
1 1 1 1

R1
∞
(4)

1 1
2 2
2 2 2 2

R2
∞
(4)

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

A.10 Schofield pairs for the quiver ∆(D̃4) – δ = 1 1
2

1 1

2 3

��
5

��

^^

1 4

^^ C∆(D̃4) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 1 1 1

0 1 1 1 1

0 0 1 0 0

0 0 0 1 0

0 0 1 1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Φ∆(D̃4) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 0 0 1

0 −1 0 0 1

−1 −1 0 1 1

−1 −1 1 0 1

−1 −1 1 1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Schofield pairs associated to preprojective exceptional modules

Modules of the form P (n,1)

Defect: ∂P (n,1) = −1, for n ≥ 0.

P (0,1) ∶ −

P (1,1) ∶ (R1
1(1), P (0,2))

P (2,1) ∶ (R2
0(1), P (0,3)), (R2

∞(1), P (0,4)), (R2
1(1), P (1,2)), (I(1,1),2P (0,1))

P (n,1) ∶ (R(n−1)mod 2+1
0 (1), P (n − 2,3)), (R(n−1)mod 2+1

∞ (1), P (n − 2,4)), (R(n−1)mod 2+1
1 (1), P (n − 1,2))

(uI, (u + 1)P ), n > 2

Modules of the form P (n,2)

Defect: ∂P (n,2) = −1, for n ≥ 0.
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P (0,2) ∶ −

P (1,2) ∶ (R1
1(1), P (0,1))

P (2,2) ∶ (R1
∞(1), P (0,3)), (R1

0(1), P (0,4)), (R2
1(1), P (1,1)), (I(1,2),2P (0,2))

P (n,2) ∶ (R(n−2)mod 2+1
∞ (1), P (n − 2,3)), (R(n−2)mod 2+1

0 (1), P (n − 2,4)), (R(n−1)mod 2+1
1 (1), P (n − 1,1))

(uI, (u + 1)P ), n > 2

Modules of the form P (n,3)

Defect: ∂P (n,3) = −1, for n ≥ 0.

P (0,3) ∶ (R1
0(1), P (0,1)), (R2

∞(1), P (0,2)), (I(0,3), P (0,5))

P (1,3) ∶ (R1
1(1), P (0,4)), (R2

0(1), P (1,1)), (R1
∞(1), P (1,2))

P (2,3) ∶ (R2
1(1), P (1,4)), (R1

0(1), P (2,1)), (R2
∞(1), P (2,2)), (I(1,3),2P (0,3))

P (n,3) ∶ (R(n−1)mod 2+1
1 (1), P (n − 1,4)), (R(n−2)mod 2+1

0 (1), P (n,1)), (R(n−1)mod 2+1
∞ (1), P (n,2))

(uI, (u + 1)P ), n > 2

Modules of the form P (n,4)

Defect: ∂P (n,4) = −1, for n ≥ 0.

P (0,4) ∶ (R1
∞(1), P (0,1)), (R2

0(1), P (0,2)), (I(0,4), P (0,5))

P (1,4) ∶ (R1
1(1), P (0,3)), (R2

∞(1), P (1,1)), (R1
0(1), P (1,2))

P (2,4) ∶ (R2
1(1), P (1,3)), (R1

∞(1), P (2,1)), (R2
0(1), P (2,2)), (I(1,4),2P (0,4))

P (n,4) ∶ (R(n−1)mod 2+1
1 (1), P (n − 1,3)), (R(n−2)mod 2+1

∞ (1), P (n,1)), (R(n−1)mod 2+1
0 (1), P (n,2))

(uI, (u + 1)P ), n > 2

Modules of the form P (n,5)

Defect: ∂P (n,5) = −2, for n ≥ 0.

P (0,5) ∶ (P (1,1), P (0,1)), (P (1,2), P (0,2))

P (1,5) ∶ (P (1,3), P (0,3)), (P (1,4), P (0,4)), (P (2,1), P (1,1)), (P (2,2), P (1,2))

P (n,5) ∶ (P (n,3), P (n − 1,3)), (P (n,4), P (n − 1,4)), (P (n + 1,1), P (n,1))

(P (n + 1,2), P (n,2)), n > 1
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0 0
0

1 0

P (0,1)

1 0
0

0 0

P (0,2)

1 1
1

1 0

P (0,3)

1 0
1

1 1

P (0,4)

1 0
1

1 0

P (0,5)

1 0
1

0 0

P (1,1)

0 0
1

1 0

P (1,2)

1 0
2

1 1

P (1,3)

1 1
2

1 0

P (1,4)

2 1
3

2 1

P (1,5)

1 1
2

2 1

P (2,1)

2 1
2

1 1

P (2,2)

2 2
3

2 1

P (2,3)

2 1
3

2 2

P (2,4)

3 2
5

3 2

P (2,5)

2 1
3

1 1

P (3,1)

1 1
3

2 1

P (3,2)

2 1
4

2 2

P (3,3)

2 2
4

2 1

P (3,4)

4 3
7

4 3

P (3,5)

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: ∂I(n,1) = 1, for n ≥ 0.

I(0,1) ∶ (I(0,3),R2
0(1)), (I(0,4),R2

∞(1)), (I(0,5), P (0,1))

I(1,1) ∶ (I(0,2),R1
1(1)), (I(1,3),R1

0(1)), (I(1,4),R1
∞(1))

I(2,1) ∶ (I(1,2),R2
1(1)), (I(2,3),R2

0(1)), (I(2,4),R2
∞(1)), (2I(0,1), P (1,1))

I(n,1) ∶ (I(n − 1,2),R(−n+3)mod 2+1
1 (1)), (I(n,3),R(−n+3)mod 2+1

0 (1)), (I(n,4),R(−n+3)mod 2+1
∞ (1))

((v + 1)I, vP ), n > 2

Modules of the form I(n,2)

Defect: ∂I(n,2) = 1, for n ≥ 0.

I(0,2) ∶ (I(0,3),R1
∞(1)), (I(0,4),R1

0(1)), (I(0,5), P (0,2))

I(1,2) ∶ (I(0,1),R1
1(1)), (I(1,3),R2

∞(1)), (I(1,4),R2
0(1))

I(2,2) ∶ (I(1,1),R2
1(1)), (I(2,3),R1

∞(1)), (I(2,4),R1
0(1)), (2I(0,2), P (1,2))

I(n,2) ∶ (I(n − 1,1),R(−n+3)mod 2+1
1 (1)), (I(n,3),R(−n+2)mod 2+1

∞ (1)), (I(n,4),R(−n+2)mod 2+1
0 (1))

((v + 1)I, vP ), n > 2

Modules of the form I(n,3)

Defect: ∂I(n,3) = 1, for n ≥ 0.

I(0,3) ∶ −

I(1,3) ∶ (I(0,4),R1
1(1))

I(2,3) ∶ (I(0,1),R1
0(1)), (I(0,2),R2

∞(1)), (I(1,4),R2
1(1)), (2I(0,3), P (1,3))
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I(n,3) ∶ (I(n − 2,1),R(−n+2)mod 2+1
0 (1)), (I(n − 2,2),R(−n+3)mod 2+1

∞ (1)), (I(n − 1,4),R(−n+3)mod 2+1
1 (1))

((v + 1)I, vP ), n > 2

Modules of the form I(n,4)

Defect: ∂I(n,4) = 1, for n ≥ 0.

I(0,4) ∶ −

I(1,4) ∶ (I(0,3),R1
1(1))

I(2,4) ∶ (I(0,1),R1
∞(1)), (I(0,2),R2

0(1)), (I(1,3),R2
1(1)), (2I(0,4), P (1,4))

I(n,4) ∶ (I(n − 2,1),R(−n+2)mod 2+1
∞ (1)), (I(n − 2,2),R(−n+3)mod 2+1

0 (1)), (I(n − 1,3),R(−n+3)mod 2+1
1 (1))

((v + 1)I, vP ), n > 2

Modules of the form I(n,5)

Defect: ∂I(n,5) = 2, for n ≥ 0.

I(0,5) ∶ (I(0,3), I(1,3)), (I(0,4), I(1,4))

I(1,5) ∶ (I(0,1), I(1,1)), (I(0,2), I(1,2)), (I(1,3), I(2,3)), (I(1,4), I(2,4))

I(n,5) ∶ (I(n − 1,1), I(n,1)), (I(n − 1,2), I(n,2)), (I(n,3), I(n + 1,3))

(I(n,4), I(n + 1,4)), n > 1

0 1
1

1 1

I(0,1)

1 1
1

0 1

I(0,2)

0 1
0

0 0

I(0,3)

0 0
0

0 1

I(0,4)

0 1
1

0 1

I(0,5)

1 1
2

0 1

I(1,1)

0 1
2

1 1

I(1,2)

0 0
1

0 1

I(1,3)

0 1
1

0 0

I(1,4)

1 2
3

1 2

I(1,5)

1 2
3

2 2

I(2,1)

2 2
3

1 2

I(2,2)

1 2
2

1 1

I(2,3)

1 1
2

1 2

I(2,4)

2 3
5

2 3

I(2,5)

2 2
4

1 2

I(3,1)

1 2
4

2 2

I(3,2)

1 1
3

1 2

I(3,3)

1 2
3

1 1

I(3,4)

3 4
7

3 4

I(3,5)

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ
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Schofield pairs associated to regular exceptional modules

The non-homogeneous tube T ∆(D̃4)
1

R1
1(1) ∶ −

R2
1(1) ∶ (I(0,2), P (0,1)), (I(0,1), P (0,2)), (I(0,4), P (0,3)), (I(0,3), P (0,4))

T ∆(D̃4)
1

0 0
1

0 0

R1
1(1)

1 1
1

1 1

R2
1(1)

0 0
1

0 0

R1
1(1)

1 1
2

1 1

R1
1(2)

1 1
2

1 1

R2
1(2)

2 2
3

2 2

R2
1(3)

1 1
3

1 1

R1
1(3)

2 2
3

2 2

R2
1(3)

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1

The non-homogeneous tube T ∆(D̃4)
∞

R1
∞(1) ∶ (I(1,3), P (0,2)), (I(0,4), P (1,1))

R2
∞(1) ∶ (I(1,4), P (0,1)), (I(0,3), P (1,2))

T ∆(D̃4)
∞

1 0
1

0 1

R1
∞
(1)

0 1
1

1 0

R2
∞
(1)

1 0
1

0 1

R1
∞
(1)

1 1
2

1 1

R1
∞
(2)

1 1
2

1 1

R2
∞
(2)

1 2
3

2 1

R2
∞
(3)

2 1
3

1 2

R1
∞
(3)

1 2
3

2 1

R2
∞
(3)

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1

The non-homogeneous tube T ∆(D̃4)
0

R1
0(1) ∶ (I(1,4), P (0,2)), (I(0,3), P (1,1))
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R2
0(1) ∶ (I(1,3), P (0,1)), (I(0,4), P (1,2))

T ∆(D̃4)
0

1 1
1

0 0

R1
0(1)

0 0
1

1 1

R2
0(1)

1 1
1

0 0

R1
0(1)

1 1
2

1 1

R1
0(2)

1 1
2

1 1

R2
0(2)

1 1
3

2 2

R2
0(3)

2 2
3

1 1

R1
0(3)

1 1
3

2 2

R2
0(3)

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1

A.11 Schofield pairs for the quiver ∆(D̃5) – δ = 1 1
2 2

1 1

2 3

��
5

��

^^

6oo

1 4

^^ C∆(D̃5) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 1 1 1 1

0 1 1 1 1 1

0 0 1 0 0 0

0 0 0 1 0 0

0 0 1 1 1 1

0 0 1 1 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Φ∆(D̃5) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 0 0 1 0

0 −1 0 0 1 0

−1 −1 0 1 1 0

−1 −1 1 0 1 0

−1 −1 0 0 1 1

−1 −1 1 1 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Schofield pairs associated to preprojective exceptional modules

Modules of the form P (n,1)

Defect: ∂P (n,1) = −1, for n ≥ 0.

P (0,1) ∶ −

P (1,1) ∶ (R3
1(1), P (0,2))

P (2,1) ∶ (R3
1(2), P (0,1)), (R1

1(1), P (1,2))

P (3,1) ∶ (R1
∞(1), P (0,3)), (R1

0(1), P (0,4)), (R1
1(2), P (1,1)), (R2

1(1), P (2,2)), (I(2,1),2P (0,2))

P (n,1) ∶ (R(n−3)mod 2+1
∞ (1), P (n − 3,3)), (R(n−3)mod 2+1

0 (1), P (n − 3,4)), (R(n−3)mod 3+1
1 (2), P (n − 2,1))

(R(n−2)mod 3+1
1 (1), P (n − 1,2)), (uI, (u + 1)P ), n > 3

Modules of the form P (n,2)

Defect: ∂P (n,2) = −1, for n ≥ 0.
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P (0,2) ∶ −

P (1,2) ∶ (R3
1(1), P (0,1))

P (2,2) ∶ (R3
1(2), P (0,2)), (R1

1(1), P (1,1))

P (3,2) ∶ (R2
0(1), P (0,3)), (R2

∞(1), P (0,4)), (R1
1(2), P (1,2)), (R2

1(1), P (2,1)), (I(2,2),2P (0,1))

P (n,2) ∶ (R(n−2)mod 2+1
0 (1), P (n − 3,3)), (R(n−2)mod 2+1

∞ (1), P (n − 3,4)), (R(n−3)mod 3+1
1 (2), P (n − 2,2))

(R(n−2)mod 3+1
1 (1), P (n − 1,1)), (uI, (u + 1)P ), n > 3

Modules of the form P (n,3)

Defect: ∂P (n,3) = −1, for n ≥ 0.

P (0,3) ∶ (R1
0(1), P (0,1)), (R2

∞(1), P (0,2)), (I(1,4), P (0,5)), (I(0,3), P (0,6))

P (1,3) ∶ (R3
1(1), P (0,4)), (R2

0(1), P (1,1)), (R1
∞(1), P (1,2)), (I(0,4), P (1,5))

P (2,3) ∶ (R3
1(2), P (0,3)), (R1

1(1), P (1,4)), (R1
0(1), P (2,1)), (R2

∞(1), P (2,2))

P (3,3) ∶ (R1
1(2), P (1,3)), (R2

1(1), P (2,4)), (R2
0(1), P (3,1)), (R1

∞(1), P (3,2)), (I(2,3),2P (0,4))

P (n,3) ∶ (R(n−3)mod 3+1
1 (2), P (n − 2,3)), (R(n−2)mod 3+1

1 (1), P (n − 1,4)), (R(n−2)mod 2+1
0 (1), P (n,1))

(R(n−3)mod 2+1
∞ (1), P (n,2)), (uI, (u + 1)P ), n > 3

Modules of the form P (n,4)

Defect: ∂P (n,4) = −1, for n ≥ 0.

P (0,4) ∶ (R1
∞(1), P (0,1)), (R2

0(1), P (0,2)), (I(1,3), P (0,5)), (I(0,4), P (0,6))

P (1,4) ∶ (R3
1(1), P (0,3)), (R2

∞(1), P (1,1)), (R1
0(1), P (1,2)), (I(0,3), P (1,5))

P (2,4) ∶ (R3
1(2), P (0,4)), (R1

1(1), P (1,3)), (R1
∞(1), P (2,1)), (R2

0(1), P (2,2))

P (3,4) ∶ (R1
1(2), P (1,4)), (R2

1(1), P (2,3)), (R2
∞(1), P (3,1)), (R1

0(1), P (3,2)), (I(2,4),2P (0,3))

P (n,4) ∶ (R(n−3)mod 3+1
1 (2), P (n − 2,4)), (R(n−2)mod 3+1

1 (1), P (n − 1,3)), (R(n−2)mod 2+1
∞ (1), P (n,1))

(R(n−3)mod 2+1
0 (1), P (n,2)), (uI, (u + 1)P ), n > 3

Modules of the form P (n,5)

Defect: ∂P (n,5) = −2, for n ≥ 0.

P (0,5) ∶ (P (1,1), P (0,1)), (P (1,2), P (0,2))

P (1,5) ∶ (R3
1(1), P (0,6)), (P (2,1), P (1,1)), (P (2,2), P (1,2))

P (2,5) ∶ (P (2,4), P (0,3)), (P (2,3), P (0,4)), (R1
1(1), P (1,6)), (P (3,1), P (2,1)), (P (3,2), P (2,2))

P (n,5) ∶ (P (n,4), P (n − 2,3)), (P (n,3), P (n − 2,4)), (R(n−2)mod 3+1
1 (1), P (n − 1,6))
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(P (n + 1,1), P (n,1)), (P (n + 1,2), P (n,2)), n > 2

Modules of the form P (n,6)

Defect: ∂P (n,6) = −2, for n ≥ 0.

P (0,6) ∶ (P (2,2), P (0,1)), (P (2,1), P (0,2)), (R1
1(1), P (0,5))

P (1,6) ∶ (P (1,3), P (0,3)), (P (1,4), P (0,4)), (P (3,2), P (1,1)), (P (3,1), P (1,2)), (R2
1(1), P (1,5))

P (n,6) ∶ (P (n,3), P (n − 1,3)), (P (n,4), P (n − 1,4)), (P (n + 2,2), P (n,1))

(P (n + 2,1), P (n,2)), (Rn mod 3+1
1 (1), P (n,5)), n > 1

0 0
0 0

1 0

P (0,1)

1 0
0 0

0 0

P (0,2)

1 1
1 1

1 0

P (0,3)

1 0
1 1

1 1

P (0,4)

1 0
1 0

1 0

P (0,5)

1 0
1 1

1 0

P (0,6)

1 0
1 0

0 0

P (1,1)

0 0
1 0

1 0

P (1,2)

1 0
2 1

1 1

P (1,3)

1 1
2 1

1 0

P (1,4)

1 0
2 1

1 0

P (1,5)

2 1
3 2

2 1

P (1,6)

0 0
1 1

1 0

P (2,1)

1 0
1 1

0 0

P (2,2)

1 1
2 2

1 0

P (2,3)

1 0
2 2

1 1

P (2,4)

2 1
3 3

2 1

P (2,5)

2 1
4 3

2 1

P (2,6)

2 1
2 2

1 1

P (3,1)

1 1
2 2

2 1

P (3,2)

2 1
3 3

2 2

P (3,3)

2 2
3 3

2 1

P (3,4)

3 2
5 4

3 2

P (3,5)

3 2
5 5

3 2

P (3,6)

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: ∂I(n,1) = 1, for n ≥ 0.

I(0,1) ∶ (I(0,3),R2
0(1)), (I(0,4),R2

∞(1)), (I(0,5), P (0,1)), (I(0,6), P (1,2))

I(1,1) ∶ (I(0,2),R1
1(1)), (I(1,3),R1

0(1)), (I(1,4),R1
∞(1)), (I(1,6), P (0,2))

I(2,1) ∶ (I(0,1),R3
1(2)), (I(1,2),R3

1(1)), (I(2,3),R2
0(1)), (I(2,4),R2

∞(1))

I(3,1) ∶ (I(1,1),R2
1(2)), (I(2,2),R2

1(1)), (I(3,3),R1
0(1)), (I(3,4),R1

∞(1)), (2I(0,2), P (2,1))

I(n,1) ∶ (I(n − 2,1),R(−n+4)mod 3+1
1 (2)), (I(n − 1,2),R(−n+4)mod 3+1

1 (1)), (I(n,3),R(−n+3)mod 2+1
0 (1))

(I(n,4),R(−n+3)mod 2+1
∞ (1)), ((v + 1)I, vP ), n > 3
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Modules of the form I(n,2)

Defect: ∂I(n,2) = 1, for n ≥ 0.

I(0,2) ∶ (I(0,3),R1
∞(1)), (I(0,4),R1

0(1)), (I(0,5), P (0,2)), (I(0,6), P (1,1))

I(1,2) ∶ (I(0,1),R1
1(1)), (I(1,3),R2

∞(1)), (I(1,4),R2
0(1)), (I(1,6), P (0,1))

I(2,2) ∶ (I(0,2),R3
1(2)), (I(1,1),R3

1(1)), (I(2,3),R1
∞(1)), (I(2,4),R1

0(1))

I(3,2) ∶ (I(1,2),R2
1(2)), (I(2,1),R2

1(1)), (I(3,3),R2
∞(1)), (I(3,4),R2

0(1)), (2I(0,1), P (2,2))

I(n,2) ∶ (I(n − 2,2),R(−n+4)mod 3+1
1 (2)), (I(n − 1,1),R(−n+4)mod 3+1

1 (1)), (I(n,3),R(−n+4)mod 2+1
∞ (1))

(I(n,4),R(−n+4)mod 2+1
0 (1)), ((v + 1)I, vP ), n > 3

Modules of the form I(n,3)

Defect: ∂I(n,3) = 1, for n ≥ 0.

I(0,3) ∶ −

I(1,3) ∶ (I(0,4),R1
1(1))

I(2,3) ∶ (I(0,3),R3
1(2)), (I(1,4),R3

1(1))

I(3,3) ∶ (I(0,1),R1
∞(1)), (I(0,2),R2

0(1)), (I(1,3),R2
1(2)), (I(2,4),R2

1(1)), (2I(0,4), P (2,3))

I(n,3) ∶ (I(n − 3,1),R(−n+3)mod 2+1
∞ (1)), (I(n − 3,2),R(−n+4)mod 2+1

0 (1)), (I(n − 2,3),R(−n+4)mod 3+1
1 (2))

(I(n − 1,4),R(−n+4)mod 3+1
1 (1)), ((v + 1)I, vP ), n > 3

Modules of the form I(n,4)

Defect: ∂I(n,4) = 1, for n ≥ 0.

I(0,4) ∶ −

I(1,4) ∶ (I(0,3),R1
1(1))

I(2,4) ∶ (I(0,4),R3
1(2)), (I(1,3),R3

1(1))

I(3,4) ∶ (I(0,1),R1
0(1)), (I(0,2),R2

∞(1)), (I(1,4),R2
1(2)), (I(2,3),R2

1(1)), (2I(0,3), P (2,4))

I(n,4) ∶ (I(n − 3,1),R(−n+3)mod 2+1
0 (1)), (I(n − 3,2),R(−n+4)mod 2+1

∞ (1)), (I(n − 2,4),R(−n+4)mod 3+1
1 (2))

(I(n − 1,3),R(−n+4)mod 3+1
1 (1)), ((v + 1)I, vP ), n > 3

Modules of the form I(n,5)

Defect: ∂I(n,5) = 2, for n ≥ 0.

I(0,5) ∶ (I(0,3), I(2,4)), (I(0,4), I(2,3)), (I(0,6),R3
1(1))
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I(1,5) ∶ (I(0,1), I(1,1)), (I(0,2), I(1,2)), (I(1,3), I(3,4)), (I(1,4), I(3,3)), (I(1,6),R2
1(1))

I(n,5) ∶ (I(n − 1,1), I(n,1)), (I(n − 1,2), I(n,2)), (I(n,3), I(n + 2,4))

(I(n,4), I(n + 2,3)), (I(n,6),R(−n+2)mod 3+1
1 (1)), n > 1

Modules of the form I(n,6)

Defect: ∂I(n,6) = 2, for n ≥ 0.

I(0,6) ∶ (I(0,3), I(1,3)), (I(0,4), I(1,4))

I(1,6) ∶ (I(0,5),R1
1(1)), (I(1,3), I(2,3)), (I(1,4), I(2,4))

I(2,6) ∶ (I(0,1), I(2,2)), (I(0,2), I(2,1)), (I(1,5),R3
1(1)), (I(2,3), I(3,3)), (I(2,4), I(3,4))

I(n,6) ∶ (I(n − 2,1), I(n,2)), (I(n − 2,2), I(n,1)), (I(n − 1,5),R(−n+4)mod 3+1
1 (1))

(I(n,3), I(n + 1,3)), (I(n,4), I(n + 1,4)), n > 2

0 1
1 1

1 1

I(0,1)

1 1
1 1

0 1

I(0,2)

0 1
0 0

0 0

I(0,3)

0 0
0 0

0 1

I(0,4)

0 1
1 1

0 1

I(0,5)

0 1
0 1

0 1

I(0,6)

1 1
1 2

0 1

I(1,1)

0 1
1 2

1 1

I(1,2)

0 0
0 1

0 1

I(1,3)

0 1
0 1

0 0

I(1,4)

1 2
2 3

1 2

I(1,5)

0 1
1 2

0 1

I(1,6)

0 1
2 2

1 1

I(2,1)

1 1
2 2

0 1

I(2,2)

0 1
1 1

0 0

I(2,3)

0 0
1 1

0 1

I(2,4)

1 2
3 4

1 2

I(2,5)

1 2
3 3

1 2

I(2,6)

2 2
3 3

1 2

I(3,1)

1 2
3 3

2 2

I(3,2)

1 1
2 2

1 2

I(3,3)

1 2
2 2

1 1

I(3,4)

2 3
5 5

2 3

I(3,5)

2 3
4 5

2 3

I(3,6)

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

Schofield pairs associated to regular exceptional modules

The non-homogeneous tube T ∆(D̃5)
1

R1
1(1) ∶ −

R1
1(2) ∶ (R2

1(1),R1
1(1)), (I(1,1), P (0,1)), (I(1,2), P (0,2)), (I(1,3), P (0,3)), (I(1,4), P (0,4))

R2
1(1) ∶ (I(0,2), P (0,1)), (I(0,1), P (0,2)), (I(0,4), P (0,3)), (I(0,3), P (0,4)), (I(0,6), P (0,5))

R2
1(2) ∶ (R3

1(1),R2
1(1)), (I(0,1), P (1,1)), (I(0,2), P (1,2)), (I(0,3), P (1,3)), (I(0,4), P (1,4))
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R3
1(1) ∶ −

R3
1(2) ∶ (R1

1(1),R3
1(1))

T ∆(D̃5)
1

0 0
0 1

0 0

R1
1(1)

1 1
1 1

1 1

R2
1(1)

0 0
1 0

0 0

R3
1(1)

0 0
0 1

0 0

R1
1(1)

1 1
1 2

1 1

R1
1(2)

1 1
2 1

1 1

R2
1(2)

0 0
1 1

0 0

R3
1(2)

1 1
2 2

1 1

R3
1(3)

1 1
2 2

1 1

R1
1(3)

1 1
2 2

1 1

R2
1(3)

1 1
2 2

1 1

R3
1(3)

1 1
3 2

1 1

R3
1(4)

1 1
2 3

1 1

R1
1(4)

2 2
3 3

2 2

R2
1(4)

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

The non-homogeneous tube T ∆(D̃5)
∞

R1
∞(1) ∶ (I(2,4), P (0,2)), (I(1,3), P (1,1)), (I(0,4), P (2,2))

R2
∞(1) ∶ (I(2,3), P (0,1)), (I(1,4), P (1,2)), (I(0,3), P (2,1))

T ∆(D̃5)
∞

1 0
1 1

0 1

R1
∞
(1)

0 1
1 1

1 0

R2
∞
(1)

1 0
1 1

0 1

R1
∞
(1)

1 1
2 2

1 1

R1
∞
(2)

1 1
2 2

1 1

R2
∞
(2)

1 2
3 3

2 1

R2
∞
(3)

2 1
3 3

1 2

R1
∞
(3)

1 2
3 3

2 1

R2
∞
(3)

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1

135



A.12 Schofield pairs for the quiver ∆(D̃6) Appendix A Schofield pairs

The non-homogeneous tube T ∆(D̃5)
0

R1
0(1) ∶ (I(2,3), P (0,2)), (I(1,4), P (1,1)), (I(0,3), P (2,2))

R2
0(1) ∶ (I(2,4), P (0,1)), (I(1,3), P (1,2)), (I(0,4), P (2,1))

T ∆(D̃5)
0

1 1
1 1

0 0

R1
0(1)

0 0
1 1

1 1

R2
0(1)

1 1
1 1

0 0

R1
0(1)

1 1
2 2

1 1

R1
0(2)

1 1
2 2

1 1

R2
0(2)

1 1
3 3

2 2

R2
0(3)

2 2
3 3

1 1

R1
0(3)

1 1
3 3

2 2

R2
0(3)

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1

A.12 Schofield pairs for the quiver ∆(D̃6) – δ = 1 1
2 2 2

1 1

2 3

��
5

��

^^

6oo 7oo

1 4

^^ C∆(D̃6) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 1 1 1 1 1

0 1 1 1 1 1 1

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 1 1 1 1 1

0 0 1 1 0 1 1

0 0 1 1 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Φ∆(D̃6) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 0 0 1 0 0

0 −1 0 0 1 0 0

−1 −1 0 1 1 0 0

−1 −1 1 0 1 0 0

−1 −1 0 0 1 1 0

−1 −1 0 0 1 0 1

−1 −1 1 1 1 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Schofield pairs associated to preprojective exceptional modules

Modules of the form P (n,1)

Defect: ∂P (n,1) = −1, for n ≥ 0.

P (0,1) ∶ −

P (1,1) ∶ (R3
1(1), P (0,2))

P (2,1) ∶ (R3
1(2), P (0,1)), (R4

1(1), P (1,2))

P (3,1) ∶ (R3
1(3), P (0,2)), (R4

1(2), P (1,1)), (R1
1(1), P (2,2))

P (4,1) ∶ (R2
0(1), P (0,3)), (R2

∞(1), P (0,4)), (R4
1(3), P (1,2)), (R1

1(2), P (2,1)), (R2
1(1), P (3,2))
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(I(3,1),2P (0,1))

P (n,1) ∶ (R(n−3)mod 2+1
0 (1), P (n − 4,3)), (R(n−3)mod 2+1

∞ (1), P (n − 4,4)), (R(n−1)mod 4+1
1 (3), P (n − 3,2))

(R(n−4)mod 4+1
1 (2), P (n − 2,1)), (R(n−3)mod 4+1

1 (1), P (n − 1,2)), (uI, (u + 1)P ), n > 4

Modules of the form P (n,2)

Defect: ∂P (n,2) = −1, for n ≥ 0.

P (0,2) ∶ −

P (1,2) ∶ (R3
1(1), P (0,1))

P (2,2) ∶ (R3
1(2), P (0,2)), (R4

1(1), P (1,1))

P (3,2) ∶ (R3
1(3), P (0,1)), (R4

1(2), P (1,2)), (R1
1(1), P (2,1))

P (4,2) ∶ (R1
∞(1), P (0,3)), (R1

0(1), P (0,4)), (R4
1(3), P (1,1)), (R1

1(2), P (2,2)), (R2
1(1), P (3,1))

(I(3,2),2P (0,2))

P (n,2) ∶ (R(n−4)mod 2+1
∞ (1), P (n − 4,3)), (R(n−4)mod 2+1

0 (1), P (n − 4,4)), (R(n−1)mod 4+1
1 (3), P (n − 3,1))

(R(n−4)mod 4+1
1 (2), P (n − 2,2)), (R(n−3)mod 4+1

1 (1), P (n − 1,1)), (uI, (u + 1)P ), n > 4

Modules of the form P (n,3)

Defect: ∂P (n,3) = −1, for n ≥ 0.

P (0,3) ∶ (R1
0(1), P (0,1)), (R2

∞(1), P (0,2)), (I(2,3), P (0,5)), (I(1,4), P (0,6)), (I(0,3), P (0,7))

P (1,3) ∶ (R3
1(1), P (0,4)), (R2

0(1), P (1,1)), (R1
∞(1), P (1,2)), (I(1,3), P (1,5)), (I(0,4), P (1,6))

P (2,3) ∶ (R3
1(2), P (0,3)), (R4

1(1), P (1,4)), (R1
0(1), P (2,1)), (R2

∞(1), P (2,2)), (I(0,3), P (2,5))

P (3,3) ∶ (R3
1(3), P (0,4)), (R4

1(2), P (1,3)), (R1
1(1), P (2,4)), (R2

0(1), P (3,1)), (R1
∞(1), P (3,2))

P (4,3) ∶ (R4
1(3), P (1,4)), (R1

1(2), P (2,3)), (R2
1(1), P (3,4)), (R1

0(1), P (4,1)), (R2
∞(1), P (4,2))

(I(3,3),2P (0,3))

P (n,3) ∶ (R(n−1)mod 4+1
1 (3), P (n − 3,4)), (R(n−4)mod 4+1

1 (2), P (n − 2,3)), (R(n−3)mod 4+1
1 (1), P (n − 1,4))

(R(n−4)mod 2+1
0 (1), P (n,1)), (R(n−3)mod 2+1

∞ (1), P (n,2)), (uI, (u + 1)P ), n > 4

Modules of the form P (n,4)

Defect: ∂P (n,4) = −1, for n ≥ 0.

P (0,4) ∶ (R1
∞(1), P (0,1)), (R2

0(1), P (0,2)), (I(2,4), P (0,5)), (I(1,3), P (0,6)), (I(0,4), P (0,7))

P (1,4) ∶ (R3
1(1), P (0,3)), (R2

∞(1), P (1,1)), (R1
0(1), P (1,2)), (I(1,4), P (1,5)), (I(0,3), P (1,6))

P (2,4) ∶ (R3
1(2), P (0,4)), (R4

1(1), P (1,3)), (R1
∞(1), P (2,1)), (R2

0(1), P (2,2)), (I(0,4), P (2,5))
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P (3,4) ∶ (R3
1(3), P (0,3)), (R4

1(2), P (1,4)), (R1
1(1), P (2,3)), (R2

∞(1), P (3,1)), (R1
0(1), P (3,2))

P (4,4) ∶ (R4
1(3), P (1,3)), (R1

1(2), P (2,4)), (R2
1(1), P (3,3)), (R1

∞(1), P (4,1)), (R2
0(1), P (4,2))

(I(3,4),2P (0,4))

P (n,4) ∶ (R(n−1)mod 4+1
1 (3), P (n − 3,3)), (R(n−4)mod 4+1

1 (2), P (n − 2,4)), (R(n−3)mod 4+1
1 (1), P (n − 1,3))

(R(n−4)mod 2+1
∞ (1), P (n,1)), (R(n−3)mod 2+1

0 (1), P (n,2)), (uI, (u + 1)P ), n > 4

Modules of the form P (n,5)

Defect: ∂P (n,5) = −2, for n ≥ 0.

P (0,5) ∶ (P (1,1), P (0,1)), (P (1,2), P (0,2))

P (1,5) ∶ (R3
1(1), P (0,6)), (P (2,1), P (1,1)), (P (2,2), P (1,2))

P (2,5) ∶ (R3
1(2), P (0,7)), (R4

1(1), P (1,6)), (P (3,1), P (2,1)), (P (3,2), P (2,2))

P (3,5) ∶ (P (3,3), P (0,3)), (P (3,4), P (0,4)), (R4
1(2), P (1,7)), (R1

1(1), P (2,6)), (P (4,1), P (3,1))

(P (4,2), P (3,2))

P (n,5) ∶ (P (n,3), P (n − 3,3)), (P (n,4), P (n − 3,4)), (Rn mod 4+1
1 (2), P (n − 2,7))

(R(n−3)mod 4+1
1 (1), P (n − 1,6)), (P (n + 1,1), P (n,1)), (P (n + 1,2), P (n,2)), n > 3

Modules of the form P (n,6)

Defect: ∂P (n,6) = −2, for n ≥ 0.

P (0,6) ∶ (P (2,2), P (0,1)), (P (2,1), P (0,2)), (R4
1(1), P (0,5))

P (1,6) ∶ (R3
1(1), P (0,7)), (P (3,2), P (1,1)), (P (3,1), P (1,2)), (R1

1(1), P (1,5))

P (2,6) ∶ (P (2,4), P (0,3)), (P (2,3), P (0,4)), (R4
1(1), P (1,7)), (P (4,2), P (2,1)), (P (4,1), P (2,2))

(R2
1(1), P (2,5))

P (n,6) ∶ (P (n,4), P (n − 2,3)), (P (n,3), P (n − 2,4)), (R(n+1)mod 4+1
1 (1), P (n − 1,7))

(P (n + 2,2), P (n,1)), (P (n + 2,1), P (n,2)), (R(n−1)mod 4+1
1 (1), P (n,5)), n > 2

Modules of the form P (n,7)

Defect: ∂P (n,7) = −2, for n ≥ 0.

P (0,7) ∶ (P (3,1), P (0,1)), (P (3,2), P (0,2)), (R4
1(2), P (0,5)), (R1

1(1), P (0,6))

P (1,7) ∶ (P (1,3), P (0,3)), (P (1,4), P (0,4)), (P (4,1), P (1,1)), (P (4,2), P (1,2)), (R1
1(2), P (1,5))

(R2
1(1), P (1,6))

P (n,7) ∶ (P (n,3), P (n − 1,3)), (P (n,4), P (n − 1,4)), (P (n + 3,1), P (n,1))
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(P (n + 3,2), P (n,2)), (R(n−1)mod 4+1
1 (2), P (n,5)), (Rn mod 4+1

1 (1), P (n,6)), n > 1

0 0
0 0 0

1 0

P (0,1)

1 0
0 0 0

0 0

P (0,2)

1 1
1 1 1

1 0

P (0,3)

1 0
1 1 1

1 1

P (0,4)

1 0
1 0 0

1 0

P (0,5)

1 0
1 1 0

1 0

P (0,6)

1 0
1 1 1

1 0

P (0,7)

1 0
1 0 0

0 0

P (1,1)

0 0
1 0 0

1 0

P (1,2)

1 0
2 1 1

1 1

P (1,3)

1 1
2 1 1

1 0

P (1,4)

1 0
2 1 0

1 0

P (1,5)

1 0
2 1 1

1 0

P (1,6)

2 1
3 2 2

2 1

P (1,7)

0 0
1 1 0

1 0

P (2,1)

1 0
1 1 0

0 0

P (2,2)

1 1
2 2 1

1 0

P (2,3)

1 0
2 2 1

1 1

P (2,4)

1 0
2 2 1

1 0

P (2,5)

2 1
3 3 2

2 1

P (2,6)

2 1
4 3 2

2 1

P (2,7)

1 0
1 1 1

0 0

P (3,1)

0 0
1 1 1

1 0

P (3,2)

1 0
2 2 2

1 1

P (3,3)

1 1
2 2 2

1 0

P (3,4)

2 1
3 3 3

2 1

P (3,5)

2 1
4 3 3

2 1

P (3,6)

2 1
4 4 3

2 1

P (3,7)

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

● ● ●

1 1
2 2 2

2 1

P (4,1)

2 1
2 2 2

1 1

P (4,2)

2 2
3 3 3

2 1

P (4,3)

2 1
3 3 3

2 2

P (4,4)

3 2
5 4 4

3 2

P (4,5)

3 2
5 5 4

3 2

P (4,6)

3 2
5 5 5

3 2

P (4,7)

2 1
3 2 2

1 1

P (5,1)

1 1
3 2 2

2 1

P (5,2)

2 1
4 3 3

2 2

P (5,3)

2 2
4 3 3

2 1

P (5,4)

3 2
6 5 4

3 2

P (5,5)

3 2
6 5 5

3 2

P (5,6)

4 3
7 6 6

4 3

P (5,7)

1 1
3 3 2

2 1

P (6,1)

2 1
3 3 2

1 1

P (6,2)

2 2
4 4 3

2 1

P (6,3)

2 1
4 4 3

2 2

P (6,4)

3 2
6 6 5

3 2

P (6,5)

4 3
7 7 6

4 3

P (6,6)

4 3
8 7 6

4 3

P (6,7)

2 1
3 3 3

1 1

P (7,1)

1 1
3 3 3

2 1

P (7,2)

2 1
4 4 4

2 2

P (7,3)

2 2
4 4 4

2 1

P (7,4)

4 3
7 7 7

4 3

P (7,5)

4 3
8 7 7

4 3

P (7,6)

4 3
8 8 7

4 3

P (7,7)

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: ∂I(n,1) = 1, for n ≥ 0.
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I(0,1) ∶ (I(0,3),R2
0(1)), (I(0,4),R2

∞(1)), (I(0,5), P (0,1)), (I(0,6), P (1,2)), (I(0,7), P (2,1))

I(1,1) ∶ (I(0,2),R1
1(1)), (I(1,3),R1

0(1)), (I(1,4),R1
∞(1)), (I(1,6), P (0,2)), (I(1,7), P (1,1))

I(2,1) ∶ (I(0,1),R4
1(2)), (I(1,2),R4

1(1)), (I(2,3),R2
0(1)), (I(2,4),R2

∞(1)), (I(2,7), P (0,1))

I(3,1) ∶ (I(0,2),R3
1(3)), (I(1,1),R3

1(2)), (I(2,2),R3
1(1)), (I(3,3),R1

0(1)), (I(3,4),R1
∞(1))

I(4,1) ∶ (I(1,2),R2
1(3)), (I(2,1),R2

1(2)), (I(3,2),R2
1(1)), (I(4,3),R2

0(1)), (I(4,4),R2
∞(1))

(2I(0,1), P (3,1))

I(n,1) ∶ (I(n − 3,2),R(−n+5)mod 4+1
1 (3)), (I(n − 2,1),R(−n+5)mod 4+1

1 (2)), (I(n − 1,2),R(−n+5)mod 4+1
1 (1))

(I(n,3),R(−n+5)mod 2+1
0 (1)), (I(n,4),R(−n+5)mod 2+1

∞ (1)), ((v + 1)I, vP ), n > 4

Modules of the form I(n,2)

Defect: ∂I(n,2) = 1, for n ≥ 0.

I(0,2) ∶ (I(0,3),R1
∞(1)), (I(0,4),R1

0(1)), (I(0,5), P (0,2)), (I(0,6), P (1,1)), (I(0,7), P (2,2))

I(1,2) ∶ (I(0,1),R1
1(1)), (I(1,3),R2

∞(1)), (I(1,4),R2
0(1)), (I(1,6), P (0,1)), (I(1,7), P (1,2))

I(2,2) ∶ (I(0,2),R4
1(2)), (I(1,1),R4

1(1)), (I(2,3),R1
∞(1)), (I(2,4),R1

0(1)), (I(2,7), P (0,2))

I(3,2) ∶ (I(0,1),R3
1(3)), (I(1,2),R3

1(2)), (I(2,1),R3
1(1)), (I(3,3),R2

∞(1)), (I(3,4),R2
0(1))

I(4,2) ∶ (I(1,1),R2
1(3)), (I(2,2),R2

1(2)), (I(3,1),R2
1(1)), (I(4,3),R1

∞(1)), (I(4,4),R1
0(1))

(2I(0,2), P (3,2))

I(n,2) ∶ (I(n − 3,1),R(−n+5)mod 4+1
1 (3)), (I(n − 2,2),R(−n+5)mod 4+1

1 (2)), (I(n − 1,1),R(−n+5)mod 4+1
1 (1))

(I(n,3),R(−n+4)mod 2+1
∞ (1)), (I(n,4),R(−n+4)mod 2+1

0 (1)), ((v + 1)I, vP ), n > 4

Modules of the form I(n,3)

Defect: ∂I(n,3) = 1, for n ≥ 0.

I(0,3) ∶ −

I(1,3) ∶ (I(0,4),R1
1(1))

I(2,3) ∶ (I(0,3),R4
1(2)), (I(1,4),R4

1(1))

I(3,3) ∶ (I(0,4),R3
1(3)), (I(1,3),R3

1(2)), (I(2,4),R3
1(1))

I(4,3) ∶ (I(0,1),R1
0(1)), (I(0,2),R2

∞(1)), (I(1,4),R2
1(3)), (I(2,3),R2

1(2)), (I(3,4),R2
1(1))

(2I(0,3), P (3,3))

I(n,3) ∶ (I(n − 4,1),R(−n+4)mod 2+1
0 (1)), (I(n − 4,2),R(−n+5)mod 2+1

∞ (1)), (I(n − 3,4),R(−n+5)mod 4+1
1 (3))

(I(n − 2,3),R(−n+5)mod 4+1
1 (2)), (I(n − 1,4),R(−n+5)mod 4+1

1 (1)), ((v + 1)I, vP ), n > 4
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Modules of the form I(n,4)

Defect: ∂I(n,4) = 1, for n ≥ 0.

I(0,4) ∶ −

I(1,4) ∶ (I(0,3),R1
1(1))

I(2,4) ∶ (I(0,4),R4
1(2)), (I(1,3),R4

1(1))

I(3,4) ∶ (I(0,3),R3
1(3)), (I(1,4),R3

1(2)), (I(2,3),R3
1(1))

I(4,4) ∶ (I(0,1),R1
∞(1)), (I(0,2),R2

0(1)), (I(1,3),R2
1(3)), (I(2,4),R2

1(2)), (I(3,3),R2
1(1))

(2I(0,4), P (3,4))

I(n,4) ∶ (I(n − 4,1),R(−n+4)mod 2+1
∞ (1)), (I(n − 4,2),R(−n+5)mod 2+1

0 (1)), (I(n − 3,3),R(−n+5)mod 4+1
1 (3))

(I(n − 2,4),R(−n+5)mod 4+1
1 (2)), (I(n − 1,3),R(−n+5)mod 4+1

1 (1)), ((v + 1)I, vP ), n > 4

Modules of the form I(n,5)

Defect: ∂I(n,5) = 2, for n ≥ 0.

I(0,5) ∶ (I(0,3), I(3,3)), (I(0,4), I(3,4)), (I(0,6),R3
1(1)), (I(0,7),R3

1(2))

I(1,5) ∶ (I(0,1), I(1,1)), (I(0,2), I(1,2)), (I(1,3), I(4,3)), (I(1,4), I(4,4)), (I(1,6),R2
1(1))

(I(1,7),R2
1(2))

I(n,5) ∶ (I(n − 1,1), I(n,1)), (I(n − 1,2), I(n,2)), (I(n,3), I(n + 3,3))

(I(n,4), I(n + 3,4)), (I(n,6),R(−n+2)mod 4+1
1 (1)), (I(n,7),R(−n+2)mod 4+1

1 (2)), n > 1

Modules of the form I(n,6)

Defect: ∂I(n,6) = 2, for n ≥ 0.

I(0,6) ∶ (I(0,3), I(2,4)), (I(0,4), I(2,3)), (I(0,7),R4
1(1))

I(1,6) ∶ (I(0,5),R1
1(1)), (I(1,3), I(3,4)), (I(1,4), I(3,3)), (I(1,7),R3

1(1))

I(2,6) ∶ (I(0,1), I(2,2)), (I(0,2), I(2,1)), (I(1,5),R4
1(1)), (I(2,3), I(4,4)), (I(2,4), I(4,3))

(I(2,7),R2
1(1))

I(n,6) ∶ (I(n − 2,1), I(n,2)), (I(n − 2,2), I(n,1)), (I(n − 1,5),R(−n+5)mod 4+1
1 (1))

(I(n,3), I(n + 2,4)), (I(n,4), I(n + 2,3)), (I(n,7),R(−n+3)mod 4+1
1 (1)), n > 2

Modules of the form I(n,7)

Defect: ∂I(n,7) = 2, for n ≥ 0.
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I(0,7) ∶ (I(0,3), I(1,3)), (I(0,4), I(1,4))

I(1,7) ∶ (I(0,6),R1
1(1)), (I(1,3), I(2,3)), (I(1,4), I(2,4))

I(2,7) ∶ (I(0,5),R4
1(2)), (I(1,6),R4

1(1)), (I(2,3), I(3,3)), (I(2,4), I(3,4))

I(3,7) ∶ (I(0,1), I(3,1)), (I(0,2), I(3,2)), (I(1,5),R3
1(2)), (I(2,6),R3

1(1)), (I(3,3), I(4,3))

(I(3,4), I(4,4))

I(n,7) ∶ (I(n − 3,1), I(n,1)), (I(n − 3,2), I(n,2)), (I(n − 2,5),R(−n+5)mod 4+1
1 (2))

(I(n − 1,6),R(−n+5)mod 4+1
1 (1)), (I(n,3), I(n + 1,3)), (I(n,4), I(n + 1,4)), n > 3

0 1
1 1 1

1 1

I(0,1)

1 1
1 1 1

0 1

I(0,2)

0 1
0 0 0

0 0

I(0,3)

0 0
0 0 0

0 1

I(0,4)

0 1
1 1 1

0 1

I(0,5)

0 1
0 1 1

0 1

I(0,6)

0 1
0 0 1

0 1

I(0,7)

1 1
1 1 2

0 1

I(1,1)

0 1
1 1 2

1 1

I(1,2)

0 0
0 0 1

0 1

I(1,3)

0 1
0 0 1

0 0

I(1,4)

1 2
2 2 3

1 2

I(1,5)

0 1
1 1 2

0 1

I(1,6)

0 1
0 1 2

0 1

I(1,7)

0 1
1 2 2

1 1

I(2,1)

1 1
1 2 2

0 1

I(2,2)

0 1
0 1 1

0 0

I(2,3)

0 0
0 1 1

0 1

I(2,4)

1 2
2 3 4

1 2

I(2,5)

1 2
2 3 3

1 2

I(2,6)

0 1
1 2 2

0 1

I(2,7)

1 1
2 2 2

0 1

I(3,1)

0 1
2 2 2

1 1

I(3,2)

0 0
1 1 1

0 1

I(3,3)

0 1
1 1 1

0 0

I(3,4)

1 2
3 4 4

1 2

I(3,5)

1 2
3 3 4

1 2

I(3,6)

1 2
3 3 3

1 2

I(3,7)

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ
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● ● ●

1 2
3 3 3

2 2

I(4,1)

2 2
3 3 3

1 2

I(4,2)

1 2
2 2 2

1 1

I(4,3)

1 1
2 2 2

1 2

I(4,4)

2 3
5 5 5

2 3

I(4,5)

2 3
4 5 5

2 3

I(4,6)

2 3
4 4 5

2 3

I(4,7)

2 2
3 3 4

1 2

I(5,1)

1 2
3 3 4

2 2

I(5,2)

1 1
2 2 3

1 2

I(5,3)

1 2
2 2 3

1 1

I(5,4)

3 4
6 6 7

3 4

I(5,5)

2 3
5 5 6

2 3

I(5,6)

2 3
4 5 6

2 3

I(5,7)

1 2
3 4 4

2 2

I(6,1)

2 2
3 4 4

1 2

I(6,2)

1 2
2 3 3

1 1

I(6,3)

1 1
2 3 3

1 2

I(6,4)

3 4
6 7 8

3 4

I(6,5)

3 4
6 7 7

3 4

I(6,6)

2 3
5 6 6

2 3

I(6,7)

2 2
4 4 4

1 2

I(7,1)

1 2
4 4 4

2 2

I(7,2)

1 1
3 3 3

1 2

I(7,3)

1 2
3 3 3

1 1

I(7,4)

3 4
7 8 8

3 4

I(7,5)

3 4
7 7 8

3 4

I(7,6)

3 4
7 7 7

3 4

I(7,7)

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

Schofield pairs associated to regular exceptional modules

The non-homogeneous tube T ∆(D̃6)
1

R1
1(1) ∶ −

R1
1(2) ∶ (R2

1(1),R1
1(1)), (I(1,1), P (0,1)), (I(1,2), P (0,2)), (I(1,3), P (0,3)), (I(1,4), P (0,4))

(I(1,7), P (0,5))

R2
1(1) ∶ (I(0,2), P (0,1)), (I(0,1), P (0,2)), (I(0,4), P (0,3)), (I(0,3), P (0,4)), (I(0,6), P (0,5))

(I(0,7), P (0,6))

R2
1(2) ∶ (R3

1(1),R2
1(1)), (I(0,1), P (1,1)), (I(0,2), P (1,2)), (I(0,3), P (1,3)), (I(0,4), P (1,4))

(I(0,7), P (1,5))

R3
1(1) ∶ −

R3
1(2) ∶ (R4

1(1),R3
1(1))

R4
1(1) ∶ −

R4
1(2) ∶ (R1

1(1),R4
1(1))

R4
1(3) ∶ (R1

1(2),R4
1(1)), (R2

1(1),R4
1(2)), (I(2,2), P (0,1)), (I(2,1), P (0,2)), (I(2,4), P (0,3))

(I(2,3), P (0,4))

R1
1(3) ∶ (R2

1(2),R1
1(1)), (R3

1(1),R1
1(2)), (I(1,2), P (1,1)), (I(1,1), P (1,2)), (I(1,4), P (1,3))

(I(1,3), P (1,4))

R2
1(3) ∶ (R3

1(2),R2
1(1)), (R4

1(1),R2
1(2)), (I(0,2), P (2,1)), (I(0,1), P (2,2)), (I(0,4), P (2,3))

(I(0,3), P (2,4))

R3
1(3) ∶ (R4

1(2),R3
1(1)), (R1

1(1),R3
1(2))
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T ∆(D̃6)
1

0 0
0 0 1

0 0

R1
1(1)

1 1
1 1 1

1 1

R2
1(1)

0 0
1 0 0

0 0

R3
1(1)

0 0
0 1 0

0 0

R4
1(1)

0 0
0 0 1

0 0

R1
1(1)

1 1
1 1 2

1 1

R1
1(2)

1 1
2 1 1

1 1

R2
1(2)

0 0
1 1 0

0 0

R3
1(2)

0 0
0 1 1

0 0

R4
1(2)

1 1
1 2 2

1 1

R4
1(3)

1 1
2 1 2

1 1

R1
1(3)

1 1
2 2 1

1 1

R2
1(3)

0 0
1 1 1

0 0

R3
1(3)

1 1
1 2 2

1 1

R4
1(3)

1 1
2 2 2

1 1

R4
1(4)

1 1
2 2 2

1 1

R1
1(4)

1 1
2 2 2

1 1

R2
1(4)

1 1
2 2 2

1 1

R3
1(4)

1 1
3 2 2

1 1

R3
1(5)

1 1
2 3 2

1 1

R4
1(5)

1 1
2 2 3

1 1

R1
1(5)

2 2
3 3 3

2 2

R2
1(5)

1 1
3 2 2

1 1

R3
1(5)

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1 τ−1 τ−1

The non-homogeneous tube T ∆(D̃6)
∞

R1
∞(1) ∶ (I(3,3), P (0,2)), (I(2,4), P (1,1)), (I(1,3), P (2,2)), (I(0,4), P (3,1))

R2
∞(1) ∶ (I(3,4), P (0,1)), (I(2,3), P (1,2)), (I(1,4), P (2,1)), (I(0,3), P (3,2))

T ∆(D̃6)
∞

1 0
1 1 1

0 1

R1
∞
(1)

0 1
1 1 1

1 0

R2
∞
(1)

1 0
1 1 1

0 1

R1
∞
(1)

1 1
2 2 2

1 1

R1
∞
(2)

1 1
2 2 2

1 1

R2
∞
(2)

1 2
3 3 3

2 1

R2
∞
(3)

2 1
3 3 3

1 2

R1
∞
(3)

1 2
3 3 3

2 1

R2
∞
(3)

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1

The non-homogeneous tube T ∆(D̃6)
0

R1
0(1) ∶ (I(3,4), P (0,2)), (I(2,3), P (1,1)), (I(1,4), P (2,2)), (I(0,3), P (3,1))

R2
0(1) ∶ (I(3,3), P (0,1)), (I(2,4), P (1,2)), (I(1,3), P (2,1)), (I(0,4), P (3,2))
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T ∆(D̃6)
0

1 1
1 1 1

0 0

R1
0(1)

0 0
1 1 1

1 1

R2
0(1)

1 1
1 1 1

0 0

R1
0(1)

1 1
2 2 2

1 1

R1
0(2)

1 1
2 2 2

1 1

R2
0(2)

1 1
3 3 3

2 2

R2
0(3)

2 2
3 3 3

1 1

R1
0(3)

1 1
3 3 3

2 2

R2
0(3)

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1

A.13 Schofield pairs for the quiver ∆(D̃m) – δ = 1 1
2 2 ⋯ 2

1 1
, for m ≥ 4

2 3

||
5

��

^^

6oo ⋯oo m + 1oo

1 4

bb

C∆(D̃m) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 1 1 1 1 1 ⋯ 1 1

0 1 1 1 1 1 1 ⋯ 1 1

0 0 1 0 0 0 0 ⋯ 0 0

0 0 0 1 0 0 0 ⋯ 0 0

0 0 1 1 1 1 1 ⋯ 1 1

0 0 1 1 0 1 1 ⋯ 1 1

0 0 1 1 0 0 1 ⋯ 1 1

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋱ ⋮ ⋮
0 0 1 1 0 0 0 ⋯ 1 1

0 0 1 1 0 0 0 ⋯ 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Φ∆(D̃m) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 0 0 1 0 0 ⋯ 0

0 −1 0 0 1 0 0 ⋯ 0

−1 −1 0 1 1 0 0 ⋯ 0

−1 −1 1 0 1 0 0 ⋯ 0

−1 −1 0 0 1 1 0 ⋯ 0

−1 −1 0 0 1 0 1 ⋯ 0

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋱ ⋮
−1 −1 0 0 1 0 0 ⋯ 1

−1 −1 1 1 1 0 0 ⋯ 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Schofield pairs associated to preprojective exceptional modules

dimP (0, j) = jth column of C∆(D̃m), dimI(0, i) = ith row of C∆(D̃m)

Throughout the lists below, in Schofield pairs of the form (R,P ) associated to the preprojective indecompos-

able P ′, the preprojective indecomposable P is given by an explicit formula, while R always denotes the non-

homogeneous regular with dimension vector dimR = dimP ′ − dimP (for each such pair separately).
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Modules of the form P (n,1)

Defect: ∂P (n,1) = −1, for n ≥ 0. In the formulas below 0 ≤ n1 <m − 2 and n2 >m − 2:

P (n1,1) ∶ (R,P (i, (n1 + i)mod 2 + 1)), 0 ≤ i ≤ n1 − 1

P (m − 2,1) ∶ (R,P (i, (m + i)mod 2 + 1)), 1 ≤ i ≤m − 3

(R,P (0,3)), (R,P (0,4)), (I(m − 3,1),2P (0,mmod 2 + 1))

P (n2,1) ∶ (R,P (n2 −m + i + 2, (m + i)mod 2 + 1)), 1 ≤ i ≤m − 3

(R,P (n2 −m + 2,3)), (R,P (n2 −m + 2,4)), (uI, (u + 1)P )

Modules of the form P (n,2)

Defect: ∂P (n,2) = −1, for n ≥ 0. In the formulas below 0 ≤ n1 <m − 2 and n2 >m − 2:

P (n1,2) ∶ (R,P (i, (n1 + i + 1)mod 2 + 1)), 0 ≤ i ≤ n1 − 1

P (m − 2,2) ∶ (R,P (i, (m + i + 1)mod 2 + 1)), 1 ≤ i ≤m − 3

(R,P (0,3)), (R,P (0,4)), (I(m − 3,2),2P (0, (m + 1)mod 2 + 1))

P (n2,2) ∶ (R,P (n2 −m + i + 2, (m + i + 1)mod 2 + 1)), 1 ≤ i ≤m − 3

(R,P (n2 −m + 2,3)), (R,P (n2 −m + 2,4)), (uI, (u + 1)P )

Modules of the form P (n,3)

Defect: ∂P (n,3) = −1, for n ≥ 0. In the formulas below 0 ≤ n1 <m − 2 and n2 >m − 2:

P (n1,3) ∶ (R,P (i, (n1 + i)mod 2 + 3)), 0 ≤ i ≤ n1 − 1

(I(m − n1 − i + 1, (m + i + 1)mod 2 + 3), P (n1, i)), 5 ≤ i ≤m − n1 + 1

(R,P (n1,1)), (R,P (n1,2))

P (m − 2,3) ∶ (R,P (i, (m + i)mod 2 + 3)), 1 ≤ i ≤m − 3

(R,P (m − 2,1)), (R,P (m − 2,2)), (I(m − 3,3),2P (0,mmod 2 + 3))

P (n2,3) ∶ (R,P (n2 −m + i + 2, (m + i)mod 2 + 3)), 1 ≤ i ≤m − 3

(R,P (n2,1)), (R,P (n2,2)), (uI, (u + 1)P )

Modules of the form P (n,4)

Defect: ∂P (n,4) = −1, for n ≥ 0. In the formulas below 0 ≤ n1 <m − 2 and n2 >m − 2:

P (n1,4) ∶ (R,P (i, (n1 + i + 1)mod 2 + 3)), 0 ≤ i ≤ n1 − 1

(I(m − n1 − i + 1, (m + i)mod 2 + 3), P (n1, i)), 5 ≤ i ≤m − n1 + 1

(R,P (n1,1)), (R,P (n1,2))

P (m − 2,4) ∶ (R,P (i, (m + i + 1)mod 2 + 3)), 1 ≤ i ≤m − 3

(R,P (m − 2,1)), (R,P (m − 2,2)), (I(m − 3,4),2P (0, (m + 1)mod 2 + 3))

P (n2,4) ∶ (R,P (n2 −m + i + 2, (m + i + 1)mod 2 + 3)), 1 ≤ i ≤m − 3
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(R,P (n2,1)), (R,P (n2,2)), (uI, (u + 1)P )

Modules of the form P (n, j), for 5 ≤ j ≤m + 1

Defect: ∂P (n, j) = −2, for n ≥ 0. In the formulas below 0 ≤ n1 <m − j + 1 and n2 >m − j + 1:

P (n1, j) ∶ (R,P (i, j + n1 − i)), 0 ≤ i ≤ n1 − 1

(R,P (n1, i)), 5 ≤ i ≤ j − 1

(P (j − 4 + n1, (j + 1)mod 2 + 1), P (n1,1)), (P (j − 4 + n1, j mod 2 + 1), P (n1,2))

P (m − j + 2, j) ∶ (R,P (i + 1,m − i + 1)), 0 ≤ i ≤m − j

(R,P (m − j + 2, i)), 5 ≤ i ≤ j − 1

(P (m − j + 2, (m + j + 1) mod 2 + 3), P (0,3)), (P (m − j + 2,4 − (m + j + 1)mod 2), P (0,4)),

(P (m − 2, (j + 1)mod 2 + 1), P (m − j + 2,1)), (P (m − 2, j mod 2 + 1), P (m − j + 2,2))

P (n2, j) ∶ (R,P (n2 −m + j + i,m − i + 1)), 0 ≤ i ≤m − j

(R,P (n2 + 1, i)), 5 ≤ i ≤ j − 1

(P (n2 + 1, (m + j + 1) mod 2 + 3), P (n2 −m + j − 1,3)),

(P (n2 + 1,4 − (m + j + 1)mod 2), P (n2 −m + j − 1,4)),

(P (n2 + j − 3, (j + 1)mod 2 + 1), P (n2 + 1,1)),

(P (n2 + j − 3, j mod 2 + 1), P (n2 + 1,2))

Schofield pairs associated to preinjective exceptional modules

dimP (0, j) = jth column of C∆(D̃m), dimI(0, i) = ith row of C∆(D̃m)

Throughout the lists below, in Schofield pairs of the form (I,R) associated to the preinjective indecomposable

I ′, the preinjective indecomposable I is given by an explicit formula, whileR always denotes the non-homogeneous

regular with dimension vector dimR = dimI ′ − dimI (for each such pair separately).

Modules of the form I(n,1)

Defect: ∂I(n,1) = 1, for n ≥ 0. In the formulas below 0 ≤ n1 <m − 2 and n2 >m − 2:

I(n1,1) ∶ (I(i, (n1 + i)mod 2 + 1),R), 0 ≤ i ≤ n1 − 1

(I(n1, i), P (i − n1 − 5, (i + 1)mod 2 + 1)), 5 + n1 ≤ i ≤m + 1

(I(n1,3),R), (I(n1,4),R)

I(m − 2,1) ∶ (I(i, (m + i)mod 2 + 1),R), 1 ≤ i ≤m − 3

(I(m − 2,3),R), (I(m − 2,4),R), (2I(0,mmod 2 + 1), P (m − 3,1))

I(n2,1) ∶ (I(n2 −m + i + 2, (m + i)mod 2 + 1),R), 1 ≤ i ≤m − 3

(I(n2,3),R), (I(n2,4),R), ((v + 1)I, vP )
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Modules of the form I(n,2)

Defect: ∂I(n,2) = 1, for n ≥ 0. In the formulas below 0 ≤ n1 <m − 2 and n2 >m − 2:

I(n1,2) ∶ (I(i, (n1 + i + 1)mod 2 + 1),R), 0 ≤ i ≤ n1 − 1

(I(n1, i), P (i − n1 − 5, imod 2 + 1)), 5 + n1 ≤ i ≤m + 1

(I(n1,3),R), (I(n1,4))

I(m − 2,2) ∶ (I(i, (m + i + 1)mod 2 + 1),R), 1 ≤ i ≤m − 3

(I(m − 2,3),R), (I(m − 2,4),R), (2I(0, (m + 1)mod 2 + 1), P (m − 3,2))

I(n2,2) ∶ (I(n2 −m + i + 2, (m + i + 1)mod 2 + 1),R), 1 ≤ i ≤m − 3

(I(n2,3),R), (I(n2,4),R), ((v + 1)I, vP )

Modules of the form I(n,3)

Defect: ∂I(n,3) = 1, for n ≥ 0. In the formulas below 0 ≤ n1 <m − 2 and n2 >m − 2:

I(n1,3) ∶ (I(i, (n1 + i)mod 2 + 3),R), 0 ≤ i ≤ n1 − 1

I(m − 2,3) ∶ (I(i, (m + i)mod 2 + 3),R), 1 ≤ i ≤m − 3

(I(0,1),R), (I(0,2),R), (2I(0,mmod 2 + 3), P (m − 3,3))

I(n2,3) ∶ (I(n2 −m + i + 2, (m + i)mod 2 + 3),R), 1 ≤ i ≤m − 3

(I(n2 −m + 2,1),R), (I(n2 −m + 2,2),R), ((v + 1)I, vP )

Modules of the form I(n,4)

Defect: ∂I(n,4) = 1, for n ≥ 0. In the formulas below 0 ≤ n1 <m − 2 and n2 >m − 2:

I(n1,4) ∶ (I(i, (n1 + i + 1)mod 2 + 3),R), 0 ≤ i ≤ n1 − 1

I(m − 2,4) ∶ (I(i, (m + i + 1)mod 2 + 3),R), 1 ≤ i ≤m − 3

(I(0,1),R), (I(0,2),R), (2I(0, (m + 1)mod 2 + 3), P (m − 3,4))

I(n2,4) ∶ (I(n2 −m + i + 2, (m + i + 1)mod 2 + 3),R), 1 ≤ i ≤m − 3

(I(n2 −m + 2,1),R), (I(n2 −m + 2,2),R), ((v + 1)I, vP )

Modules of the form I(n, j), for 5 ≤ j ≤m + 1

Defect: ∂I(n, j) = 2, for n ≥ 0. In the formulas below 0 ≤ n1 < j − 4 and n2 > j − 4:

I(n1, j) ∶ (I(n1, i),R), j + 1 ≤ i ≤m + 1

(I(i − j + n1, i),R), j − n1 ≤ i ≤ j − 1

(I(n1,3), I(m − j + n1 + 2, (m + j + 1)mod 2 + 3)), (I(n1,4), I(m − j + n1 + 2, (m + j)mod 2 + 3))

I(j − 4, j) ∶ (I(j − 4, i),R), j + 1 ≤ i ≤m + 1

(I(i − 4, i),R), 5 ≤ i ≤ j − 1

(I(j − 4,3), I(m − 2, (m + j + 1)mod 2 + 3)), (I(j − 4,4), I(m − 2, (m + j)mod 2 + 3)),
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(I(0,1), I(j − 4, (j + 1)mod 2 + 1)), (I(0,2), I(j − 4, j mod 2 + 1))

I(n2, j) ∶ (I(n2, i),R), j + 1 ≤ i ≤m + 1

(I(n2 − j + i, i),R), 5 ≤ i ≤ j − 1

(I(n2,3), I(m − 2, (m + j + 1)mod 2 + 3)), (I(n2,4), I(m − 2, (m + j)mod 2 + 3)),

(I(n2 − j + 4,1), I(j − 4, (j + 1)mod 2 + 1)), (I(n2 − j + 4,2), I(j − 4, j mod 2 + 1))

Schofield pairs associated to regular exceptional modules

The non-homogeneous tube T ∆(D̃m)
1

dimR1
1(1) =

0 0
0 0 ⋯ 0 1

0 0
, dimR2

1(1) =
1 1
1 1 1 ⋯ 1

1 1
, dimR3

1(1) =
0 0
1 0 0 ⋯ 0

0 0
,

dimR4
1(1) =

0 0
0 1 0 ⋯ 0

0 0
, . . . , dimRm−2

1 (1) = 0 0
0 ⋯ 0 1 0

0 0

For all 1 ≤ t ≤m − 3 and 1 ≤ l ≤m − 2 we have the following Schofield pairs for non-homogeneous regulars of

the form Rl
1(t), where t′ = (l − 3)mod (m − 2) + 1:

Rl
1(t) ∶ (R

(l−1+i)mod (m−2)+1
1 (t − i),Rl

1(i)), 1 ≤ i ≤ t − 1

(I,P (t′ −m + t + 1, j)), 1 ≤ j ≤m − t + 1, if t′ −m + t + 1 ≥ 0,

where I is a preinjective exceptional with dimI = dimRl
1(t) − dimP (t′ −m + t + 1, j)

The non-homogeneous tube T ∆(D̃m)
∞

dimR1
∞(1) =

1 0
1 1 ⋯ 1

0 1
, dimR2

∞(1) =
0 1
1 1 ⋯ 1

1 0

R1
∞(1) ∶ (I(m − i − 3, (m + i)mod 2 + 3), P (i,2 − (imod 2))), 0 ≤ i ≤m − 3

R2
∞(1) ∶ (I(m − i − 3, (m + i + 1)mod 2 + 3), P (i,2 − ((i + 1)mod 2))), 0 ≤ i ≤m − 3

The non-homogeneous tube T ∆(D̃m)
0

dimR1
0(1) =

1 1
1 1 ⋯ 1

0 0
, dimR2

0(0) =
0 0
1 1 ⋯ 1

1 1

R1
0(1) ∶ (I(m − i − 3, (m + i + 1)mod 2 + 3), P (i,2 − (imod 2))), 0 ≤ i ≤m − 3

R2
0(1) ∶ (I(m − i − 3, (m + i)mod 2 + 3), P (i,2 − ((i + 1)mod 2))), 0 ≤ i ≤m − 3
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A.14 Schofield pairs for the quiver ∆(Ẽ6) – δ = 1
2

1 2 3 2 1

7

��
6

��
1 // 2 // 3 4oo 5oo

C∆(Ẽ6) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0

1 1 0 0 0 0 0

1 1 1 1 1 1 1

0 0 0 1 1 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 1

0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Φ∆(Ẽ6) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 −1 1 0 1 0

1 0 −1 1 0 1 0

0 1 −1 1 0 1 0

0 1 −1 0 1 1 0

0 1 −1 0 0 1 0

0 1 −1 1 0 0 1

0 1 −1 1 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Schofield pairs associated to preprojective exceptional modules

Modules of the form P (n,1)

Defect: ∂P (n,1) = −1, for n ≥ 0.

P (0,1) ∶ (I(0,1), P (0,2)), (I(0,2), P (0,3))

P (1,1) ∶ (I(1,7), P (0,4)), (I(1,5), P (0,6))

P (2,1) ∶ (I(2,1), P (0,2)), (R2
0(1), P (0,5)), (R2

1(1), P (0,7)), (I(0,7), P (1,4)), (I(0,5), P (1,6))

P (3,1) ∶ (R1
∞(1), P (0,1)), (I(1,1), P (1,2)), (R3

0(1), P (1,5)), (R3
1(1), P (1,7))

P (4,1) ∶ (R3
1(2), P (0,5)), (R3

0(2), P (0,7)), (R2
∞(1), P (1,1)), (I(0,1), P (2,2)), (R1

0(1), P (2,5))

(R1
1(1), P (2,7))

P (5,1) ∶ (R1
1(2), P (1,5)), (R1

0(2), P (1,7)), (R1
∞(1), P (2,1)), (R2

0(1), P (3,5)), (R2
1(1), P (3,7))

P (6,1) ∶ (R2
1(2), P (2,5)), (R2

0(2), P (2,7)), (R2
∞(1), P (3,1)), (R3

0(1), P (4,5)), (R3
1(1), P (4,7))

(I(5,1),2P (0,1))

P (n,1) ∶ (R(n−5)mod 3+1
1 (2), P (n − 4,5)), (R(n−5)mod 3+1

0 (2), P (n − 4,7)), (R(n−5)mod 2+1
∞ (1), P (n − 3,1))

(R(n−4)mod 3+1
0 (1), P (n − 2,5)), (R(n−4)mod 3+1

1 (1), P (n − 2,7)), (uI, (u + 1)P ), n > 6

Modules of the form P (n,2)

Defect: ∂P (n,2) = −2, for n ≥ 0.

P (0,2) ∶ (I(1,1), P (0,3))

P (1,2) ∶ (P (1,1), P (0,1)), (R3
1(1), P (0,4)), (R3

0(1), P (0,6)), (I(0,1), P (1,3))

P (2,2) ∶ (P (3,7), P (0,5)), (P (3,5), P (0,7)), (P (2,1), P (1,1)), (R1
1(1), P (1,4)), (R1

0(1), P (1,6))

P (3,2) ∶ (P (5,1), P (0,1)), (P (4,7), P (1,5)), (P (4,5), P (1,7)), (P (3,1), P (2,1)), (R2
1(1), P (2,4))

(R2
0(1), P (2,6))

P (n,2) ∶ (P (n + 2,1), P (n − 3,1)), (P (n + 1,7), P (n − 2,5)), (P (n + 1,5), P (n − 2,7))

(P (n,1), P (n − 1,1)), (R(n−2)mod 3+1
1 (1), P (n − 1,4)), (R(n−2)mod 3+1

0 (1), P (n − 1,6)), n > 3
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Modules of the form P (n,3)

Defect: ∂P (n,3) = −3, for n ≥ 0.

P (0,3) ∶ −

P (1,3) ∶ (P (1,1), P (0,2)), (P (1,5), P (0,4)), (P (1,7), P (0,6))

P (2,3) ∶ (P (2,2), P (0,1)), (P (2,4), P (0,5)), (P (2,6), P (0,7)), (P (2,1), P (1,2)), (P (2,5), P (1,4))

(P (2,7), P (1,6))

P (n,3) ∶ (P (n,2), P (n − 2,1)), (P (n,4), P (n − 2,5)), (P (n,6), P (n − 2,7))

(P (n,1), P (n − 1,2)), (P (n,5), P (n − 1,4)), (P (n,7), P (n − 1,6)), n > 2

Modules of the form P (n,4)

Defect: ∂P (n,4) = −2, for n ≥ 0.

P (0,4) ∶ (I(1,5), P (0,3))

P (1,4) ∶ (R1
0(1), P (0,2)), (P (1,5), P (0,5)), (R2

1(1), P (0,6)), (I(0,5), P (1,3))

P (2,4) ∶ (P (3,7), P (0,1)), (P (3,1), P (0,7)), (R2
0(1), P (1,2)), (P (2,5), P (1,5)), (R3

1(1), P (1,6))

P (3,4) ∶ (P (5,5), P (0,5)), (P (4,7), P (1,1)), (P (4,1), P (1,7)), (R3
0(1), P (2,2)), (P (3,5), P (2,5))

(R1
1(1), P (2,6))

P (n,4) ∶ (P (n + 2,5), P (n − 3,5)), (P (n + 1,7), P (n − 2,1)), (P (n + 1,1), P (n − 2,7))

(R(n−1)mod 3+1
0 (1), P (n − 1,2)), (P (n,5), P (n − 1,5)), (R(n−3)mod 3+1

1 (1), P (n − 1,6)), n > 3

Modules of the form P (n,5)

Defect: ∂P (n,5) = −1, for n ≥ 0.

P (0,5) ∶ (I(0,4), P (0,3)), (I(0,5), P (0,4))

P (1,5) ∶ (I(1,7), P (0,2)), (I(1,1), P (0,6))

P (2,5) ∶ (R1
1(1), P (0,1)), (I(2,5), P (0,4)), (R3

0(1), P (0,7)), (I(0,7), P (1,2)), (I(0,1), P (1,6))

P (3,5) ∶ (R1
∞(1), P (0,5)), (R2

1(1), P (1,1)), (I(1,5), P (1,4)), (R1
0(1), P (1,7))

P (4,5) ∶ (R1
0(2), P (0,1)), (R2

1(2), P (0,7)), (R2
∞(1), P (1,5)), (R3

1(1), P (2,1)), (I(0,5), P (2,4))

(R2
0(1), P (2,7))

P (5,5) ∶ (R2
0(2), P (1,1)), (R3

1(2), P (1,7)), (R1
∞(1), P (2,5)), (R1

1(1), P (3,1)), (R3
0(1), P (3,7))

P (6,5) ∶ (R3
0(2), P (2,1)), (R1

1(2), P (2,7)), (R2
∞(1), P (3,5)), (R2

1(1), P (4,1)), (R1
0(1), P (4,7))

(I(5,5),2P (0,5))
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P (n,5) ∶ (R(n−4)mod 3+1
0 (2), P (n − 4,1)), (R(n−6)mod 3+1

1 (2), P (n − 4,7)), (R(n−5)mod 2+1
∞ (1), P (n − 3,5))

(R(n−5)mod 3+1
1 (1), P (n − 2,1)), (R(n−6)mod 3+1

0 (1), P (n − 2,7)), (uI, (u + 1)P ), n > 6

Modules of the form P (n,6)

Defect: ∂P (n,6) = −2, for n ≥ 0.

P (0,6) ∶ (I(1,7), P (0,3))

P (1,6) ∶ (R1
1(1), P (0,2)), (R2

0(1), P (0,4)), (P (1,7), P (0,7)), (I(0,7), P (1,3))

P (2,6) ∶ (P (3,5), P (0,1)), (P (3,1), P (0,5)), (R2
1(1), P (1,2)), (R3

0(1), P (1,4)), (P (2,7), P (1,7))

P (3,6) ∶ (P (5,7), P (0,7)), (P (4,5), P (1,1)), (P (4,1), P (1,5)), (R3
1(1), P (2,2)), (R1

0(1), P (2,4))

(P (3,7), P (2,7))

P (n,6) ∶ (P (n + 2,7), P (n − 3,7)), (P (n + 1,5), P (n − 2,1)), (P (n + 1,1), P (n − 2,5))

(R(n−1)mod 3+1
1 (1), P (n − 1,2)), (R(n−3)mod 3+1

0 (1), P (n − 1,4)), (P (n,7), P (n − 1,7)), n > 3

Modules of the form P (n,7)

Defect: ∂P (n,7) = −1, for n ≥ 0.

P (0,7) ∶ (I(0,6), P (0,3)), (I(0,7), P (0,6))

P (1,7) ∶ (I(1,5), P (0,2)), (I(1,1), P (0,4))

P (2,7) ∶ (R1
0(1), P (0,1)), (R3

1(1), P (0,5)), (I(2,7), P (0,6)), (I(0,5), P (1,2)), (I(0,1), P (1,4))

P (3,7) ∶ (R1
∞(1), P (0,7)), (R2

0(1), P (1,1)), (R1
1(1), P (1,5)), (I(1,7), P (1,6))

P (4,7) ∶ (R1
1(2), P (0,1)), (R2

0(2), P (0,5)), (R2
∞(1), P (1,7)), (R3

0(1), P (2,1)), (R2
1(1), P (2,5))

(I(0,7), P (2,6))

P (5,7) ∶ (R2
1(2), P (1,1)), (R3

0(2), P (1,5)), (R1
∞(1), P (2,7)), (R1

0(1), P (3,1)), (R3
1(1), P (3,5))

P (6,7) ∶ (R3
1(2), P (2,1)), (R1

0(2), P (2,5)), (R2
∞(1), P (3,7)), (R2

0(1), P (4,1)), (R1
1(1), P (4,5))

(I(5,7),2P (0,7))

P (n,7) ∶ (R(n−4)mod 3+1
1 (2), P (n − 4,1)), (R(n−6)mod 3+1

0 (2), P (n − 4,5)), (R(n−5)mod 2+1
∞ (1), P (n − 3,7))

(R(n−5)mod 3+1
0 (1), P (n − 2,1)), (R(n−6)mod 3+1

1 (1), P (n − 2,5)), (uI, (u + 1)P ), n > 6
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Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: ∂I(n,1) = 1, for n ≥ 0.

I(0,1) ∶ −

I(1,1) ∶ −

I(2,1) ∶ (I(0,4), P (0,7)), (I(0,5),R1
1(1)), (I(0,6), P (0,5)), (I(0,7),R1

0(1))

I(3,1) ∶ (I(0,1),R1
∞(1)), (I(0,2), P (1,1)), (I(1,5),R3

1(1)), (I(1,7),R3
0(1))

I(4,1) ∶ (I(0,5),R2
0(2)), (I(0,7),R2

1(2)), (I(1,1),R2
∞(1)), (I(1,2), P (0,1)), (I(2,5),R2

1(1))

(I(2,7),R2
0(1))

I(5,1) ∶ (I(1,5),R1
0(2)), (I(1,7),R1

1(2)), (I(2,1),R1
∞(1)), (I(3,5),R1

1(1)), (I(3,7),R1
0(1))

I(6,1) ∶ (I(2,5),R3
0(2)), (I(2,7),R3

1(2)), (I(3,1),R2
∞(1)), (I(4,5),R3

1(1)), (I(4,7),R3
0(1))

(2I(0,1), P (5,1))

I(n,1) ∶ (I(n − 4,5),R(−n+8)mod 3+1
0 (2)), (I(n − 4,7),R(−n+8)mod 3+1

1 (2)), (I(n − 3,1),R(−n+7)mod 2+1
∞ (1))

(I(n − 2,5),R(−n+8)mod 3+1
1 (1)), (I(n − 2,7),R(−n+8)mod 3+1

0 (1)), ((v + 1)I, vP ), n > 6

Modules of the form I(n,2)

Defect: ∂I(n,2) = 2, for n ≥ 0.

I(0,2) ∶ (I(0,1), I(1,1))

I(1,2) ∶ (I(0,4),R2
0(1)), (I(0,5), I(3,7)), (I(0,6),R2

1(1)), (I(0,7), I(3,5)), (I(1,1), I(2,1))

I(2,2) ∶ (I(0,1), I(5,1)), (I(1,4),R1
0(1)), (I(1,5), I(4,7)), (I(1,6),R1

1(1)), (I(1,7), I(4,5))

(I(2,1), I(3,1))

I(n,2) ∶ (I(n − 2,1), I(n + 3,1)), (I(n − 1,4),R(−n+2)mod 3+1
0 (1)), (I(n − 1,5), I(n + 2,7))

(I(n − 1,6),R(−n+2)mod 3+1
1 (1)), (I(n − 1,7), I(n + 2,5)), (I(n,1), I(n + 1,1)), n > 2

Modules of the form I(n,3)

Defect: ∂I(n,3) = 3, for n ≥ 0.

I(0,3) ∶ (I(0,1), I(1,2)), (I(0,2), I(2,1)), (I(0,4), I(2,5)), (I(0,5), I(1,4)), (I(0,6), I(2,7))

(I(0,7), I(1,6))

I(n,3) ∶ (I(n,1), I(n + 1,2)), (I(n,2), I(n + 2,1)), (I(n,4), I(n + 2,5))

(I(n,5), I(n + 1,4)), (I(n,6), I(n + 2,7)), (I(n,7), I(n + 1,6)), n > 0
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Modules of the form I(n,4)

Defect: ∂I(n,4) = 2, for n ≥ 0.

I(0,4) ∶ (I(0,5), I(1,5))

I(1,4) ∶ (I(0,1), I(3,7)), (I(0,2),R1
1(1)), (I(0,6),R3

0(1)), (I(0,7), I(3,1)), (I(1,5), I(2,5))

I(2,4) ∶ (I(0,5), I(5,5)), (I(1,1), I(4,7)), (I(1,2),R3
1(1)), (I(1,6),R2

0(1)), (I(1,7), I(4,1))

(I(2,5), I(3,5))

I(n,4) ∶ (I(n − 2,5), I(n + 3,5)), (I(n − 1,1), I(n + 2,7)), (I(n − 1,2),R(−n+4)mod 3+1
1 (1))

(I(n − 1,6),R(−n+3)mod 3+1
0 (1)), (I(n − 1,7), I(n + 2,1)), (I(n,5), I(n + 1,5)), n > 2

Modules of the form I(n,5)

Defect: ∂I(n,5) = 1, for n ≥ 0.

I(0,5) ∶ −

I(1,5) ∶ −

I(2,5) ∶ (I(0,1),R2
0(1)), (I(0,2), P (0,7)), (I(0,6), P (0,1)), (I(0,7),R3

1(1))

I(3,5) ∶ (I(0,4), P (1,5)), (I(0,5),R1
∞(1)), (I(1,1),R1

0(1)), (I(1,7),R2
1(1))

I(4,5) ∶ (I(0,1),R1
1(2)), (I(0,7),R3

0(2)), (I(1,4), P (0,5)), (I(1,5),R2
∞(1)), (I(2,1),R3

0(1))

(I(2,7),R1
1(1))

I(5,5) ∶ (I(1,1),R3
1(2)), (I(1,7),R2

0(2)), (I(2,5),R1
∞(1)), (I(3,1),R2

0(1)), (I(3,7),R3
1(1))

I(6,5) ∶ (I(2,1),R2
1(2)), (I(2,7),R1

0(2)), (I(3,5),R2
∞(1)), (I(4,1),R1

0(1)), (I(4,7),R2
1(1))

(2I(0,5), P (5,5))

I(n,5) ∶ (I(n − 4,1),R(−n+7)mod 3+1
1 (2)), (I(n − 4,7),R(−n+6)mod 3+1

0 (2)), (I(n − 3,5),R(−n+7)mod 2+1
∞ (1))

(I(n − 2,1),R(−n+6)mod 3+1
0 (1)), (I(n − 2,7),R(−n+7)mod 3+1

1 (1)), ((v + 1)I, vP ), n > 6

Modules of the form I(n,6)

Defect: ∂I(n,6) = 2, for n ≥ 0.

I(0,6) ∶ (I(0,7), I(1,7))

I(1,6) ∶ (I(0,1), I(3,5)), (I(0,2),R1
0(1)), (I(0,4),R3

1(1)), (I(0,5), I(3,1)), (I(1,7), I(2,7))

I(2,6) ∶ (I(0,7), I(5,7)), (I(1,1), I(4,5)), (I(1,2),R3
0(1)), (I(1,4),R2

1(1)), (I(1,5), I(4,1))

(I(2,7), I(3,7))

I(n,6) ∶ (I(n − 2,7), I(n + 3,7)), (I(n − 1,1), I(n + 2,5)), (I(n − 1,2),R(−n+4)mod 3+1
0 (1))

(I(n − 1,4),R(−n+3)mod 3+1
1 (1)), (I(n − 1,5), I(n + 2,1)), (I(n,7), I(n + 1,7)), n > 2
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Modules of the form I(n,7)

Defect: ∂I(n,7) = 1, for n ≥ 0.

I(0,7) ∶ −

I(1,7) ∶ −

I(2,7) ∶ (I(0,1),R2
1(1)), (I(0,2), P (0,5)), (I(0,4), P (0,1)), (I(0,5),R3

0(1))

I(3,7) ∶ (I(0,6), P (1,7)), (I(0,7),R1
∞(1)), (I(1,1),R1

1(1)), (I(1,5),R2
0(1))

I(4,7) ∶ (I(0,1),R1
0(2)), (I(0,5),R3

1(2)), (I(1,6), P (0,7)), (I(1,7),R2
∞(1)), (I(2,1),R3

1(1))

(I(2,5),R1
0(1))

I(5,7) ∶ (I(1,1),R3
0(2)), (I(1,5),R2

1(2)), (I(2,7),R1
∞(1)), (I(3,1),R2

1(1)), (I(3,5),R3
0(1))

I(6,7) ∶ (I(2,1),R2
0(2)), (I(2,5),R1

1(2)), (I(3,7),R2
∞(1)), (I(4,1),R1

1(1)), (I(4,5),R2
0(1))

(2I(0,7), P (5,7))

I(n,7) ∶ (I(n − 4,1),R(−n+7)mod 3+1
0 (2)), (I(n − 4,5),R(−n+6)mod 3+1

1 (2)), (I(n − 3,7),R(−n+7)mod 2+1
∞ (1))

(I(n − 2,1),R(−n+6)mod 3+1
1 (1)), (I(n − 2,5),R(−n+7)mod 3+1

0 (1)), ((v + 1)I, vP ), n > 6
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2
4

3 5 6 4 2

I(6,2)

4
7

4 7 10 7 4

I(6,3)

2
4

2 4 6 5 3

I(6,4)

1
2

1 2 3 2 2

I(6,5)

3
5

2 4 6 4 2

I(6,6)

2
2

1 2 3 2 1

I(6,7)

1
2

1 3 3 2 1

I(7,1)

3
5

2 5 7 5 3

I(7,2)

4
8

4 8 11 8 4

I(7,3)

3
5

3 5 7 5 2

I(7,4)

1
2

1 2 3 3 1

I(7,5)

2
5

3 5 7 5 3

I(7,6)

1
3

1 2 3 2 1

I(7,7)

2
3

1 2 4 3 2

I(8,1)

3
6

3 5 8 6 3

I(8,2)

5
9

5 9 13 9 5

I(8,3)

3
6

3 6 8 5 3

I(8,4)

2
3

2 3 4 2 1

I(8,5)

3
5

3 6 8 6 3

I(8,6)

1
2

2 3 4 3 2

I(8,7)

1
3

2 3 4 3 1

I(9,1)

3
6

4 7 9 6 3

I(9,2)

5
10

5 10 14 10 5

I(9,3)

3
6

3 6 9 7 4

I(9,4)

1
3

1 3 4 3 2

I(9,5)

4
7

3 6 9 6 3

I(9,6)

2
3

1 3 4 3 1

I(9,7)

● ● ●

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

Schofield pairs associated to regular exceptional modules

The non-homogeneous tube T ∆(Ẽ6)
1

R1
1(1) ∶ (I(0,6), P (0,4)), (I(1,5), P (0,7)), (I(0,7), P (1,1))

R1
1(2) ∶ (R2

1(1),R1
1(1)), (I(3,7), P (0,5)), (I(2,1), P (1,7)), (I(1,5), P (2,1)), (I(0,7), P (3,5))

R2
1(1) ∶ (I(0,4), P (0,2)), (I(1,1), P (0,5)), (I(0,5), P (1,7))

R2
1(2) ∶ (R3

1(1),R2
1(1)), (I(3,5), P (0,1)), (I(2,7), P (1,5)), (I(1,1), P (2,7)), (I(0,5), P (3,1))

R3
1(1) ∶ (I(1,7), P (0,1)), (I(0,2), P (0,6)), (I(0,1), P (1,5))

R3
1(2) ∶ (R1

1(1),R3
1(1)), (I(3,1), P (0,7)), (I(2,5), P (1,1)), (I(1,7), P (2,5)), (I(0,1), P (3,7))
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T ∆(Ẽ6)
1

1
1

0 0 1 1 0

R1
1(1) 0

0
0 1 1 1 1

R2
1(1) 0

1
1 1 1 0 0

R3
1(1) 1

1
0 0 1 1 0

R1
1(1)

1
1

0 1 2 2 1

R1
1(2) 0

1
1 2 2 1 1

R2
1(2) 1

2
1 1 2 1 0

R3
1(2)

1
2

1 2 3 2 1

R3
1(3) 1

2
1 2 3 2 1

R1
1(3) 1

2
1 2 3 2 1

R2
1(3) 1

2
1 2 3 2 1

R3
1(3)

1
3

2 3 4 2 1

R3
1(4) 2

3
1 2 4 3 1

R1
1(4) 1

2
1 3 4 3 2

R2
1(4)

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

The non-homogeneous tube T ∆(Ẽ6)
0

R1
0(1) ∶ (I(1,7), P (0,5)), (I(0,4), P (0,6)), (I(0,5), P (1,1))

R1
0(2) ∶ (R2

0(1),R1
0(1)), (I(3,5), P (0,7)), (I(2,1), P (1,5)), (I(1,7), P (2,1)), (I(0,5), P (3,7))

R2
0(1) ∶ (I(0,6), P (0,2)), (I(1,1), P (0,7)), (I(0,7), P (1,5))

R2
0(2) ∶ (R3

0(1),R2
0(1)), (I(3,7), P (0,1)), (I(2,5), P (1,7)), (I(1,1), P (2,5)), (I(0,7), P (3,1))

R3
0(1) ∶ (I(1,5), P (0,1)), (I(0,2), P (0,4)), (I(0,1), P (1,7))

R3
0(2) ∶ (R1

0(1),R3
0(1)), (I(3,1), P (0,5)), (I(2,7), P (1,1)), (I(1,5), P (2,7)), (I(0,1), P (3,5))

T ∆(Ẽ6)
0

0
1

0 0 1 1 1

R1
0(1) 1

1
0 1 1 0 0

R2
0(1) 0

0
1 1 1 1 0

R3
0(1) 0

1
0 0 1 1 1

R1
0(1)

1
2

0 1 2 1 1

R1
0(2) 1

1
1 2 2 1 0

R2
0(2) 0

1
1 1 2 2 1

R3
0(2)

1
2

1 2 3 2 1

R3
0(3) 1

2
1 2 3 2 1

R1
0(3) 1

2
1 2 3 2 1

R2
0(3) 1

2
1 2 3 2 1

R3
0(3)

1
2

2 3 4 3 1

R3
0(4) 1

3
1 2 4 3 2

R1
0(4) 2

3
1 3 4 2 1

R2
0(4)

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1
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The non-homogeneous tube T ∆(Ẽ6)
∞

R1
∞(1) ∶ (I(1,1), P (1,1)), (I(1,5), P (1,5)), (I(1,7), P (1,7))

R2
∞(1) ∶ (I(2,1), P (0,1)), (I(2,5), P (0,5)), (I(2,7), P (0,7)), (I(0,1), P (2,1)), (I(0,5), P (2,5))

(I(0,7), P (2,7))

T ∆(Ẽ6)
∞

0
1

0 1 1 1 0

R1
∞
(1) 1

1
1 1 2 1 1

R2
∞
(1) 0

1
0 1 1 1 0

R1
∞
(1)

1
2

1 2 3 2 1

R1
∞
(2) 1

2
1 2 3 2 1

R2
∞
(2)

2
3

2 3 5 3 2

R2
∞
(3) 1

3
1 3 4 3 1

R1
∞
(3) 2

3
2 3 5 3 2

R2
∞
(3)

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1

A.15 Schofield pairs for the quiver ∆(Ẽ7) – δ = 2
1 2 3 4 3 2 1

8

��
1 // 2 // 3 // 4 5oo 6oo 7oo

C∆(Ẽ7) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0

1 1 0 0 0 0 0 0

1 1 1 0 0 0 0 0

1 1 1 1 1 1 1 1

0 0 0 0 1 1 1 0

0 0 0 0 0 1 1 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Φ∆(Ẽ7) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 −1 1 0 0 1

1 0 0 −1 1 0 0 1

0 1 0 −1 1 0 0 1

0 0 1 −1 1 0 0 1

0 0 1 −1 0 1 0 1

0 0 1 −1 0 0 1 1

0 0 1 −1 0 0 0 1

0 0 1 −1 1 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Schofield pairs associated to preprojective exceptional modules

Modules of the form P (n,1)

Defect: ∂P (n,1) = −1, for n ≥ 0.

P (0,1) ∶ (I(0,1), P (0,2)), (I(0,2), P (0,3)), (I(0,3), P (0,4))

P (1,1) ∶ (I(0,8), P (0,5)), (I(2,7), P (0,8))

P (2,1) ∶ (I(1,6), P (0,3)), (I(2,1), P (0,6)), (I(1,7), P (1,8))

P (3,1) ∶ (I(3,1), P (0,2)), (R3
1(1), P (0,7)), (I(4,7), P (0,8)), (I(0,6), P (1,3)), (I(1,1), P (1,6))

(I(0,7), P (2,8))

P (4,1) ∶ (R1
0(1), P (0,1)), (I(2,1), P (1,2)), (R4

1(1), P (1,7)), (I(3,7), P (1,8)), (I(0,1), P (2,6))

P (5,1) ∶ (I(5,1), P (0,6)), (R2
0(1), P (1,1)), (I(1,1), P (2,2)), (R1

1(1), P (2,7)), (I(2,7), P (2,8))

P (6,1) ∶ (R1
1(2), P (0,1)), (R2

∞(1), P (0,7)), (I(4,1), P (1,6)), (R3
0(1), P (2,1)), (I(0,1), P (3,2))

(R2
1(1), P (3,7)), (I(1,7), P (3,8))

P (7,1) ∶ (R2
1(2), P (1,1)), (R1

∞(1), P (1,7)), (I(3,1), P (2,6)), (R1
0(1), P (3,1)), (R3

1(1), P (4,7))

(I(0,7), P (4,8))

P (8,1) ∶ (R1
0(2), P (0,1)), (R3

1(2), P (2,1)), (R2
∞(1), P (2,7)), (I(2,1), P (3,6)), (R2

0(1), P (4,1))

(R4
1(1), P (5,7))

P (9,1) ∶ (R3
1(3), P (0,7)), (R2

0(2), P (1,1)), (R4
1(2), P (3,1)), (R1

∞(1), P (3,7)), (I(1,1), P (4,6))

(R3
0(1), P (5,1)), (R1

1(1), P (6,7))

P (10,1) ∶ (R4
1(3), P (1,7)), (R3

0(2), P (2,1)), (R1
1(2), P (4,1)), (R2

∞(1), P (4,7)), (I(0,1), P (5,6))

(R1
0(1), P (6,1)), (R2

1(1), P (7,7))

P (11,1) ∶ (R1
1(3), P (2,7)), (R1

0(2), P (3,1)), (R2
1(2), P (5,1)), (R1

∞(1), P (5,7)), (R2
0(1), P (7,1))

(R3
1(1), P (8,7))

P (12,1) ∶ (R2
1(3), P (3,7)), (R2

0(2), P (4,1)), (R3
1(2), P (6,1)), (R2

∞(1), P (6,7)), (R3
0(1), P (8,1))

(R4
1(1), P (9,7)), (I(11,1),2P (0,1))

P (n,1) ∶ (R(n−11)mod 4+1
1 (3), P (n − 9,7)), (R(n−11)mod 3+1

0 (2), P (n − 8,1)), (R(n−10)mod 4+1
1 (2), P (n − 6,1))

(R(n−11)mod 2+1
∞ (1), P (n − 6,7)), (R(n−10)mod 3+1

0 (1), P (n − 4,1)), (R(n−9)mod 4+1
1 (1), P (n − 3,7))

(uI, (u + 1)P ), n > 12

Modules of the form P (n,2)

Defect: ∂P (n,2) = −2, for n ≥ 0.

P (0,2) ∶ (I(1,1), P (0,3)), (I(1,2), P (0,4))

P (1,2) ∶ (P (1,1), P (0,1)), (I(3,7), P (0,5)), (R4
1(1), P (0,8)), (I(0,1), P (1,3)), (I(0,2), P (1,4))

P (2,2) ∶ (R1
0(1), P (0,6)), (P (2,1), P (1,1)), (I(2,7), P (1,5)), (R1

1(1), P (1,8))
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P (3,2) ∶ (R1
1(2), P (0,2)), (P (5,7), P (0,7)), (R2

0(1), P (1,6)), (P (3,1), P (2,1)), (I(1,7), P (2,5))

(R2
1(1), P (2,8))

P (4,2) ∶ (P (7,1), P (0,1)), (R2
1(2), P (1,2)), (P (6,7), P (1,7)), (R3

0(1), P (2,6)), (P (4,1), P (3,1))

(I(0,7), P (3,5)), (R3
1(1), P (3,8))

P (5,2) ∶ (P (8,1), P (1,1)), (R3
1(2), P (2,2)), (P (7,7), P (2,7)), (R1

0(1), P (3,6)), (P (5,1), P (4,1))

(R4
1(1), P (4,8))

P (6,2) ∶ (P (11,7), P (0,7)), (P (9,1), P (2,1)), (R4
1(2), P (3,2)), (P (8,7), P (3,7)), (R2

0(1), P (4,6))

(P (6,1), P (5,1)), (R1
1(1), P (5,8))

P (n,2) ∶ (P (n + 5,7), P (n − 6,7)), (P (n + 3,1), P (n − 4,1)), (R(n−3)mod 4+1
1 (2), P (n − 3,2))

(P (n + 2,7), P (n − 3,7)), (R(n−5)mod 3+1
0 (1), P (n − 2,6)), (P (n,1), P (n − 1,1))

(R(n−6)mod 4+1
1 (1), P (n − 1,8)), n > 6

Modules of the form P (n,3)

Defect: ∂P (n,3) = −3, for n ≥ 0.

P (0,3) ∶ (I(2,1), P (0,4))

P (1,3) ∶ (P (1,1), P (0,2)), (R3
1(1), P (0,5)), (P (2,7), P (0,8)), (I(1,1), P (1,4))

P (2,3) ∶ (P (2,2), P (0,1)), (P (4,1), P (0,6)), (P (2,1), P (1,2)), (R4
1(1), P (1,5)), (P (3,7), P (1,8))

(I(0,1), P (2,4))

P (3,3) ∶ (P (4,8), P (0,7)), (P (3,2), P (1,1)), (P (5,1), P (1,6)), (P (3,1), P (2,2)), (R1
1(1), P (2,5))

(P (4,7), P (2,8))

P (4,3) ∶ (P (5,6), P (0,1)), (P (5,8), P (1,7)), (P (4,2), P (2,1)), (P (6,1), P (2,6)), (P (4,1), P (3,2))

(R2
1(1), P (3,5)), (P (5,7), P (3,8))

P (n,3) ∶ (P (n + 1,6), P (n − 4,1)), (P (n + 1,8), P (n − 3,7)), (P (n,2), P (n − 2,1))

(P (n + 2,1), P (n − 2,6)), (P (n,1), P (n − 1,2)), (R(n−3)mod 4+1
1 (1), P (n − 1,5))

(P (n + 1,7), P (n − 1,8)), n > 4

Modules of the form P (n,4)

Defect: ∂P (n,4) = −4, for n ≥ 0.

P (0,4) ∶ −

P (1,4) ∶ (P (1,1), P (0,3)), (P (1,7), P (0,5)), (P (1,8), P (0,8))

P (2,4) ∶ (P (2,2), P (0,2)), (P (2,6), P (0,6)), (P (2,1), P (1,3)), (P (2,7), P (1,5)), (P (2,8), P (1,8))

P (3,4) ∶ (P (3,3), P (0,1)), (P (3,5), P (0,7)), (P (3,2), P (1,2)), (P (3,6), P (1,6)), (P (3,1), P (2,3))
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(P (3,7), P (2,5)), (P (3,8), P (2,8))

P (n,4) ∶ (P (n,3), P (n − 3,1)), (P (n,5), P (n − 3,7)), (P (n,2), P (n − 2,2))

(P (n,6), P (n − 2,6)), (P (n,1), P (n − 1,3)), (P (n,7), P (n − 1,5))

(P (n,8), P (n − 1,8)), n > 3

Modules of the form P (n,5)

Defect: ∂P (n,5) = −3, for n ≥ 0.

P (0,5) ∶ (I(2,7), P (0,4))

P (1,5) ∶ (R1
1(1), P (0,3)), (P (1,7), P (0,6)), (P (2,1), P (0,8)), (I(1,7), P (1,4))

P (2,5) ∶ (P (4,7), P (0,2)), (P (2,6), P (0,7)), (R2
1(1), P (1,3)), (P (2,7), P (1,6)), (P (3,1), P (1,8))

(I(0,7), P (2,4))

P (3,5) ∶ (P (4,8), P (0,1)), (P (5,7), P (1,2)), (P (3,6), P (1,7)), (R3
1(1), P (2,3)), (P (3,7), P (2,6))

(P (4,1), P (2,8))

P (4,5) ∶ (P (5,2), P (0,7)), (P (5,8), P (1,1)), (P (6,7), P (2,2)), (P (4,6), P (2,7)), (R4
1(1), P (3,3))

(P (4,7), P (3,6)), (P (5,1), P (3,8))

P (n,5) ∶ (P (n + 1,2), P (n − 4,7)), (P (n + 1,8), P (n − 3,1)), (P (n + 2,7), P (n − 2,2))

(P (n,6), P (n − 2,7)), (R(n−1)mod 4+1
1 (1), P (n − 1,3)), (P (n,7), P (n − 1,6))

(P (n + 1,1), P (n − 1,8)), n > 4

Modules of the form P (n,6)

Defect: ∂P (n,6) = −2, for n ≥ 0.

P (0,6) ∶ (I(1,6), P (0,4)), (I(1,7), P (0,5))

P (1,6) ∶ (I(3,1), P (0,3)), (P (1,7), P (0,7)), (R2
1(1), P (0,8)), (I(0,6), P (1,4)), (I(0,7), P (1,5))

P (2,6) ∶ (R1
0(1), P (0,2)), (I(2,1), P (1,3)), (P (2,7), P (1,7)), (R3

1(1), P (1,8))

P (3,6) ∶ (P (5,1), P (0,1)), (R3
1(2), P (0,6)), (R2

0(1), P (1,2)), (I(1,1), P (2,3)), (P (3,7), P (2,7))

(R4
1(1), P (2,8))

P (4,6) ∶ (P (7,7), P (0,7)), (P (6,1), P (1,1)), (R4
1(2), P (1,6)), (R3

0(1), P (2,2)), (I(0,1), P (3,3))

(P (4,7), P (3,7)), (R1
1(1), P (3,8))

P (5,6) ∶ (P (8,7), P (1,7)), (P (7,1), P (2,1)), (R1
1(2), P (2,6)), (R1

0(1), P (3,2)), (P (5,7), P (4,7))

(R2
1(1), P (4,8))

P (6,6) ∶ (P (11,1), P (0,1)), (P (9,7), P (2,7)), (P (8,1), P (3,1)), (R2
1(2), P (3,6)), (R2

0(1), P (4,2))

(P (6,7), P (5,7)), (R3
1(1), P (5,8))
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P (n,6) ∶ (P (n + 5,1), P (n − 6,1)), (P (n + 3,7), P (n − 4,7)), (P (n + 2,1), P (n − 3,1))

(R(n−5)mod 4+1
1 (2), P (n − 3,6)), (R(n−5)mod 3+1

0 (1), P (n − 2,2)), (P (n,7), P (n − 1,7))

(R(n−4)mod 4+1
1 (1), P (n − 1,8)), n > 6

Modules of the form P (n,7)

Defect: ∂P (n,7) = −1, for n ≥ 0.

P (0,7) ∶ (I(0,5), P (0,4)), (I(0,6), P (0,5)), (I(0,7), P (0,6))

P (1,7) ∶ (I(0,8), P (0,3)), (I(2,1), P (0,8))

P (2,7) ∶ (I(2,7), P (0,2)), (I(1,2), P (0,5)), (I(1,1), P (1,8))

P (3,7) ∶ (R1
1(1), P (0,1)), (I(3,7), P (0,6)), (I(4,1), P (0,8)), (I(1,7), P (1,2)), (I(0,2), P (1,5))

(I(0,1), P (2,8))

P (4,7) ∶ (R1
0(1), P (0,7)), (R2

1(1), P (1,1)), (I(2,7), P (1,6)), (I(3,1), P (1,8)), (I(0,7), P (2,2))

P (5,7) ∶ (I(5,7), P (0,2)), (R2
0(1), P (1,7)), (R3

1(1), P (2,1)), (I(1,7), P (2,6)), (I(2,1), P (2,8))

P (6,7) ∶ (R1
∞(1), P (0,1)), (R3

1(2), P (0,7)), (I(4,7), P (1,2)), (R3
0(1), P (2,7)), (R4

1(1), P (3,1))

(I(0,7), P (3,6)), (I(1,1), P (3,8))

P (7,7) ∶ (R2
∞(1), P (1,1)), (R4

1(2), P (1,7)), (I(3,7), P (2,2)), (R1
0(1), P (3,7)), (R1

1(1), P (4,1))

(I(0,1), P (4,8))

P (8,7) ∶ (R1
0(2), P (0,7)), (R1

∞(1), P (2,1)), (R1
1(2), P (2,7)), (I(2,7), P (3,2)), (R2

0(1), P (4,7))

(R2
1(1), P (5,1))

P (9,7) ∶ (R1
1(3), P (0,1)), (R2

0(2), P (1,7)), (R2
∞(1), P (3,1)), (R2

1(2), P (3,7)), (I(1,7), P (4,2))

(R3
0(1), P (5,7)), (R3

1(1), P (6,1))

P (10,7) ∶ (R2
1(3), P (1,1)), (R3

0(2), P (2,7)), (R1
∞(1), P (4,1)), (R3

1(2), P (4,7)), (I(0,7), P (5,2))

(R1
0(1), P (6,7)), (R4

1(1), P (7,1))

P (11,7) ∶ (R3
1(3), P (2,1)), (R1

0(2), P (3,7)), (R2
∞(1), P (5,1)), (R4

1(2), P (5,7)), (R2
0(1), P (7,7))

(R1
1(1), P (8,1))

P (12,7) ∶ (R4
1(3), P (3,1)), (R2

0(2), P (4,7)), (R1
∞(1), P (6,1)), (R1

1(2), P (6,7)), (R3
0(1), P (8,7))

(R2
1(1), P (9,1)), (I(11,7),2P (0,7))

P (n,7) ∶ (R(n−9)mod 4+1
1 (3), P (n − 9,1)), (R(n−11)mod 3+1

0 (2), P (n − 8,7)), (R(n−12)mod 2+1
∞ (1), P (n − 6,1))

(R(n−12)mod 4+1
1 (2), P (n − 6,7)), (R(n−10)mod 3+1

0 (1), P (n − 4,7)), (R(n−11)mod 4+1
1 (1), P (n − 3,1))

(uI, (u + 1)P ), n > 12

Modules of the form P (n,8)

Defect: ∂P (n,8) = −2, for n ≥ 0.
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P (0,8) ∶ (I(0,8), P (0,4))

P (1,8) ∶ (I(2,7), P (0,3)), (I(2,1), P (0,5))

P (2,8) ∶ (R1
1(1), P (0,2)), (R3

1(1), P (0,6)), (R2
0(1), P (0,8)), (I(1,7), P (1,3)), (I(1,1), P (1,5))

P (3,8) ∶ (P (4,7), P (0,1)), (P (4,1), P (0,7)), (R2
1(1), P (1,2)), (R4

1(1), P (1,6)), (R3
0(1), P (1,8))

(I(0,7), P (2,3)), (I(0,1), P (2,5))

P (4,8) ∶ (P (5,7), P (1,1)), (P (5,1), P (1,7)), (R3
1(1), P (2,2)), (R1

1(1), P (2,6)), (R1
0(1), P (2,8))

P (5,8) ∶ (P (8,7), P (0,1)), (P (8,1), P (0,7)), (P (6,7), P (2,1)), (P (6,1), P (2,7)), (R4
1(1), P (3,2))

(R2
1(1), P (3,6)), (R2

0(1), P (3,8))

P (n,8) ∶ (P (n + 3,7), P (n − 5,1)), (P (n + 3,1), P (n − 5,7)), (P (n + 1,7), P (n − 3,1))

(P (n + 1,1), P (n − 3,7)), (R(n−2)mod 4+1
1 (1), P (n − 2,2)), (R(n−4)mod 4+1

1 (1), P (n − 2,6))

(R(n−4)mod 3+1
0 (1), P (n − 2,8)), n > 5

164



A.15 Schofield pairs for the quiver ∆(Ẽ7) Appendix A Schofield pairs

0
1 1 1 1 0 0 0

P (0,1)

0
0 1 1 1 0 0 0

P (0,2)

0
0 0 1 1 0 0 0

P (0,3)

0
0 0 0 1 0 0 0

P (0,4)

0
0 0 0 1 1 0 0

P (0,5)

0
0 0 0 1 1 1 0

P (0,6)

0
0 0 0 1 1 1 1

P (0,7)

1
0 0 0 1 0 0 0

P (0,8)

1
0 0 0 1 1 0 0

P (1,1)

1
1 1 1 2 1 0 0

P (1,2)

1
0 1 1 2 1 0 0

P (1,3)

1
0 0 1 2 1 0 0

P (1,4)

1
0 0 1 2 1 1 0

P (1,5)

1
0 0 1 2 1 1 1

P (1,6)

1
0 0 1 1 0 0 0

P (1,7)

0
0 0 1 1 1 0 0

P (1,8)

0
0 0 1 1 1 1 0

P (2,1)

1
0 0 1 2 2 1 0

P (2,2)

1
1 1 2 3 2 1 0

P (2,3)

1
0 1 2 3 2 1 0

P (2,4)

1
0 1 2 3 2 1 1

P (2,5)

1
0 1 2 2 1 0 0

P (2,6)

0
0 1 1 1 1 0 0

P (2,7)

1
0 1 1 2 1 1 0

P (2,8)

1
0 1 1 2 1 1 1

P (3,1)

1
0 1 2 3 2 2 1

P (3,2)

2
0 1 2 4 3 2 1

P (3,3)

2
1 2 3 5 3 2 1

P (3,4)

2
1 2 3 4 2 1 0

P (3,5)

1
1 2 2 3 2 1 0

P (3,6)

1
1 1 1 2 1 1 0

P (3,7)

1
1 1 2 3 2 1 1

P (3,8)

1
1 1 2 2 1 0 0

P (4,1)

2
1 2 3 4 2 1 1

P (4,2)

2
1 2 4 5 3 2 1

P (4,3)

3
1 2 4 6 4 2 1

P (4,4)

2
1 2 3 5 4 2 1

P (4,5)

2
1 1 2 4 3 2 1

P (4,6)

1
0 0 1 2 2 1 1

P (4,7)

2
0 1 2 3 2 1 0

P (4,8)

● ● ●

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1
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● ● ●

● ● ●

1
0 1 1 2 2 1 0

P (5,1)

2
1 2 3 4 3 1 0

P (5,2)

3
1 3 4 6 4 2 1

P (5,3)

3
1 3 5 7 5 3 1

P (5,4)

3
1 2 4 6 4 3 1

P (5,5)

2
0 1 3 4 3 2 1

P (5,6)

1
0 1 2 2 1 1 0

P (5,7)

1
1 2 3 4 3 2 1

P (5,8)

1
1 1 2 3 2 2 1

P (6,1)

2
1 2 3 5 4 3 1

P (6,2)

3
2 3 5 7 5 3 1

P (6,3)

4
2 4 6 9 6 4 2

P (6,4)

3
1 3 5 7 5 3 2

P (6,5)

2
1 3 4 5 3 2 1

P (6,6)

1
1 2 2 3 2 1 1

P (6,7)

3
1 2 3 5 3 2 1

P (6,8)

2
0 1 2 3 2 1 1

P (7,1)

3
1 2 4 6 4 3 2

P (7,2)

4
1 3 5 8 6 4 2

P (7,3)

5
2 4 7 10 7 4 2

P (7,4)

4
2 4 6 8 5 3 1

P (7,5)

3
2 3 4 6 4 2 1

P (7,6)

2
1 1 2 3 2 1 0

P (7,7)

2
1 2 4 5 4 2 1

P (7,8)

1
1 2 3 3 2 1 0

P (8,1)

3
1 3 5 6 4 2 1

P (8,2)

4
2 4 7 9 6 4 2

P (8,3)

5
2 5 8 11 8 5 2

P (8,4)

4
2 4 6 9 7 4 2

P (8,5)

3
1 2 4 6 5 3 1

P (8,6)

1
0 1 2 3 3 2 1

P (8,7)

3
1 3 4 6 4 3 1

P (8,8)

2
1 2 2 4 3 2 1

P (9,1)

3
2 4 5 7 5 3 1

P (9,2)

5
2 5 7 10 7 4 2

P (9,3)

6
3 6 9 13 9 6 3

P (9,4)

5
2 4 7 10 7 5 2

P (9,5)

3
1 3 5 7 5 4 2

P (9,6)

2
1 2 3 4 2 2 1

P (9,7)

3
2 3 5 7 5 3 2

P (9,8)

● ● ●

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1
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● ● ●

● ● ●

2
1 1 3 4 3 2 1

P (10,1)

4
2 3 5 8 6 4 2

P (10,2)

5
3 5 8 11 8 5 2

P (10,3)

7
3 6 10 14 10 6 3

P (10,4)

5
2 5 8 11 8 5 3

P (10,5)

4
2 4 6 8 5 3 2

P (10,6)

2
1 2 3 4 3 1 1

P (10,7)

4
1 3 5 7 5 3 1

P (10,8)

2
0 2 3 4 3 2 1

P (11,1)

4
1 3 6 8 6 4 2

P (11,2)

6
2 5 8 12 9 6 3

P (11,3)

7
3 7 11 15 11 7 3

P (11,4)

6
3 6 9 12 8 5 2

P (11,5)

4
2 4 6 8 6 3 1

P (11,6)

2
1 2 3 4 3 2 0

P (11,7)

3
2 4 6 8 6 4 2

P (11,8)

2
2 3 4 5 3 2 1

P (12,1)

4
2 5 7 9 6 4 2

P (12,2)

6
3 6 10 13 9 6 3

P (12,3)

8
4 8 12 17 12 8 4

P (12,4)

6
3 6 9 13 10 6 3

P (12,5)

4
2 4 6 9 7 5 2

P (12,6)

2
1 2 3 5 4 3 2

P (12,7)

5
2 4 6 9 6 4 2

P (12,8)

3
1 2 3 5 4 2 1

P (13,1)

5
3 5 7 10 7 4 2

P (13,2)

7
3 7 10 14 10 6 3

P (13,3)

9
4 8 13 18 13 8 4

P (13,4)

7
3 6 10 14 10 7 3

P (13,5)

5
2 4 7 10 7 5 3

P (13,6)

3
1 2 4 5 3 2 1

P (13,7)

4
2 4 7 9 7 4 2

P (13,8)

2
1 2 4 5 4 3 1

P (14,1)

5
2 4 7 10 8 5 2

P (14,2)

7
4 7 11 15 11 7 3

P (14,3)

9
4 9 14 19 14 9 4

P (14,4)

7
3 7 11 15 11 7 4

P (14,5)

5
2 5 8 10 7 4 2

P (14,6)

2
1 3 4 5 4 2 1

P (14,7)

5
2 5 7 10 7 5 2

P (14,8)

● ● ●

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1
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Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: ∂I(n,1) = 1, for n ≥ 0.

I(0,1) ∶ −

I(1,1) ∶ −

I(2,1) ∶ −

I(3,1) ∶ (I(0,5), P (0,8)), (I(0,6), P (1,1)), (I(0,7),R1
1(1)), (I(0,8), P (0,7))

I(4,1) ∶ (I(0,1),R2
0(1)), (I(0,2), P (2,1)), (I(0,3), P (0,6)), (I(1,6), P (0,1)), (I(1,7),R4

1(1))

I(5,1) ∶ (I(0,8), P (2,7)), (I(1,1),R1
0(1)), (I(1,2), P (1,1)), (I(2,7),R3

1(1))

I(6,1) ∶ (I(0,1),R2
1(2)), (I(0,6), P (4,1)), (I(0,7),R2

∞(1)), (I(1,8), P (1,7)), (I(2,1),R3
0(1))

(I(2,2), P (0,1)), (I(3,7),R2
1(1))

I(7,1) ∶ (I(1,1),R1
1(2)), (I(1,6), P (3,1)), (I(1,7),R1

∞(1)), (I(2,8), P (0,7)), (I(3,1),R2
0(1))

(I(4,7),R1
1(1))

I(8,1) ∶ (I(0,1),R1
0(2)), (I(2,1),R4

1(2)), (I(2,6), P (2,1)), (I(2,7),R2
∞(1)), (I(4,1),R1

0(1))

(I(5,7),R4
1(1))

I(9,1) ∶ (I(0,7),R3
1(3)), (I(1,1),R3

0(2)), (I(3,1),R3
1(2)), (I(3,6), P (1,1)), (I(3,7),R1

∞(1))

(I(5,1),R3
0(1)), (I(6,7),R3

1(1))

I(10,1) ∶ (I(1,7),R2
1(3)), (I(2,1),R2

0(2)), (I(4,1),R2
1(2)), (I(4,6), P (0,1)), (I(4,7),R2

∞(1))

(I(6,1),R2
0(1)), (I(7,7),R2

1(1))

I(11,1) ∶ (I(2,7),R1
1(3)), (I(3,1),R1

0(2)), (I(5,1),R1
1(2)), (I(5,7),R1

∞(1)), (I(7,1),R1
0(1))

(I(8,7),R1
1(1))

I(12,1) ∶ (I(3,7),R4
1(3)), (I(4,1),R3

0(2)), (I(6,1),R4
1(2)), (I(6,7),R2

∞(1)), (I(8,1),R3
0(1))

(I(9,7),R4
1(1)), (2I(0,1), P (11,1))

I(n,1) ∶ (I(n − 9,7),R(−n+15)mod 4+1
1 (3)), (I(n − 8,1),R(−n+14)mod 3+1

0 (2)), (I(n − 6,1),R(−n+15)mod 4+1
1 (2))

(I(n − 6,7),R(−n+13)mod 2+1
∞ (1)), (I(n − 4,1),R(−n+14)mod 3+1

0 (1)), (I(n − 3,7),R(−n+15)mod 4+1
1 (1))

((v + 1)I, vP ), n > 12

Modules of the form I(n,2)

Defect: ∂I(n,2) = 2, for n ≥ 0.

I(0,2) ∶ (I(0,1), I(1,1))

I(1,2) ∶ (I(1,1), I(2,1))

I(2,2) ∶ (I(0,5), P (1,7)), (I(0,6),R1
0(1)), (I(0,7), I(5,7)), (I(0,8),R2

1(1)), (I(2,1), I(3,1))

I(3,2) ∶ (I(0,1), I(7,1)), (I(0,2),R1
1(2)), (I(1,5), P (0,7)), (I(1,6),R3

0(1)), (I(1,7), I(6,7))
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(I(1,8),R1
1(1)), (I(3,1), I(4,1))

I(4,2) ∶ (I(1,1), I(8,1)), (I(1,2),R4
1(2)), (I(2,6),R2

0(1)), (I(2,7), I(7,7)), (I(2,8),R4
1(1))

(I(4,1), I(5,1))

I(5,2) ∶ (I(0,7), I(11,7)), (I(2,1), I(9,1)), (I(2,2),R3
1(2)), (I(3,6),R1

0(1)), (I(3,7), I(8,7))

(I(3,8),R3
1(1)), (I(5,1), I(6,1))

I(n,2) ∶ (I(n − 5,7), I(n + 6,7)), (I(n − 3,1), I(n + 4,1)), (I(n − 3,2),R(−n+7)mod 4+1
1 (2))

(I(n − 2,6),R(−n+5)mod 3+1
0 (1)), (I(n − 2,7), I(n + 3,7)), (I(n − 2,8),R(−n+7)mod 4+1

1 (1))

(I(n,1), I(n + 1,1)), n > 5

Modules of the form I(n,3)

Defect: ∂I(n,3) = 3, for n ≥ 0.

I(0,3) ∶ (I(0,1), I(1,2)), (I(0,2), I(2,1))

I(1,3) ∶ (I(0,5),R3
1(1)), (I(0,6), I(5,1)), (I(0,7), I(2,8)), (I(0,8), I(4,7)), (I(1,1), I(2,2))

(I(1,2), I(3,1))

I(2,3) ∶ (I(0,1), I(4,6)), (I(1,5),R2
1(1)), (I(1,6), I(6,1)), (I(1,7), I(3,8)), (I(1,8), I(5,7))

(I(2,1), I(3,2)), (I(2,2), I(4,1))

I(n,3) ∶ (I(n − 2,1), I(n + 2,6)), (I(n − 1,5),R(−n+3)mod 4+1
1 (1)), (I(n − 1,6), I(n + 4,1))

(I(n − 1,7), I(n + 1,8)), (I(n − 1,8), I(n + 3,7)), (I(n,1), I(n + 1,2))

(I(n,2), I(n + 2,1)), n > 2

Modules of the form I(n,4)

Defect: ∂I(n,4) = 4, for n ≥ 0.

I(0,4) ∶ (I(0,1), I(1,3)), (I(0,2), I(2,2)), (I(0,3), I(3,1)), (I(0,5), I(3,7)), (I(0,6), I(2,6))

(I(0,7), I(1,5)), (I(0,8), I(1,8))

I(n,4) ∶ (I(n,1), I(n + 1,3)), (I(n,2), I(n + 2,2)), (I(n,3), I(n + 3,1))

(I(n,5), I(n + 3,7)), (I(n,6), I(n + 2,6)), (I(n,7), I(n + 1,5))

(I(n,8), I(n + 1,8)), n > 0

Modules of the form I(n,5)

Defect: ∂I(n,5) = 3, for n ≥ 0.

I(0,5) ∶ (I(0,6), I(2,7)), (I(0,7), I(1,6))
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I(1,5) ∶ (I(0,1), I(2,8)), (I(0,2), I(5,7)), (I(0,3),R1
1(1)), (I(0,8), I(4,1)), (I(1,6), I(3,7))

(I(1,7), I(2,6))

I(2,5) ∶ (I(0,7), I(4,2)), (I(1,1), I(3,8)), (I(1,2), I(6,7)), (I(1,3),R4
1(1)), (I(1,8), I(5,1))

(I(2,6), I(4,7)), (I(2,7), I(3,6))

I(n,5) ∶ (I(n − 2,7), I(n + 2,2)), (I(n − 1,1), I(n + 1,8)), (I(n − 1,2), I(n + 4,7))

(I(n − 1,3),R(−n+5)mod 4+1
1 (1)), (I(n − 1,8), I(n + 3,1)), (I(n,6), I(n + 2,7))

(I(n,7), I(n + 1,6)), n > 2

Modules of the form I(n,6)

Defect: ∂I(n,6) = 2, for n ≥ 0.

I(0,6) ∶ (I(0,7), I(1,7))

I(1,6) ∶ (I(1,7), I(2,7))

I(2,6) ∶ (I(0,1), I(5,1)), (I(0,2),R1
0(1)), (I(0,3), P (1,1)), (I(0,8),R4

1(1)), (I(2,7), I(3,7))

I(3,6) ∶ (I(0,6),R3
1(2)), (I(0,7), I(7,7)), (I(1,1), I(6,1)), (I(1,2),R3

0(1)), (I(1,3), P (0,1))

(I(1,8),R3
1(1)), (I(3,7), I(4,7))

I(4,6) ∶ (I(1,6),R2
1(2)), (I(1,7), I(8,7)), (I(2,1), I(7,1)), (I(2,2),R2

0(1)), (I(2,8),R2
1(1))

(I(4,7), I(5,7))

I(5,6) ∶ (I(0,1), I(11,1)), (I(2,6),R1
1(2)), (I(2,7), I(9,7)), (I(3,1), I(8,1)), (I(3,2),R1

0(1))

(I(3,8),R1
1(1)), (I(5,7), I(6,7))

I(n,6) ∶ (I(n − 5,1), I(n + 6,1)), (I(n − 3,6),R(−n+5)mod 4+1
1 (2)), (I(n − 3,7), I(n + 4,7))

(I(n − 2,1), I(n + 3,1)), (I(n − 2,2),R(−n+5)mod 3+1
0 (1)), (I(n − 2,8),R(−n+5)mod 4+1

1 (1))

(I(n,7), I(n + 1,7)), n > 5

Modules of the form I(n,7)

Defect: ∂I(n,7) = 1, for n ≥ 0.

I(0,7) ∶ −

I(1,7) ∶ −

I(2,7) ∶ −

I(3,7) ∶ (I(0,1),R3
1(1)), (I(0,2), P (1,7)), (I(0,3), P (0,8)), (I(0,8), P (0,1))

I(4,7) ∶ (I(0,5), P (0,2)), (I(0,6), P (2,7)), (I(0,7),R2
0(1)), (I(1,1),R2

1(1)), (I(1,2), P (0,7))

I(5,7) ∶ (I(0,8), P (2,1)), (I(1,6), P (1,7)), (I(1,7),R1
0(1)), (I(2,1),R1

1(1))

I(6,7) ∶ (I(0,1),R1
∞(1)), (I(0,2), P (4,7)), (I(0,7),R4

1(2)), (I(1,8), P (1,1)), (I(2,6), P (0,7))
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(I(2,7),R3
0(1)), (I(3,1),R4

1(1))

I(7,7) ∶ (I(1,1),R2
∞(1)), (I(1,2), P (3,7)), (I(1,7),R3

1(2)), (I(2,8), P (0,1)), (I(3,7),R2
0(1))

(I(4,1),R3
1(1))

I(8,7) ∶ (I(0,7),R1
0(2)), (I(2,1),R1

∞(1)), (I(2,2), P (2,7)), (I(2,7),R2
1(2)), (I(4,7),R1

0(1))

(I(5,1),R2
1(1))

I(9,7) ∶ (I(0,1),R1
1(3)), (I(1,7),R3

0(2)), (I(3,1),R2
∞(1)), (I(3,2), P (1,7)), (I(3,7),R1

1(2))

(I(5,7),R3
0(1)), (I(6,1),R1

1(1))

I(10,7) ∶ (I(1,1),R4
1(3)), (I(2,7),R2

0(2)), (I(4,1),R1
∞(1)), (I(4,2), P (0,7)), (I(4,7),R4

1(2))

(I(6,7),R2
0(1)), (I(7,1),R4

1(1))

I(11,7) ∶ (I(2,1),R3
1(3)), (I(3,7),R1

0(2)), (I(5,1),R2
∞(1)), (I(5,7),R3

1(2)), (I(7,7),R1
0(1))

(I(8,1),R3
1(1))

I(12,7) ∶ (I(3,1),R2
1(3)), (I(4,7),R3

0(2)), (I(6,1),R1
∞(1)), (I(6,7),R2

1(2)), (I(8,7),R3
0(1))

(I(9,1),R2
1(1)), (2I(0,7), P (11,7))

I(n,7) ∶ (I(n − 9,1),R(−n+13)mod 4+1
1 (3)), (I(n − 8,7),R(−n+14)mod 3+1

0 (2)), (I(n − 6,1),R(−n+12)mod 2+1
∞ (1))

(I(n − 6,7),R(−n+13)mod 4+1
1 (2)), (I(n − 4,7),R(−n+14)mod 3+1

0 (1)), (I(n − 3,1),R(−n+13)mod 4+1
1 (1))

((v + 1)I, vP ), n > 12

Modules of the form I(n,8)

Defect: ∂I(n,8) = 2, for n ≥ 0.

I(0,8) ∶ −

I(1,8) ∶ (I(0,1), I(4,7)), (I(0,2),R2
1(1)), (I(0,3), P (0,7)), (I(0,5), P (0,1)), (I(0,6),R4

1(1))

(I(0,7), I(4,1))

I(2,8) ∶ (I(0,8),R2
0(1)), (I(1,1), I(5,7)), (I(1,2),R1

1(1)), (I(1,6),R3
1(1)), (I(1,7), I(5,1))

I(3,8) ∶ (I(0,1), I(8,7)), (I(0,7), I(8,1)), (I(1,8),R1
0(1)), (I(2,1), I(6,7)), (I(2,2),R4

1(1))

(I(2,6),R2
1(1)), (I(2,7), I(6,1))

I(n,8) ∶ (I(n − 3,1), I(n + 5,7)), (I(n − 3,7), I(n + 5,1)), (I(n − 2,8),R(−n+3)mod 3+1
0 (1))

(I(n − 1,1), I(n + 3,7)), (I(n − 1,2),R(−n+6)mod 4+1
1 (1)), (I(n − 1,6),R(−n+4)mod 4+1

1 (1))

(I(n − 1,7), I(n + 3,1)), n > 3
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0
1 0 0 0 0 0 0

I(0,1)

0
1 1 0 0 0 0 0

I(0,2)

0
1 1 1 0 0 0 0

I(0,3)

1
1 1 1 1 1 1 1

I(0,4)

0
0 0 0 0 1 1 1

I(0,5)

0
0 0 0 0 0 1 1

I(0,6)

0
0 0 0 0 0 0 1

I(0,7)

1
0 0 0 0 0 0 0

I(0,8)

0
0 1 0 0 0 0 0

I(1,1)

0
0 1 1 0 0 0 0

I(1,2)

1
0 1 1 1 1 1 1

I(1,3)

1
1 2 2 2 2 2 1

I(1,4)

1
1 1 1 1 1 1 0

I(1,5)

0
0 0 0 0 1 1 0

I(1,6)

0
0 0 0 0 0 1 0

I(1,7)

0
1 1 1 1 1 1 1

I(1,8)

0
0 0 1 0 0 0 0

I(2,1)

1
0 0 1 1 1 1 1

I(2,2)

1
1 1 2 2 2 2 1

I(2,3)

2
1 2 3 3 3 2 1

I(2,4)

1
1 2 2 2 2 1 1

I(2,5)

1
1 1 1 1 1 0 0

I(2,6)

0
0 0 0 0 1 0 0

I(2,7)

1
0 1 1 1 1 1 0

I(2,8)

1
0 0 0 1 1 1 1

I(3,1)

1
1 1 1 2 2 2 1

I(3,2)

2
1 2 2 3 3 2 1

I(3,3)

3
2 3 4 5 4 3 2

I(3,4)

2
1 2 3 3 2 2 1

I(3,5)

1
1 2 2 2 1 1 1

I(3,6)

1
1 1 1 1 0 0 0

I(3,7)

1
1 1 2 2 2 1 1

I(3,8)

0
1 1 1 1 1 1 0

I(4,1)

1
1 2 2 2 2 1 0

I(4,2)

2
2 3 4 4 3 2 1

I(4,3)

3
2 4 5 6 5 4 2

I(4,4)

2
1 2 3 4 4 3 2

I(4,5)

1
0 1 2 2 2 2 1

I(4,6)

0
0 1 1 1 1 1 1

I(4,7)

2
1 2 2 3 2 2 1

I(4,8)

● ● ●

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ
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● ● ●

● ● ●

1
0 1 1 1 1 0 0

I(5,1)

2
1 2 3 3 2 1 1

I(5,2)

3
1 3 4 5 4 3 2

I(5,3)

4
2 4 6 7 6 4 2

I(5,4)

3
2 3 4 5 4 3 1

I(5,5)

2
1 1 2 3 3 2 1

I(5,6)

1
0 0 1 1 1 1 0

I(5,7)

1
1 2 3 3 3 2 1

I(5,8)

1
1 1 2 2 1 1 1

I(6,1)

2
1 2 3 4 3 3 2

I(6,2)

3
2 3 5 6 5 4 2

I(6,3)

5
3 5 7 9 7 5 3

I(6,4)

3
2 4 5 6 5 3 2

I(6,5)

2
2 3 3 4 3 2 1

I(6,6)

1
1 1 1 2 2 1 1

I(6,7)

3
1 2 3 4 3 2 1

I(6,8)

1
0 1 1 2 2 2 1

I(7,1)

2
1 2 3 4 4 3 1

I(7,2)

4
2 4 5 7 6 4 2

I(7,3)

5
3 6 8 10 8 6 3

I(7,4)

4
2 4 6 7 5 4 2

I(7,5)

2
1 3 4 4 3 2 1

I(7,6)

1
1 2 2 2 1 1 0

I(7,7)

2
2 3 4 5 4 3 2

I(7,8)

1
1 1 2 2 2 1 0

I(8,1)

3
2 3 4 5 4 2 1

I(8,2)

4
3 5 7 8 6 4 2

I(8,3)

6
3 6 9 11 9 6 3

I(8,4)

4
2 4 6 8 7 5 3

I(8,5)

3
1 2 4 5 4 3 2

I(8,6)

1
0 1 2 2 2 1 1

I(8,7)

3
1 3 4 5 4 3 1

I(8,8)

2
1 2 2 3 2 1 1

I(9,1)

3
2 4 5 6 4 3 2

I(9,2)

5
2 5 7 9 7 5 3

I(9,3)

7
4 7 10 13 10 7 4

I(9,4)

5
3 5 7 9 7 5 2

I(9,5)

3
2 3 4 6 5 4 2

I(9,6)

2
1 1 2 3 2 2 1

I(9,7)

3
2 3 5 6 5 3 2

I(9,8)

● ● ●

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ
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● ● ●

● ● ●

1
1 2 3 3 2 2 1

I(10,1)

3
1 3 5 6 5 4 2

I(10,2)

5
3 5 8 10 8 6 3

I(10,3)

7
4 8 11 14 11 8 4

I(10,4)

5
3 6 8 10 8 5 3

I(10,5)

3
2 4 5 6 5 3 1

I(10,6)

1
1 2 2 3 3 2 1

I(10,7)

4
2 4 5 7 5 4 2

I(10,8)

2
0 1 2 3 3 2 1

I(11,1)

4
2 3 5 7 6 4 2

I(11,2)

6
3 6 8 11 9 6 3

I(11,3)

8
4 8 12 15 12 8 4

I(11,4)

6
3 6 9 11 8 6 3

I(11,5)

4
2 4 6 7 5 3 2

I(11,6)

2
1 2 3 3 2 1 0

I(11,7)

3
2 4 6 7 6 4 2

I(11,8)

2
2 2 3 4 3 2 1

I(12,1)

4
3 5 6 8 6 4 2

I(12,2)

6
4 7 10 12 9 6 3

I(12,3)

9
5 9 13 17 13 9 5

I(12,4)

6
3 6 9 12 10 7 4

I(12,5)

4
2 4 6 8 6 5 3

I(12,6)

2
1 2 3 4 3 2 2

I(12,7)

5
2 4 6 8 6 4 2

I(12,8)

2
1 3 3 4 3 2 1

I(13,1)

4
2 5 7 8 6 4 2

I(13,2)

7
3 7 10 13 10 7 4

I(13,3)

9
5 10 14 18 14 10 5

I(13,4)

7
4 7 10 13 10 7 3

I(13,5)

4
2 4 6 8 7 5 2

I(13,6)

2
1 2 3 4 3 3 1

I(13,7)

4
3 5 7 9 7 5 3

I(13,8)

2
1 2 4 4 3 2 1

I(14,1)

5
2 4 7 9 7 5 3

I(14,2)

7
4 7 11 14 11 8 4

I(14,3)

10
5 10 15 19 15 10 5

I(14,4)

7
4 8 11 14 11 7 4

I(14,5)

5
3 5 7 9 7 4 2

I(14,6)

2
1 2 3 4 4 2 1

I(14,7)

5
2 5 7 9 7 5 2

I(14,8)

● ● ●

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ
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Schofield pairs associated to regular exceptional modules

The non-homogeneous tube T ∆(Ẽ7)
1

R1
1(1) ∶ (I(0,8), P (0,6)), (I(1,6), P (0,8)), (I(1,7), P (1,1))

R1
1(2) ∶ (R2

1(1),R1
1(1)), (I(5,7), P (0,7)), (I(1,6), P (1,6)), (I(3,1), P (2,1)), (I(1,7), P (4,7))

R2
1(1) ∶ (I(0,5), P (0,3)), (I(2,1), P (0,7)), (I(0,6), P (1,8)), (I(0,7), P (2,1))

R2
1(2) ∶ (R3

1(1),R2
1(1)), (I(2,2), P (0,2)), (I(4,7), P (1,7)), (I(0,6), P (2,6)), (I(2,1), P (3,1))

(I(0,7), P (5,7))

R3
1(1) ∶ (I(0,8), P (0,2)), (I(1,2), P (0,8)), (I(1,1), P (1,7))

R3
1(2) ∶ (R4

1(1),R3
1(1)), (I(5,1), P (0,1)), (I(1,2), P (1,2)), (I(3,7), P (2,7)), (I(1,1), P (4,1))

R4
1(1) ∶ (I(2,7), P (0,1)), (I(0,3), P (0,5)), (I(0,2), P (1,8)), (I(0,1), P (2,7))

R4
1(2) ∶ (R1

1(1),R4
1(1)), (I(2,6), P (0,6)), (I(4,1), P (1,1)), (I(0,2), P (2,2)), (I(2,7), P (3,7))

(I(0,1), P (5,1))

R4
1(3) ∶ (R1

1(2),R4
1(1)), (R2

1(1),R4
1(2)), (I(8,1), P (0,7)), (I(6,7), P (2,1)), (I(4,1), P (4,7))

(I(2,7), P (6,1)), (I(0,1), P (8,7))

R1
1(3) ∶ (R2

1(2),R1
1(1)), (R3

1(1),R1
1(2)), (I(7,1), P (1,7)), (I(5,7), P (3,1)), (I(3,1), P (5,7))

(I(1,7), P (7,1))

R2
1(3) ∶ (R3

1(2),R2
1(1)), (R4

1(1),R2
1(2)), (I(8,7), P (0,1)), (I(6,1), P (2,7)), (I(4,7), P (4,1))

(I(2,1), P (6,7)), (I(0,7), P (8,1))

R3
1(3) ∶ (R4

1(2),R3
1(1)), (R1

1(1),R3
1(2)), (I(7,7), P (1,1)), (I(5,1), P (3,7)), (I(3,7), P (5,1))

(I(1,1), P (7,7))

T ∆(Ẽ7)
1

1
0 0 0 1 1 1 0

R1
1(1) 0

0 0 1 1 1 1 1

R2
1(1) 1

0 1 1 1 0 0 0

R3
1(1) 0

1 1 1 1 1 0 0

R4
1(1) 1

0 0 0 1 1 1 0

R1
1(1)

1
0 0 1 2 2 2 1

R1
1(2) 1

0 1 2 2 1 1 1

R2
1(2) 1

1 2 2 2 1 0 0

R3
1(2) 1

1 1 1 2 2 1 0

R4
1(2)

1
1 1 2 3 3 2 1

R4
1(3) 2

0 1 2 3 2 2 1

R1
1(3) 1

1 2 3 3 2 1 1

R2
1(3) 2

1 2 2 3 2 1 0

R3
1(3) 1

1 1 2 3 3 2 1

R4
1(3)

2
1 2 3 4 3 2 1

R4
1(4) 2

1 2 3 4 3 2 1

R1
1(4) 2

1 2 3 4 3 2 1

R2
1(4) 2

1 2 3 4 3 2 1

R3
1(4)

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1
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The non-homogeneous tube T ∆(Ẽ7)
0

R1
0(1) ∶ (I(2,1), P (1,1)), (I(2,7), P (1,7)), (I(0,8), P (1,8))

R1
0(2) ∶ (R2

0(1),R1
0(1)), (I(5,1), P (2,1)), (I(5,7), P (2,7)), (I(2,1), P (5,1)), (I(2,7), P (5,7))

R2
0(1) ∶ (I(1,6), P (0,2)), (I(1,2), P (0,6)), (I(1,1), P (2,1)), (I(1,7), P (2,7))

R2
0(2) ∶ (R3

0(1),R2
0(1)), (I(7,1), P (0,1)), (I(7,7), P (0,7)), (I(4,1), P (3,1)), (I(4,7), P (3,7))

(I(1,1), P (6,1)), (I(1,7), P (6,7))

R3
0(1) ∶ (I(3,1), P (0,1)), (I(3,7), P (0,7)), (I(1,8), P (0,8)), (I(0,6), P (1,2)), (I(0,2), P (1,6))

(I(0,1), P (3,1)), (I(0,7), P (3,7))

R3
0(2) ∶ (R1

0(1),R3
0(1)), (I(6,1), P (1,1)), (I(6,7), P (1,7)), (I(3,1), P (4,1)), (I(3,7), P (4,7))

(I(0,1), P (7,1)), (I(0,7), P (7,7))

T ∆(Ẽ7)
0

1
0 0 1 1 1 0 0

R1
0(1) 0

0 1 1 1 1 1 0

R2
0(1) 1

1 1 1 2 1 1 1

R3
0(1) 1

0 0 1 1 1 0 0

R1
0(1)

1
0 1 2 2 2 1 0

R1
0(2) 1

1 2 2 3 2 2 1

R2
0(2) 2

1 1 2 3 2 1 1

R3
0(2)

2
1 2 3 4 3 2 1

R3
0(3) 2

1 2 3 4 3 2 1

R1
0(3) 2

1 2 3 4 3 2 1

R2
0(3) 2

1 2 3 4 3 2 1

R3
0(3)

3
2 3 4 6 4 3 2

R3
0(4) 3

1 2 4 5 4 2 1

R1
0(4) 2

1 3 4 5 4 3 1

R2
0(4)

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

The non-homogeneous tube T ∆(Ẽ7)
∞

R1
∞(1) ∶ (I(5,1), P (0,7)), (I(4,7), P (1,1)), (I(3,1), P (2,7)), (I(2,7), P (3,1)), (I(1,1), P (4,7))

(I(0,7), P (5,1))

R2
∞(1) ∶ (I(5,7), P (0,1)), (I(4,1), P (1,7)), (I(3,7), P (2,1)), (I(2,1), P (3,7)), (I(1,7), P (4,1))

(I(0,1), P (5,7))
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T ∆(Ẽ7)
∞

1
0 1 1 2 2 1 1

R1
∞
(1)

1
1 1 2 2 1 1 0

R2
∞
(1)

1
0 1 1 2 2 1 1

R1
∞
(1)

2
1 2 3 4 3 2 1

R1
∞
(2)

2
1 2 3 4 3 2 1

R2
∞
(2)

3
2 3 5 6 4 3 1

R2
∞
(3)

3
1 3 4 6 5 3 2

R1
∞
(3)

3
2 3 5 6 4 3 1

R2
∞
(3)

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1

A.16 Schofield pairs for the quiver ∆(Ẽ8) – δ = 3
2 4 6 5 4 3 2 1

9

��
1 // 2 // 3 4oo 5oo 6oo 7oo 8oo

C∆(Ẽ8) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0 0

1 1 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1

0 0 0 1 1 1 1 1 0

0 0 0 0 1 1 1 1 0

0 0 0 0 0 1 1 1 0

0 0 0 0 0 0 1 1 0

0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Φ∆(Ẽ8) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 −1 1 0 0 0 0 1

1 0 −1 1 0 0 0 0 1

0 1 −1 1 0 0 0 0 1

0 1 −1 0 1 0 0 0 1

0 1 −1 0 0 1 0 0 1

0 1 −1 0 0 0 1 0 1

0 1 −1 0 0 0 0 1 1

0 1 −1 0 0 0 0 0 1

0 1 −1 1 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Schofield pairs associated to preprojective exceptional modules

Modules of the form P (n,1)

Defect: ∂P (n,1) = −2, for n ≥ 0.

P (0,1) ∶ (I(0,1), P (0,2)), (I(0,2), P (0,3))

P (1,1) ∶ (I(0,9), P (0,4)), (I(4,8), P (0,9))

P (2,1) ∶ (I(3,7), P (0,2)), (I(1,1), P (0,5)), (I(3,8), P (1,9))

P (3,1) ∶ (R1
1(1), P (0,1)), (I(5,8), P (0,6)), (I(8,8), P (0,9)), (I(2,7), P (1,2)), (I(0,1), P (1,5))

(I(2,8), P (2,9))

P (4,1) ∶ (R4
1(1), P (0,7)), (R2

1(1), P (1,1)), (I(4,8), P (1,6)), (I(7,8), P (1,9)), (I(1,7), P (2,2))
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(I(1,8), P (3,9))

P (5,1) ∶ (R1
0(1), P (0,1)), (P (7,8), P (0,8)), (R5

1(1), P (1,7)), (R3
1(1), P (2,1)), (I(3,8), P (2,6))

(I(6,8), P (2,9)), (I(0,7), P (3,2)), (I(0,8), P (4,9))

P (6,1) ∶ (R2
0(1), P (1,1)), (P (8,8), P (1,8)), (R1

1(1), P (2,7)), (R4
1(1), P (3,1)), (I(2,8), P (3,6))

(I(5,8), P (3,9))

P (7,1) ∶ (R4
1(2), P (0,7)), (R3

0(1), P (2,1)), (P (9,8), P (2,8)), (R2
1(1), P (3,7)), (R5

1(1), P (4,1))

(I(1,8), P (4,6)), (I(4,8), P (4,9))

P (8,1) ∶ (P (13,8), P (0,8)), (R5
1(2), P (1,7)), (R1

0(1), P (3,1)), (P (10,8), P (3,8)), (R3
1(1), P (4,7))

(R1
1(1), P (5,1)), (I(0,8), P (5,6)), (I(3,8), P (5,9))

P (9,1) ∶ (P (14,8), P (1,8)), (R1
1(2), P (2,7)), (R2

0(1), P (4,1)), (P (11,8), P (4,8)), (R4
1(1), P (5,7))

(R2
1(1), P (6,1)), (I(2,8), P (6,9))

P (10,1) ∶ (P (17,8), P (0,8)), (P (15,8), P (2,8)), (R2
1(2), P (3,7)), (R3

0(1), P (5,1)), (P (12,8), P (5,8))

(R5
1(1), P (6,7)), (R3

1(1), P (7,1)), (I(1,8), P (7,9))

P (11,1) ∶ (P (18,8), P (1,8)), (P (16,8), P (3,8)), (R3
1(2), P (4,7)), (R1

0(1), P (6,1)), (P (13,8), P (6,8))

(R1
1(1), P (7,7)), (R4

1(1), P (8,1)), (I(0,8), P (8,9))

P (12,1) ∶ (P (19,8), P (2,8)), (P (17,8), P (4,8)), (R4
1(2), P (5,7)), (R2

0(1), P (7,1)), (P (14,8), P (7,8))

(R2
1(1), P (8,7)), (R5

1(1), P (9,1))

P (13,1) ∶ (P (23,8), P (0,8)), (P (20,8), P (3,8)), (P (18,8), P (5,8)), (R5
1(2), P (6,7)), (R3

0(1), P (8,1))

(P (15,8), P (8,8)), (R3
1(1), P (9,7)), (R1

1(1), P (10,1))

P (n,1) ∶ (P (n + 10,8), P (n − 13,8)), (P (n + 7,8), P (n − 10,8)), (P (n + 5,8), P (n − 8,8))

(R(n−9)mod 5+1
1 (2), P (n − 7,7)), (R(n−11)mod 3+1

0 (1), P (n − 5,1)), (P (n + 2,8), P (n − 5,8))

(R(n−11)mod 5+1
1 (1), P (n − 4,7)), (R(n−13)mod 5+1

1 (1), P (n − 3,1)), n > 13

Modules of the form P (n,2)

Defect: ∂P (n,2) = −4, for n ≥ 0.

P (0,2) ∶ (I(1,1), P (0,3))

P (1,2) ∶ (P (1,1), P (0,1)), (I(5,8), P (0,4)), (P (2,8), P (0,9)), (I(0,1), P (1,3))

P (2,2) ∶ (R4
1(1), P (0,5)), (P (2,1), P (1,1)), (I(4,8), P (1,4)), (P (3,8), P (1,9))

P (3,2) ∶ (P (4,7), P (0,1)), (P (7,8), P (0,6)), (R5
1(1), P (1,5)), (P (3,1), P (2,1)), (I(3,8), P (2,4))

(P (4,8), P (2,9))

P (4,2) ∶ (P (6,1), P (0,7)), (P (5,7), P (1,1)), (P (8,8), P (1,6)), (R1
1(1), P (2,5)), (P (4,1), P (3,1))

(I(2,8), P (3,4)), (P (5,8), P (3,9))

P (5,2) ∶ (P (6,9), P (0,8)), (P (7,1), P (1,7)), (P (6,7), P (2,1)), (P (9,8), P (2,6)), (R2
1(1), P (3,5))

(P (5,1), P (4,1)), (I(1,8), P (4,4)), (P (6,8), P (4,9))
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P (6,2) ∶ (P (7,9), P (1,8)), (P (8,1), P (2,7)), (P (7,7), P (3,1)), (P (10,8), P (3,6)), (R3
1(1), P (4,5))

(P (6,1), P (5,1)), (I(0,8), P (5,4)), (P (7,8), P (5,9))

P (7,2) ∶ (P (8,9), P (2,8)), (P (9,1), P (3,7)), (P (8,7), P (4,1)), (P (11,8), P (4,6)), (R4
1(1), P (5,5))

(P (7,1), P (6,1)), (P (8,8), P (6,9))

P (8,2) ∶ (P (9,6), P (0,8)), (P (9,9), P (3,8)), (P (10,1), P (4,7)), (P (9,7), P (5,1)), (P (12,8), P (5,6))

(R5
1(1), P (6,5)), (P (8,1), P (7,1)), (P (9,8), P (7,9))

P (n,2) ∶ (P (n + 1,6), P (n − 8,8)), (P (n + 1,9), P (n − 5,8)), (P (n + 2,1), P (n − 4,7))

(P (n + 1,7), P (n − 3,1)), (P (n + 4,8), P (n − 3,6)), (R(n−4)mod 5+1
1 (1), P (n − 2,5))

(P (n,1), P (n − 1,1)), (P (n + 1,8), P (n − 1,9)), n > 8

Modules of the form P (n,3)

Defect: ∂P (n,3) = −6, for n ≥ 0.

P (0,3) ∶ −

P (1,3) ∶ (P (1,1), P (0,2)), (P (1,8), P (0,4)), (P (1,9), P (0,9))

P (2,3) ∶ (P (2,2), P (0,1)), (P (2,7), P (0,5)), (P (2,1), P (1,2)), (P (2,8), P (1,4)), (P (2,9), P (1,9))

P (3,3) ∶ (P (3,6), P (0,6)), (P (3,2), P (1,1)), (P (3,7), P (1,5)), (P (3,1), P (2,2)), (P (3,8), P (2,4))

(P (3,9), P (2,9))

P (4,3) ∶ (P (4,5), P (0,7)), (P (4,6), P (1,6)), (P (4,2), P (2,1)), (P (4,7), P (2,5)), (P (4,1), P (3,2))

(P (4,8), P (3,4)), (P (4,9), P (3,9))

P (5,3) ∶ (P (5,4), P (0,8)), (P (5,5), P (1,7)), (P (5,6), P (2,6)), (P (5,2), P (3,1)), (P (5,7), P (3,5))

(P (5,1), P (4,2)), (P (5,8), P (4,4)), (P (5,9), P (4,9))

P (n,3) ∶ (P (n,4), P (n − 5,8)), (P (n,5), P (n − 4,7)), (P (n,6), P (n − 3,6))

(P (n,2), P (n − 2,1)), (P (n,7), P (n − 2,5)), (P (n,1), P (n − 1,2))

(P (n,8), P (n − 1,4)), (P (n,9), P (n − 1,9)), n > 5

Modules of the form P (n,4)

Defect: ∂P (n,4) = −5, for n ≥ 0.

P (0,4) ∶ (I(4,8), P (0,3))

P (1,4) ∶ (P (3,8), P (0,2)), (P (1,8), P (0,5)), (P (2,1), P (0,9)), (I(3,8), P (1,3))

P (2,4) ∶ (P (3,9), P (0,1)), (P (2,7), P (0,6)), (P (4,8), P (1,2)), (P (2,8), P (1,5)), (P (3,1), P (1,9))

(I(2,8), P (2,3))

P (3,4) ∶ (P (3,6), P (0,7)), (P (4,9), P (1,1)), (P (3,7), P (1,6)), (P (5,8), P (2,2)), (P (3,8), P (2,5))
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(P (4,1), P (2,9)), (I(1,8), P (3,3))

P (4,4) ∶ (P (4,5), P (0,8)), (P (4,6), P (1,7)), (P (5,9), P (2,1)), (P (4,7), P (2,6)), (P (6,8), P (3,2))

(P (4,8), P (3,5)), (P (5,1), P (3,9)), (I(0,8), P (4,3))

P (5,4) ∶ (P (5,5), P (1,8)), (P (5,6), P (2,7)), (P (6,9), P (3,1)), (P (5,7), P (3,6)), (P (7,8), P (4,2))

(P (5,8), P (4,5)), (P (6,1), P (4,9))

P (6,4) ∶ (P (7,2), P (0,8)), (P (6,5), P (2,8)), (P (6,6), P (3,7)), (P (7,9), P (4,1)), (P (6,7), P (4,6))

(P (8,8), P (5,2)), (P (6,8), P (5,5)), (P (7,1), P (5,9))

P (n,4) ∶ (P (n + 1,2), P (n − 6,8)), (P (n,5), P (n − 4,8)), (P (n,6), P (n − 3,7))

(P (n + 1,9), P (n − 2,1)), (P (n,7), P (n − 2,6)), (P (n + 2,8), P (n − 1,2))

(P (n,8), P (n − 1,5)), (P (n + 1,1), P (n − 1,9)), n > 6

Modules of the form P (n,5)

Defect: ∂P (n,5) = −4, for n ≥ 0.

P (0,5) ∶ (I(3,7), P (0,3)), (I(3,8), P (0,4))

P (1,5) ∶ (R1
1(1), P (0,2)), (P (1,8), P (0,6)), (P (4,8), P (0,9)), (I(2,7), P (1,3)), (I(2,8), P (1,4))

P (2,5) ∶ (P (4,1), P (0,1)), (P (2,7), P (0,7)), (R2
1(1), P (1,2)), (P (2,8), P (1,6)), (P (5,8), P (1,9))

(I(1,7), P (2,3)), (I(1,8), P (2,4))

P (3,5) ∶ (P (3,6), P (0,8)), (P (5,1), P (1,1)), (P (3,7), P (1,7)), (R3
1(1), P (2,2)), (P (3,8), P (2,6))

(P (6,8), P (2,9)), (I(0,7), P (3,3)), (I(0,8), P (3,4))

P (4,5) ∶ (P (4,6), P (1,8)), (P (6,1), P (2,1)), (P (4,7), P (2,7)), (R4
1(1), P (3,2)), (P (4,8), P (3,6))

(P (7,8), P (3,9))

P (5,5) ∶ (P (8,7), P (0,7)), (P (5,6), P (2,8)), (P (7,1), P (3,1)), (P (5,7), P (3,7)), (R5
1(1), P (4,2))

(P (5,8), P (4,6)), (P (8,8), P (4,9))

P (6,5) ∶ (P (8,9), P (0,8)), (P (9,7), P (1,7)), (P (6,6), P (3,8)), (P (8,1), P (4,1)), (P (6,7), P (4,7))

(R1
1(1), P (5,2)), (P (6,8), P (5,6)), (P (9,8), P (5,9))

P (n,5) ∶ (P (n + 2,9), P (n − 6,8)), (P (n + 3,7), P (n − 5,7)), (P (n,6), P (n − 3,8))

(P (n + 2,1), P (n − 2,1)), (P (n,7), P (n − 2,7)), (R(n−6)mod 5+1
1 (1), P (n − 1,2))

(P (n,8), P (n − 1,6)), (P (n + 3,8), P (n − 1,9)), n > 6

Modules of the form P (n,6)

Defect: ∂P (n,6) = −3, for n ≥ 0.

P (0,6) ∶ (I(2,6), P (0,3)), (I(2,7), P (0,4)), (I(2,8), P (0,5))
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P (1,6) ∶ (I(7,8), P (0,2)), (P (1,8), P (0,7)), (R2
1(1), P (0,9)), (I(1,6), P (1,3)), (I(1,7), P (1,4))

(I(1,8), P (1,5))

P (2,6) ∶ (P (6,8), P (0,1)), (P (2,7), P (0,8)), (I(6,8), P (1,2)), (P (2,8), P (1,7)), (R3
1(1), P (1,9))

(I(0,6), P (2,3)), (I(0,7), P (2,4)), (I(0,8), P (2,5))

P (3,6) ∶ (P (7,8), P (1,1)), (P (3,7), P (1,8)), (I(5,8), P (2,2)), (P (3,8), P (2,7)), (R4
1(1), P (2,9))

P (4,6) ∶ (R4
1(2), P (0,6)), (P (8,8), P (2,1)), (P (4,7), P (2,8)), (I(4,8), P (3,2)), (P (4,8), P (3,7))

(R5
1(1), P (3,9))

P (5,6) ∶ (P (13,8), P (0,7)), (R5
1(2), P (1,6)), (P (9,8), P (3,1)), (P (5,7), P (3,8)), (I(3,8), P (4,2))

(P (5,8), P (4,7)), (R1
1(1), P (4,9))

P (6,6) ∶ (P (9,1), P (0,8)), (P (14,8), P (1,7)), (R1
1(2), P (2,6)), (P (10,8), P (4,1)), (P (6,7), P (4,8))

(I(2,8), P (5,2)), (P (6,8), P (5,7)), (R2
1(1), P (5,9))

P (7,6) ∶ (P (10,1), P (1,8)), (P (15,8), P (2,7)), (R2
1(2), P (3,6)), (P (11,8), P (5,1)), (P (7,7), P (5,8))

(I(1,8), P (6,2)), (P (7,8), P (6,7)), (R3
1(1), P (6,9))

P (8,6) ∶ (P (11,1), P (2,8)), (P (16,8), P (3,7)), (R3
1(2), P (4,6)), (P (12,8), P (6,1)), (P (8,7), P (6,8))

(I(0,8), P (7,2)), (P (8,8), P (7,7)), (R4
1(1), P (7,9))

P (9,6) ∶ (P (12,1), P (3,8)), (P (17,8), P (4,7)), (R4
1(2), P (5,6)), (P (13,8), P (7,1)), (P (9,7), P (7,8))

(P (9,8), P (8,7)), (R5
1(1), P (8,9))

P (10,6) ∶ (P (14,7), P (0,8)), (P (13,1), P (4,8)), (P (18,8), P (5,7)), (R5
1(2), P (6,6)), (P (14,8), P (8,1))

(P (10,7), P (8,8)), (P (10,8), P (9,7)), (R1
1(1), P (9,9))

P (n,6) ∶ (P (n + 4,7), P (n − 10,8)), (P (n + 3,1), P (n − 6,8)), (P (n + 8,8), P (n − 5,7))

(R(n−6)mod 5+1
1 (2), P (n − 4,6)), (P (n + 4,8), P (n − 2,1)), (P (n,7), P (n − 2,8))

(P (n,8), P (n − 1,7)), (R(n−10)mod 5+1
1 (1), P (n − 1,9)), n > 10

Modules of the form P (n,7)

Defect: ∂P (n,7) = −2, for n ≥ 0.

P (0,7) ∶ (I(1,5), P (0,3)), (I(1,6), P (0,4)), (I(1,7), P (0,5)), (I(1,8), P (0,6))

P (1,7) ∶ (I(2,1), P (0,2)), (P (1,8), P (0,8)), (I(6,8), P (0,9)), (I(0,5), P (1,3)), (I(0,6), P (1,4))

(I(0,7), P (1,5)), (I(0,8), P (1,6))

P (2,7) ∶ (R4
1(1), P (0,1)), (I(1,1), P (1,2)), (P (2,8), P (1,8)), (I(5,8), P (1,9))

P (3,7) ∶ (I(4,7), P (0,5)), (R5
1(1), P (1,1)), (I(0,1), P (2,2)), (P (3,8), P (2,8)), (I(4,8), P (2,9))

P (4,7) ∶ (I(9,8), P (0,6)), (I(3,7), P (1,5)), (R1
1(1), P (2,1)), (P (4,8), P (3,8)), (I(3,8), P (3,9))

P (5,7) ∶ (R1
1(2), P (0,1)), (R2

0(1), P (0,7)), (I(8,8), P (1,6)), (I(2,7), P (2,5)), (R2
1(1), P (3,1))

(P (5,8), P (4,8)), (I(2,8), P (4,9))

P (6,7) ∶ (P (11,8), P (0,8)), (R2
1(2), P (1,1)), (R3

0(1), P (1,7)), (I(7,8), P (2,6)), (I(1,7), P (3,5))
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(R3
1(1), P (4,1)), (P (6,8), P (5,8)), (I(1,8), P (5,9))

P (7,7) ∶ (P (12,8), P (1,8)), (R3
1(2), P (2,1)), (R1

0(1), P (2,7)), (I(6,8), P (3,6)), (I(0,7), P (4,5))

(R4
1(1), P (5,1)), (P (7,8), P (6,8)), (I(0,8), P (6,9))

P (8,7) ∶ (P (13,8), P (2,8)), (R4
1(2), P (3,1)), (R2

0(1), P (3,7)), (I(5,8), P (4,6)), (R5
1(1), P (6,1))

(P (8,8), P (7,8))

P (9,7) ∶ (R4
1(3), P (0,7)), (P (14,8), P (3,8)), (R5

1(2), P (4,1)), (R3
0(1), P (4,7)), (I(4,8), P (5,6))

(R1
1(1), P (7,1)), (P (9,8), P (8,8))

P (10,7) ∶ (P (19,8), P (0,8)), (R5
1(3), P (1,7)), (P (15,8), P (4,8)), (R1

1(2), P (5,1)), (R1
0(1), P (5,7))

(I(3,8), P (6,6)), (R2
1(1), P (8,1)), (P (10,8), P (9,8))

P (11,7) ∶ (P (20,8), P (1,8)), (R1
1(3), P (2,7)), (P (16,8), P (5,8)), (R2

1(2), P (6,1)), (R2
0(1), P (6,7))

(I(2,8), P (7,6)), (R3
1(1), P (9,1)), (P (11,8), P (10,8))

P (12,7) ∶ (P (21,8), P (2,8)), (R2
1(3), P (3,7)), (P (17,8), P (6,8)), (R3

1(2), P (7,1)), (R3
0(1), P (7,7))

(I(1,8), P (8,6)), (R4
1(1), P (10,1)), (P (12,8), P (11,8))

P (13,7) ∶ (P (22,8), P (3,8)), (R3
1(3), P (4,7)), (P (18,8), P (7,8)), (R4

1(2), P (8,1)), (R1
0(1), P (8,7))

(I(0,8), P (9,6)), (R5
1(1), P (11,1)), (P (13,8), P (12,8))

P (14,7) ∶ (P (23,8), P (4,8)), (R4
1(3), P (5,7)), (P (19,8), P (8,8)), (R5

1(2), P (9,1)), (R2
0(1), P (9,7))

(R1
1(1), P (12,1)), (P (14,8), P (13,8))

P (15,7) ∶ (P (29,8), P (0,8)), (P (24,8), P (5,8)), (R5
1(3), P (6,7)), (P (20,8), P (9,8)), (R1

1(2), P (10,1))

(R3
0(1), P (10,7)), (R2

1(1), P (13,1)), (P (15,8), P (14,8))

P (n,7) ∶ (P (n + 14,8), P (n − 15,8)), (P (n + 9,8), P (n − 10,8)), (R(n−11)mod 5+1
1 (3), P (n − 9,7))

(P (n + 5,8), P (n − 6,8)), (R(n−15)mod 5+1
1 (2), P (n − 5,1)), (R(n−13)mod 3+1

0 (1), P (n − 5,7))

(R(n−14)mod 5+1
1 (1), P (n − 2,1)), (P (n,8), P (n − 1,8)), n > 15

Modules of the form P (n,8)

Defect: ∂P (n,8) = −1, for n ≥ 0.

P (0,8) ∶ (I(0,4), P (0,3)), (I(0,5), P (0,4)), (I(0,6), P (0,5)), (I(0,7), P (0,6)), (I(0,8), P (0,7))

P (1,8) ∶ (I(0,9), P (0,2)), (I(1,1), P (0,9))

P (2,8) ∶ (I(4,8), P (0,1)), (I(0,2), P (0,4)), (I(0,1), P (1,9))

P (3,8) ∶ (I(0,9), P (0,5)), (I(3,7), P (0,9)), (I(3,8), P (1,1))

P (4,8) ∶ (I(2,6), P (0,2)), (I(1,1), P (0,6)), (I(2,7), P (1,9)), (I(2,8), P (2,1))

P (5,8) ∶ (I(7,8), P (0,1)), (I(5,8), P (0,7)), (I(3,1), P (0,9)), (I(1,6), P (1,2)), (I(0,1), P (1,6))

(I(1,7), P (2,9)), (I(1,8), P (3,1))

P (6,8) ∶ (R4
1(1), P (0,8)), (I(6,8), P (1,1)), (I(4,8), P (1,7)), (I(2,1), P (1,9)), (I(0,6), P (2,2))
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(I(0,7), P (3,9)), (I(0,8), P (4,1))

P (7,8) ∶ (I(9,8), P (0,1)), (R5
1(1), P (1,8)), (I(5,8), P (2,1)), (I(3,8), P (2,7)), (I(1,1), P (2,9))

P (8,8) ∶ (I(4,7), P (0,6)), (I(8,8), P (1,1)), (R1
1(1), P (2,8)), (I(4,8), P (3,1)), (I(2,8), P (3,7))

(I(0,1), P (3,9))

P (9,8) ∶ (I(9,8), P (0,7)), (I(3,7), P (1,6)), (I(7,8), P (2,1)), (R2
1(1), P (3,8)), (I(3,8), P (4,1))

(I(1,8), P (4,7))

P (10,8) ∶ (I(12,8), P (0,1)), (R2
0(1), P (0,8)), (I(8,8), P (1,7)), (I(2,7), P (2,6)), (I(6,8), P (3,1))

(R3
1(1), P (4,8)), (I(2,8), P (5,1)), (I(0,8), P (5,7))

P (11,8) ∶ (I(11,8), P (1,1)), (R3
0(1), P (1,8)), (I(7,8), P (2,7)), (I(1,7), P (3,6)), (I(5,8), P (4,1))

(R4
1(1), P (5,8)), (I(1,8), P (6,1))

P (12,8) ∶ (R4
1(2), P (0,8)), (I(10,8), P (2,1)), (R1

0(1), P (2,8)), (I(6,8), P (3,7)), (I(0,7), P (4,6))

(I(4,8), P (5,1)), (R5
1(1), P (6,8)), (I(0,8), P (7,1))

P (13,8) ∶ (R5
1(2), P (1,8)), (I(9,8), P (3,1)), (R2

0(1), P (3,8)), (I(5,8), P (4,7)), (I(3,8), P (6,1))

(R1
1(1), P (7,8))

P (14,8) ∶ (I(14,8), P (0,7)), (R1
1(2), P (2,8)), (I(8,8), P (4,1)), (R3

0(1), P (4,8)), (I(4,8), P (5,7))

(I(2,8), P (7,1)), (R2
1(1), P (8,8))

P (15,8) ∶ (R1
∞(1), P (0,8)), (I(13,8), P (1,7)), (R2

1(2), P (3,8)), (I(7,8), P (5,1)), (R1
0(1), P (5,8))

(I(3,8), P (6,7)), (I(1,8), P (8,1)), (R3
1(1), P (9,8))

P (16,8) ∶ (R2
∞(1), P (1,8)), (I(12,8), P (2,7)), (R3

1(2), P (4,8)), (I(6,8), P (6,1)), (R2
0(1), P (6,8))

(I(2,8), P (7,7)), (I(0,8), P (9,1)), (R4
1(1), P (10,8))

P (17,8) ∶ (R1
∞(1), P (2,8)), (I(11,8), P (3,7)), (R4

1(2), P (5,8)), (I(5,8), P (7,1)), (R3
0(1), P (7,8))

(I(1,8), P (8,7)), (R5
1(1), P (11,8))

P (18,8) ∶ (R4
1(3), P (0,8)), (R2

∞(1), P (3,8)), (I(10,8), P (4,7)), (R5
1(2), P (6,8)), (I(4,8), P (8,1))

(R1
0(1), P (8,8)), (I(0,8), P (9,7)), (R1

1(1), P (12,8))

P (19,8) ∶ (R5
1(3), P (1,8)), (R1

∞(1), P (4,8)), (I(9,8), P (5,7)), (R1
1(2), P (7,8)), (I(3,8), P (9,1))

(R2
0(1), P (9,8)), (R2

1(1), P (13,8))

P (20,8) ∶ (R2
0(2), P (0,8)), (R1

1(3), P (2,8)), (R2
∞(1), P (5,8)), (I(8,8), P (6,7)), (R2

1(2), P (8,8))

(I(2,8), P (10,1)), (R3
0(1), P (10,8)), (R3

1(1), P (14,8))

P (21,8) ∶ (R3
0(2), P (1,8)), (R2

1(3), P (3,8)), (R1
∞(1), P (6,8)), (I(7,8), P (7,7)), (R3

1(2), P (9,8))

(I(1,8), P (11,1)), (R1
0(1), P (11,8)), (R4

1(1), P (15,8))

P (22,8) ∶ (R1
0(2), P (2,8)), (R3

1(3), P (4,8)), (R2
∞(1), P (7,8)), (I(6,8), P (8,7)), (R4

1(2), P (10,8))

(I(0,8), P (12,1)), (R2
0(1), P (12,8)), (R5

1(1), P (16,8))

P (23,8) ∶ (R2
0(2), P (3,8)), (R4

1(3), P (5,8)), (R1
∞(1), P (8,8)), (I(5,8), P (9,7)), (R5

1(2), P (11,8))

(R3
0(1), P (13,8)), (R1

1(1), P (17,8))

P (24,8) ∶ (R4
1(4), P (0,8)), (R3

0(2), P (4,8)), (R5
1(3), P (6,8)), (R2

∞(1), P (9,8)), (I(4,8), P (10,7))
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(R1
1(2), P (12,8)), (R1

0(1), P (14,8)), (R2
1(1), P (18,8))

P (25,8) ∶ (R5
1(4), P (1,8)), (R1

0(2), P (5,8)), (R1
1(3), P (7,8)), (R1

∞(1), P (10,8)), (I(3,8), P (11,7))

(R2
1(2), P (13,8)), (R2

0(1), P (15,8)), (R3
1(1), P (19,8))

P (26,8) ∶ (R1
1(4), P (2,8)), (R2

0(2), P (6,8)), (R2
1(3), P (8,8)), (R2

∞(1), P (11,8)), (I(2,8), P (12,7))

(R3
1(2), P (14,8)), (R3

0(1), P (16,8)), (R4
1(1), P (20,8))

P (27,8) ∶ (R2
1(4), P (3,8)), (R3

0(2), P (7,8)), (R3
1(3), P (9,8)), (R1

∞(1), P (12,8)), (I(1,8), P (13,7))

(R4
1(2), P (15,8)), (R1

0(1), P (17,8)), (R5
1(1), P (21,8))

P (28,8) ∶ (R3
1(4), P (4,8)), (R1

0(2), P (8,8)), (R4
1(3), P (10,8)), (R2

∞(1), P (13,8)), (I(0,8), P (14,7))

(R5
1(2), P (16,8)), (R2

0(1), P (18,8)), (R1
1(1), P (22,8))

P (29,8) ∶ (R4
1(4), P (5,8)), (R2

0(2), P (9,8)), (R5
1(3), P (11,8)), (R1

∞(1), P (14,8)), (R1
1(2), P (17,8))

(R3
0(1), P (19,8)), (R2

1(1), P (23,8))

P (30,8) ∶ (R5
1(4), P (6,8)), (R3

0(2), P (10,8)), (R1
1(3), P (12,8)), (R2

∞(1), P (15,8)), (R2
1(2), P (18,8))

(R1
0(1), P (20,8)), (R3

1(1), P (24,8)), (I(29,8),2P (0,8))

P (n,8) ∶ (R(n−26)mod 5+1
1 (4), P (n − 24,8)), (R(n−28)mod 3+1

0 (2), P (n − 20,8)), (R(n−30)mod 5+1
1 (3), P (n − 18,8))

(R(n−29)mod 2+1
∞ (1), P (n − 15,8)), (R(n−29)mod 5+1

1 (2), P (n − 12,8)), (R(n−30)mod 3+1
0 (1), P (n − 10,8))

(R(n−28)mod 5+1
1 (1), P (n − 6,8)), (uI, (u + 1)P ), n > 30

Modules of the form P (n,9)

Defect: ∂P (n,9) = −3, for n ≥ 0.

P (0,9) ∶ (I(0,9), P (0,3))

P (1,9) ∶ (I(4,8), P (0,2)), (I(1,1), P (0,4))

P (2,9) ∶ (P (3,8), P (0,1)), (I(5,8), P (0,5)), (R5
1(1), P (0,9)), (I(3,8), P (1,2)), (I(0,1), P (1,4))

P (3,9) ∶ (R4
1(1), P (0,6)), (P (4,8), P (1,1)), (I(4,8), P (1,5)), (R1

1(1), P (1,9)), (I(2,8), P (2,2))

P (4,9) ∶ (P (9,8), P (0,1)), (P (7,8), P (0,7)), (R5
1(1), P (1,6)), (P (5,8), P (2,1)), (I(3,8), P (2,5))

(R2
1(1), P (2,9)), (I(1,8), P (3,2))

P (5,9) ∶ (P (6,1), P (0,8)), (P (10,8), P (1,1)), (P (8,8), P (1,7)), (R1
1(1), P (2,6)), (P (6,8), P (3,1))

(I(2,8), P (3,5)), (R3
1(1), P (3,9)), (I(0,8), P (4,2))

P (6,9) ∶ (P (7,1), P (1,8)), (P (11,8), P (2,1)), (P (9,8), P (2,7)), (R2
1(1), P (3,6)), (P (7,8), P (4,1))

(I(1,8), P (4,5)), (R4
1(1), P (4,9))

P (7,9) ∶ (P (8,7), P (0,8)), (P (8,1), P (2,8)), (P (12,8), P (3,1)), (P (10,8), P (3,7)), (R3
1(1), P (4,6))

(P (8,8), P (5,1)), (I(0,8), P (5,5)), (R5
1(1), P (5,9))

P (8,9) ∶ (P (9,7), P (1,8)), (P (9,1), P (3,8)), (P (13,8), P (4,1)), (P (11,8), P (4,7)), (R4
1(1), P (5,6))

(P (9,8), P (6,1)), (R1
1(1), P (6,9))
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P (9,9) ∶ (P (12,1), P (0,8)), (P (10,7), P (2,8)), (P (10,1), P (4,8)), (P (14,8), P (5,1)), (P (12,8), P (5,7))

(R5
1(1), P (6,6)), (P (10,8), P (7,1)), (R2

1(1), P (7,9))

P (n,9) ∶ (P (n + 3,1), P (n − 9,8)), (P (n + 1,7), P (n − 7,8)), (P (n + 1,1), P (n − 5,8))

(P (n + 5,8), P (n − 4,1)), (P (n + 3,8), P (n − 4,7)), (R(n−5)mod 5+1
1 (1), P (n − 3,6))

(P (n + 1,8), P (n − 2,1)), (R(n−8)mod 5+1
1 (1), P (n − 2,9)), n > 9

0
1 1 1 0 0 0 0 0

P (0,1)

0
0 1 1 0 0 0 0 0

P (0,2)

0
0 0 1 0 0 0 0 0

P (0,3)

0
0 0 1 1 0 0 0 0

P (0,4)

0
0 0 1 1 1 0 0 0

P (0,5)

0
0 0 1 1 1 1 0 0

P (0,6)

0
0 0 1 1 1 1 1 0

P (0,7)

0
0 0 1 1 1 1 1 1

P (0,8)

1
0 0 1 0 0 0 0 0

P (0,9)

1
0 0 1 1 0 0 0 0

P (1,1)

1
1 1 2 1 0 0 0 0

P (1,2)

1
0 1 2 1 0 0 0 0

P (1,3)

1
0 1 2 1 1 0 0 0

P (1,4)

1
0 1 2 1 1 1 0 0

P (1,5)

1
0 1 2 1 1 1 1 0

P (1,6)

1
0 1 2 1 1 1 1 1

P (1,7)

1
0 1 1 0 0 0 0 0

P (1,8)

0
0 1 1 1 0 0 0 0

P (1,9)

0
0 1 1 1 1 0 0 0

P (2,1)

1
0 1 2 2 1 0 0 0

P (2,2)

1
1 2 3 2 1 0 0 0

P (2,3)

1
1 2 3 2 1 1 0 0

P (2,4)

1
1 2 3 2 1 1 1 0

P (2,5)

1
1 2 3 2 1 1 1 1

P (2,6)

1
1 2 2 1 0 0 0 0

P (2,7)

0
1 1 1 1 0 0 0 0

P (2,8)

1
1 1 2 1 1 0 0 0

P (2,9)

1
1 1 2 1 1 1 0 0

P (3,1)

1
1 2 3 2 2 1 0 0

P (3,2)

2
1 2 4 3 2 1 0 0

P (3,3)

2
1 2 4 3 2 1 1 0

P (3,4)

2
1 2 4 3 2 1 1 1

P (3,5)

2
1 2 3 2 1 0 0 0

P (3,6)

1
1 1 2 2 1 0 0 0

P (3,7)

1
0 0 1 1 1 0 0 0

P (3,8)

1
0 1 2 2 1 1 0 0

P (3,9)

● ● ●

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1
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● ● ●

● ● ●

1
0 1 2 2 1 1 1 0

P (4,1)

2
1 2 4 3 2 2 1 0

P (4,2)

2
1 3 5 4 3 2 1 0

P (4,3)

2
1 3 5 4 3 2 1 1

P (4,4)

2
1 3 4 3 2 1 0 0

P (4,5)

1
1 2 3 3 2 1 0 0

P (4,6)

1
0 1 2 2 2 1 0 0

P (4,7)

0
0 1 1 1 1 1 0 0

P (4,8)

1
1 2 3 2 2 1 1 0

P (4,9)

1
1 2 3 2 2 1 1 1

P (5,1)

2
1 3 5 4 3 2 2 1

P (5,2)

3
2 4 7 5 4 3 2 1

P (5,3)

3
2 4 6 4 3 2 1 0

P (5,4)

2
2 3 5 4 3 2 1 0

P (5,5)

2
1 2 4 3 3 2 1 0

P (5,6)

1
1 2 3 2 2 2 1 0

P (5,7)

1
1 1 2 1 1 1 1 0

P (5,8)

2
1 2 4 3 2 2 1 1

P (5,9)

2
1 2 3 2 1 1 0 0

P (6,1)

3
2 4 6 4 3 2 1 1

P (6,2)

4
2 5 8 6 4 3 2 1

P (6,3)

3
2 4 7 6 4 3 2 1

P (6,4)

3
1 3 6 5 4 3 2 1

P (6,5)

2
1 3 5 4 3 3 2 1

P (6,6)

2
1 2 4 3 2 2 2 1

P (6,7)

1
0 1 2 2 1 1 1 1

P (6,8)

2
1 3 4 3 2 1 1 0

P (6,9)

1
1 2 3 3 2 1 1 0

P (7,1)

3
2 4 6 5 3 2 1 0

P (7,2)

4
3 6 9 7 5 3 2 1

P (7,3)

4
2 5 8 6 5 3 2 1

P (7,4)

3
2 5 7 5 4 3 2 1

P (7,5)

3
2 4 6 4 3 2 2 1

P (7,6)

2
1 3 4 3 2 1 1 1

P (7,7)

1
1 2 2 1 1 0 0 0

P (7,8)

2
2 3 5 4 3 2 1 1

P (7,9)

● ● ●

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1
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● ● ●

● ● ●

2
1 2 4 3 3 2 1 1

P (8,1)

3
2 4 7 6 5 3 2 1

P (8,2)

5
3 6 10 8 6 4 2 1

P (8,3)

4
3 6 9 7 5 4 2 1

P (8,4)

4
3 5 8 6 4 3 2 1

P (8,5)

3
2 4 6 5 3 2 1 1

P (8,6)

2
2 3 4 3 2 1 0 0

P (8,7)

1
1 1 2 2 1 1 0 0

P (8,8)

3
1 3 5 4 3 2 1 0

P (8,9)

2
1 3 4 3 2 2 1 0

P (9,1)

4
2 5 8 6 5 4 2 1

P (9,2)

5
3 7 11 9 7 5 3 1

P (9,3)

5
3 6 10 8 6 4 3 1

P (9,4)

4
2 5 8 7 5 3 2 1

P (9,5)

3
2 4 6 5 4 2 1 0

P (9,6)

2
1 2 4 4 3 2 1 0

P (9,7)

1
0 1 2 2 2 1 1 0

P (9,8)

2
2 4 6 5 4 3 2 1

P (9,9)

2
2 3 5 4 3 2 2 1

P (10,1)

4
3 6 9 7 5 4 3 1

P (10,2)

6
4 8 13 10 8 6 4 2

P (10,3)

5
3 7 11 9 7 5 3 2

P (10,4)

4
3 6 9 7 6 4 2 1

P (10,5)

3
2 4 7 6 5 4 2 1

P (10,6)

2
1 3 5 4 4 3 2 1

P (10,7)

1
1 2 3 2 2 2 1 1

P (10,8)

4
2 4 7 5 4 3 2 1

P (10,9)

3
1 3 5 4 3 2 1 1

P (11,1)

5
3 6 10 8 6 4 3 2

P (11,2)

7
4 9 14 11 8 6 4 2

P (11,3)

6
4 8 12 9 7 5 3 1

P (11,4)

5
3 6 10 8 6 5 3 1

P (11,5)

4
2 5 8 6 5 4 3 1

P (11,6)

3
2 4 6 4 3 3 2 1

P (11,7)

2
1 2 3 2 1 1 1 0

P (11,8)

3
2 5 7 6 4 3 2 1

P (11,9)

● ● ●

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1
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● ● ●

● ● ●

2
2 4 5 4 3 2 1 0

P (12,1)

5
3 7 10 8 6 4 2 1

P (12,2)

7
5 10 15 12 9 6 4 2

P (12,3)

6
4 8 13 11 8 6 4 2

P (12,4)

5
3 7 11 9 7 5 4 2

P (12,5)

4
3 6 9 7 5 4 3 2

P (12,6)

3
2 4 6 5 3 2 2 1

P (12,7)

1
1 2 3 3 2 1 1 1

P (12,8)

4
3 5 8 6 5 3 2 1

P (12,9)

3
2 3 6 5 4 3 2 1

P (13,1)

5
4 7 11 9 7 5 3 1

P (13,2)

8
5 10 16 13 10 7 4 2

P (13,3)

7
4 9 14 11 9 6 4 2

P (13,4)

6
4 8 12 9 7 5 3 2

P (13,5)

5
3 6 9 7 5 3 2 1

P (13,6)

3
2 4 6 5 4 2 1 1

P (13,7)

2
1 2 3 2 2 1 0 0

P (13,8)

4
2 5 8 7 5 4 2 1

P (13,9)

3
1 4 6 5 4 3 2 1

P (14,1)

6
3 7 12 10 8 6 4 2

P (14,2)

8
5 11 17 14 11 8 5 2

P (14,3)

7
5 10 15 12 9 7 4 2

P (14,4)

6
4 8 12 10 7 5 3 1

P (14,5)

4
3 6 9 8 6 4 2 1

P (14,6)

3
2 4 6 5 4 3 1 0

P (14,7)

1
1 2 3 3 2 2 1 0

P (14,8)

4
3 6 9 7 6 4 3 1

P (14,9)

3
3 5 7 5 4 3 2 1

P (15,1)

6
4 9 13 10 8 6 4 2

P (15,2)

9
6 12 19 15 12 9 6 3

P (15,3)

8
5 10 16 13 10 7 5 2

P (15,4)

6
4 8 13 11 9 6 4 2

P (15,5)

5
3 6 10 8 7 5 3 1

P (15,6)

3
2 4 7 6 5 4 3 1

P (15,7)

2
1 2 4 3 3 2 2 1

P (15,8)

5
3 6 10 8 6 5 3 2

P (15,9)

● ● ●

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1
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● ● ●

● ● ●

4
2 4 7 6 4 3 2 1

P (16,1)

7
5 9 14 11 8 6 4 2

P (16,2)

10
6 13 20 16 12 9 6 3

P (16,3)

8
5 11 17 14 11 8 5 3

P (16,4)

7
4 9 14 11 9 7 4 2

P (16,5)

5
3 7 11 9 7 6 4 2

P (16,6)

4
2 5 8 6 5 4 3 2

P (16,7)

2
1 3 4 3 2 2 1 1

P (16,8)

5
3 7 10 8 6 4 3 1

P (16,9)

3
2 5 7 6 5 3 2 1

P (17,1)

7
4 9 14 12 9 6 4 2

P (17,2)

10
7 14 21 17 13 9 6 3

P (17,3)

9
6 12 18 14 11 8 5 2

P (17,4)

7
5 10 15 12 9 7 5 2

P (17,5)

6
4 8 12 9 7 5 4 2

P (17,6)

4
3 6 8 6 4 3 2 1

P (17,7)

2
2 3 4 3 2 1 1 0

P (17,8)

5
4 7 11 9 7 5 3 2

P (17,9)

4
3 5 8 6 5 4 2 1

P (18,1)

7
5 10 15 12 10 7 4 2

P (18,2)

11
7 14 22 18 14 10 6 3

P (18,3)

9
6 12 19 16 12 9 6 3

P (18,4)

8
5 10 16 13 10 7 5 3

P (18,5)

6
4 8 12 10 7 5 3 2

P (18,6)

4
3 5 8 7 5 3 2 1

P (18,7)

2
1 2 4 4 3 2 1 1

P (18,8)

6
3 7 11 9 7 5 3 1

P (18,9)

4
2 5 8 7 5 4 3 1

P (19,1)

8
5 10 16 13 10 8 5 2

P (19,2)

11
7 15 23 19 15 11 7 3

P (19,3)

10
6 13 20 16 13 9 6 3

P (19,4)

8
5 11 16 13 10 7 4 2

P (19,5)

6
4 8 12 10 8 5 3 1

P (19,6)

4
2 5 8 7 6 4 2 1

P (19,7)

2
1 3 4 3 3 2 1 0

P (19,8)

5
4 8 12 10 8 6 4 2

P (19,9)

● ● ●

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1
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● ● ●

● ● ●

4
3 6 9 7 6 4 3 2

P (20,1)

8
5 11 17 14 11 8 6 3

P (20,2)

12
8 16 25 20 16 12 8 4

P (20,3)

10
7 14 21 17 13 10 6 3

P (20,4)

8
6 11 17 14 11 8 5 2

P (20,5)

6
4 8 13 11 9 7 4 2

P (20,6)

4
3 6 9 7 6 5 3 1

P (20,7)

2
2 3 5 4 3 3 2 1

P (20,8)

7
4 8 13 10 8 6 4 2

P (20,9)

5
3 6 9 7 5 4 2 1

P (21,1)

9
6 12 18 14 11 8 5 3

P (21,2)

13
8 17 26 21 16 12 8 4

P (21,3)

11
7 14 22 18 14 10 7 3

P (21,4)

9
5 11 18 15 12 9 6 3

P (21,5)

7
4 9 14 11 9 7 5 2

P (21,6)

5
3 6 10 8 6 5 4 2

P (21,7)

3
1 3 5 4 3 2 2 1

P (21,8)

6
4 9 13 11 8 6 4 2

P (21,9)

4
3 6 9 8 6 4 3 1

P (22,1)

9
6 12 18 15 11 8 5 2

P (22,2)

13
9 18 27 22 17 12 8 4

P (22,3)

11
7 15 23 19 15 11 7 4

P (22,4)

9
6 13 19 15 12 9 6 3

P (22,5)

7
5 10 15 12 9 7 5 3

P (22,6)

5
3 7 10 8 6 4 3 2

P (22,7)

2
2 4 5 4 3 2 1 1

P (22,8)

7
5 9 14 11 9 6 4 2

P (22,9)

5
3 6 10 8 7 5 3 2

P (23,1)

9
6 12 19 16 13 9 6 3

P (23,2)

14
9 18 28 23 18 13 8 4

P (23,3)

12
8 16 24 19 15 11 7 3

P (23,4)

10
7 13 20 16 12 9 6 3

P (23,5)

8
5 10 15 12 9 6 4 2

P (23,6)

5
4 7 10 8 6 4 2 1

P (23,7)

3
2 3 5 4 3 2 1 0

P (23,8)

7
4 9 14 12 9 7 4 2

P (23,9)

● ● ●

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1
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● ● ●

● ● ●

5
3 7 10 8 6 5 3 1

P (24,1)

10
6 13 20 16 13 10 6 3

P (24,2)

14
9 19 29 24 19 14 9 4

P (24,3)

12
8 16 25 21 16 12 8 4

P (24,4)

10
6 13 20 17 13 9 6 3

P (24,5)

7
5 10 15 13 10 7 4 2

P (24,6)

5
3 6 10 9 7 5 3 1

P (24,7)

2
1 3 5 5 4 3 2 1

P (24,8)

7
5 10 15 12 10 7 5 2

P (24,9)

5
4 7 11 9 7 5 4 2

P (25,1)

10
7 14 21 17 13 10 7 3

P (25,2)

15
10 20 31 25 20 15 10 5

P (25,3)

13
8 17 26 21 17 12 8 4

P (25,4)

10
7 14 21 17 14 10 6 3

P (25,5)

8
5 10 16 13 11 8 5 2

P (25,6)

5
3 7 11 9 8 6 4 2

P (25,7)

3
2 4 6 4 4 3 2 1

P (25,8)

8
5 10 16 13 10 8 5 3

P (25,9)

6
3 7 11 9 7 5 3 2

P (26,1)

11
7 14 22 18 14 10 7 4

P (26,2)

16
10 21 32 26 20 15 10 5

P (26,3)

13
9 18 27 22 17 13 8 4

P (26,4)

11
7 14 22 18 14 11 7 3

P (26,5)

8
5 11 17 14 11 9 6 3

P (26,6)

6
4 8 12 9 7 6 4 2

P (26,7)

3
2 4 6 5 3 3 2 1

P (26,8)

8
5 11 16 13 10 7 5 2

P (26,9)

5
4 8 11 9 7 5 3 1

P (27,1)

11
7 15 22 18 14 10 6 3

P (27,2)

16
11 22 33 27 21 15 10 5

P (27,3)

14
9 18 28 23 18 13 9 4

P (27,4)

11
7 15 23 19 15 11 8 4

P (27,5)

9
6 12 18 14 11 8 6 3

P (27,6)

6
4 8 12 10 7 5 4 2

P (27,7)

3
2 4 6 5 4 2 2 1

P (27,8)

8
6 11 17 14 11 8 5 3

P (27,9)

● ● ●

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1
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● ● ●

● ● ●

6
4 7 12 10 8 6 4 2

P (28,1)

11
8 15 23 19 15 11 7 3

P (28,2)

17
11 22 34 28 22 16 10 5

P (28,3)

14
9 19 29 24 19 14 9 5

P (28,4)

12
8 16 24 19 15 11 7 4

P (28,5)

9
6 12 18 15 11 8 5 3

P (28,6)

6
4 8 12 10 8 5 3 2

P (28,7)

3
2 4 6 5 4 3 1 1

P (28,8)

9
5 11 17 14 11 8 5 2

P (28,9)

6
3 8 12 10 8 6 4 2

P (29,1)

12
7 15 24 20 16 12 8 4

P (29,2)

17
11 23 35 29 23 17 11 5

P (29,3)

15
10 20 30 24 19 14 9 4

P (29,4)

12
8 16 24 20 15 11 7 3

P (29,5)

9
6 12 18 15 12 8 5 2

P (29,6)

6
4 8 12 10 8 6 3 1

P (29,7)

3
2 4 6 5 4 3 2 0

P (29,8)

8
6 12 18 15 12 9 6 3

P (29,9)

6
5 9 13 10 8 6 4 2

P (30,1)

12
8 17 25 20 16 12 8 4

P (30,2)

18
12 24 37 30 24 18 12 6

P (30,3)

15
10 20 31 26 20 15 10 5

P (30,4)

12
8 16 25 21 17 12 8 4

P (30,5)

9
6 12 19 16 13 10 6 3

P (30,6)

6
4 8 13 11 9 7 5 2

P (30,7)

3
2 4 7 6 5 4 3 2

P (30,8)

10
6 12 19 15 12 9 6 3

P (30,9)

7
4 8 13 11 8 6 4 2

P (31,1)

13
9 17 26 21 16 12 8 4

P (31,2)

19
12 25 38 31 24 18 12 6

P (31,3)

16
10 21 32 26 21 15 10 5

P (31,4)

13
8 17 26 21 17 13 8 4

P (31,5)

10
6 13 20 16 13 10 7 3

P (31,6)

7
4 9 14 11 9 7 5 3

P (31,7)

4
2 5 7 5 4 3 2 1

P (31,8)

9
6 13 19 16 12 9 6 3

P (31,9)

● ● ●

● ● ●

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1
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Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: ∂I(n,1) = 2, for n ≥ 0.

I(0,1) ∶ −

I(1,1) ∶ −

I(2,1) ∶ (I(0,4), P (0,9)), (I(0,5), P (1,1)), (I(0,6), P (3,8)), (I(0,7),R1
1(1)), (I(0,8), I(7,8))

(I(0,9), P (0,8))

I(3,1) ∶ (I(0,1),R2
1(1)), (I(0,2), P (0,7)), (I(1,5), P (0,1)), (I(1,6), P (2,8)), (I(1,7),R5

1(1))

(I(1,8), I(8,8))

I(4,1) ∶ (I(0,9), P (4,8)), (I(1,1),R1
1(1)), (I(2,6), P (1,8)), (I(2,7),R4

1(1)), (I(2,8), I(9,8))

I(5,1) ∶ (I(0,1),R1
0(1)), (I(0,7),R5

1(2)), (I(0,8), I(13,8)), (I(1,9), P (3,8)), (I(2,1),R5
1(1))

(I(3,6), P (0,8)), (I(3,7),R3
1(1)), (I(3,8), I(10,8))

I(6,1) ∶ (I(1,1),R3
0(1)), (I(1,7),R4

1(2)), (I(1,8), I(14,8)), (I(2,9), P (2,8)), (I(3,1),R4
1(1))

(I(4,7),R2
1(1)), (I(4,8), I(11,8))

I(7,1) ∶ (I(0,8), I(17,8)), (I(2,1),R2
0(1)), (I(2,7),R3

1(2)), (I(2,8), I(15,8)), (I(3,9), P (1,8))

(I(4,1),R3
1(1)), (I(5,7),R1

1(1)), (I(5,8), I(12,8))

I(8,1) ∶ (I(1,8), I(18,8)), (I(3,1),R1
0(1)), (I(3,7),R2

1(2)), (I(3,8), I(16,8)), (I(4,9), P (0,8))

(I(5,1),R2
1(1)), (I(6,7),R5

1(1)), (I(6,8), I(13,8))

I(9,1) ∶ (I(2,8), I(19,8)), (I(4,1),R3
0(1)), (I(4,7),R1

1(2)), (I(4,8), I(17,8)), (I(6,1),R1
1(1))

(I(7,7),R4
1(1)), (I(7,8), I(14,8))

I(10,1) ∶ (I(0,8), I(23,8)), (I(3,8), I(20,8)), (I(5,1),R2
0(1)), (I(5,7),R5

1(2)), (I(5,8), I(18,8))

(I(7,1),R5
1(1)), (I(8,7),R3

1(1)), (I(8,8), I(15,8))

I(n,1) ∶ (I(n − 10,8), I(n + 13,8)), (I(n − 7,8), I(n + 10,8)), (I(n − 5,1),R(−n+11)mod 3+1
0 (1))

(I(n − 5,7),R(−n+14)mod 5+1
1 (2)), (I(n − 5,8), I(n + 8,8)), (I(n − 3,1),R(−n+14)mod 5+1

1 (1))

(I(n − 2,7),R(−n+12)mod 5+1
1 (1)), (I(n − 2,8), I(n + 5,8)), n > 10

Modules of the form I(n,2)

Defect: ∂I(n,2) = 4, for n ≥ 0.

I(0,2) ∶ (I(0,1), I(1,1))

I(1,2) ∶ (I(0,4), P (1,8)), (I(0,5),R4
1(1)), (I(0,6), I(9,8)), (I(0,7), I(4,1)), (I(0,8), I(2,9))

(I(0,9), I(6,8)), (I(1,1), I(2,1))

I(2,2) ∶ (I(0,1), I(6,7)), (I(1,4), P (0,8)), (I(1,5),R3
1(1)), (I(1,6), I(10,8)), (I(1,7), I(5,1))

(I(1,8), I(3,9)), (I(1,9), I(7,8)), (I(2,1), I(3,1))
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I(3,2) ∶ (I(1,1), I(7,7)), (I(2,5),R2
1(1)), (I(2,6), I(11,8)), (I(2,7), I(6,1)), (I(2,8), I(4,9))

(I(2,9), I(8,8)), (I(3,1), I(4,1))

I(4,2) ∶ (I(0,8), I(7,6)), (I(2,1), I(8,7)), (I(3,5),R1
1(1)), (I(3,6), I(12,8)), (I(3,7), I(7,1))

(I(3,8), I(5,9)), (I(3,9), I(9,8)), (I(4,1), I(5,1))

I(n,2) ∶ (I(n − 4,8), I(n + 3,6)), (I(n − 2,1), I(n + 4,7)), (I(n − 1,5),R(−n+4)mod 5+1
1 (1))

(I(n − 1,6), I(n + 8,8)), (I(n − 1,7), I(n + 3,1)), (I(n − 1,8), I(n + 1,9))

(I(n − 1,9), I(n + 5,8)), (I(n,1), I(n + 1,1)), n > 4

Modules of the form I(n,3)

Defect: ∂I(n,3) = 6, for n ≥ 0.

I(0,3) ∶ (I(0,1), I(1,2)), (I(0,2), I(2,1)), (I(0,4), I(5,8)), (I(0,5), I(4,7)), (I(0,6), I(3,6))

(I(0,7), I(2,5)), (I(0,8), I(1,4)), (I(0,9), I(1,9))

I(n,3) ∶ (I(n,1), I(n + 1,2)), (I(n,2), I(n + 2,1)), (I(n,4), I(n + 5,8))

(I(n,5), I(n + 4,7)), (I(n,6), I(n + 3,6)), (I(n,7), I(n + 2,5))

(I(n,8), I(n + 1,4)), (I(n,9), I(n + 1,9)), n > 0

Modules of the form I(n,4)

Defect: ∂I(n,4) = 5, for n ≥ 0.

I(0,4) ∶ (I(0,5), I(4,8)), (I(0,6), I(3,7)), (I(0,7), I(2,6)), (I(0,8), I(1,5))

I(1,4) ∶ (I(0,1), I(2,9)), (I(0,2), I(7,8)), (I(0,9), I(3,1)), (I(1,5), I(5,8)), (I(1,6), I(4,7))

(I(1,7), I(3,6)), (I(1,8), I(2,5))

I(2,4) ∶ (I(0,8), I(3,2)), (I(1,1), I(3,9)), (I(1,2), I(8,8)), (I(1,9), I(4,1)), (I(2,5), I(6,8))

(I(2,6), I(5,7)), (I(2,7), I(4,6)), (I(2,8), I(3,5))

I(n,4) ∶ (I(n − 2,8), I(n + 1,2)), (I(n − 1,1), I(n + 1,9)), (I(n − 1,2), I(n + 6,8))

(I(n − 1,9), I(n + 2,1)), (I(n,5), I(n + 4,8)), (I(n,6), I(n + 3,7))

(I(n,7), I(n + 2,6)), (I(n,8), I(n + 1,5)), n > 2

Modules of the form I(n,5)

Defect: ∂I(n,5) = 4, for n ≥ 0.

I(0,5) ∶ (I(0,6), I(3,8)), (I(0,7), I(2,7)), (I(0,8), I(1,6))

I(1,5) ∶ (I(1,6), I(4,8)), (I(1,7), I(3,7)), (I(1,8), I(2,6))
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I(2,5) ∶ (I(0,1), I(4,1)), (I(0,2),R1
1(1)), (I(0,9), I(8,8)), (I(2,6), I(5,8)), (I(2,7), I(4,7))

(I(2,8), I(3,6))

I(3,5) ∶ (I(0,7), I(8,7)), (I(0,8), I(4,9)), (I(1,1), I(5,1)), (I(1,2),R5
1(1)), (I(1,9), I(9,8))

(I(3,6), I(6,8)), (I(3,7), I(5,7)), (I(3,8), I(4,6))

I(n,5) ∶ (I(n − 3,7), I(n + 5,7)), (I(n − 3,8), I(n + 1,9)), (I(n − 2,1), I(n + 2,1))

(I(n − 2,2),R(−n+7)mod 5+1
1 (1)), (I(n − 2,9), I(n + 6,8)), (I(n,6), I(n + 3,8))

(I(n,7), I(n + 2,7)), (I(n,8), I(n + 1,6)), n > 3

Modules of the form I(n,6)

Defect: ∂I(n,6) = 3, for n ≥ 0.

I(0,6) ∶ (I(0,7), I(2,8)), (I(0,8), I(1,7))

I(1,6) ∶ (I(1,7), I(3,8)), (I(1,8), I(2,7))

I(2,6) ∶ (I(2,7), I(4,8)), (I(2,8), I(3,7))

I(3,6) ∶ (I(0,1), I(9,8)), (I(0,2), P (3,8)), (I(0,9),R5
1(1)), (I(3,7), I(5,8)), (I(3,8), I(4,7))

I(4,6) ∶ (I(0,6),R4
1(2)), (I(0,7), I(14,8)), (I(0,8), I(6,1)), (I(1,1), I(10,8)), (I(1,2), P (2,8))

(I(1,9),R4
1(1)), (I(4,7), I(6,8)), (I(4,8), I(5,7))

I(5,6) ∶ (I(1,6),R3
1(2)), (I(1,7), I(15,8)), (I(1,8), I(7,1)), (I(2,1), I(11,8)), (I(2,2), P (1,8))

(I(2,9),R3
1(1)), (I(5,7), I(7,8)), (I(5,8), I(6,7))

I(6,6) ∶ (I(2,6),R2
1(2)), (I(2,7), I(16,8)), (I(2,8), I(8,1)), (I(3,1), I(12,8)), (I(3,2), P (0,8))

(I(3,9),R2
1(1)), (I(6,7), I(8,8)), (I(6,8), I(7,7))

I(7,6) ∶ (I(3,6),R1
1(2)), (I(3,7), I(17,8)), (I(3,8), I(9,1)), (I(4,1), I(13,8)), (I(4,9),R1

1(1))

(I(7,7), I(9,8)), (I(7,8), I(8,7))

I(8,6) ∶ (I(0,8), I(13,7)), (I(4,6),R5
1(2)), (I(4,7), I(18,8)), (I(4,8), I(10,1)), (I(5,1), I(14,8))

(I(5,9),R5
1(1)), (I(8,7), I(10,8)), (I(8,8), I(9,7))

I(n,6) ∶ (I(n − 8,8), I(n + 5,7)), (I(n − 4,6),R(−n+12)mod 5+1
1 (2)), (I(n − 4,7), I(n + 10,8))

(I(n − 4,8), I(n + 2,1)), (I(n − 3,1), I(n + 6,8)), (I(n − 3,9),R(−n+12)mod 5+1
1 (1))

(I(n,7), I(n + 2,8)), (I(n,8), I(n + 1,7)), n > 8

Modules of the form I(n,7)

Defect: ∂I(n,7) = 2, for n ≥ 0.

I(0,7) ∶ (I(0,8), I(1,8))

I(1,7) ∶ (I(1,8), I(2,8))
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I(2,7) ∶ (I(2,8), I(3,8))

I(3,7) ∶ (I(3,8), I(4,8))

I(4,7) ∶ (I(0,1),R4
1(1)), (I(0,2), P (1,1)), (I(0,9), P (2,8)), (I(4,8), I(5,8))

I(5,7) ∶ (I(0,5), P (2,7)), (I(0,6), P (7,8)), (I(0,7),R2
0(1)), (I(0,8), I(11,8)), (I(1,1),R3

1(1))

(I(1,2), P (0,1)), (I(1,9), P (1,8)), (I(5,8), I(6,8))

I(6,7) ∶ (I(1,5), P (1,7)), (I(1,6), P (6,8)), (I(1,7),R1
0(1)), (I(1,8), I(12,8)), (I(2,1),R2

1(1))

(I(2,9), P (0,8)), (I(6,8), I(7,8))

I(7,7) ∶ (I(0,1),R1
1(2)), (I(2,5), P (0,7)), (I(2,6), P (5,8)), (I(2,7),R3

0(1)), (I(2,8), I(13,8))

(I(3,1),R1
1(1)), (I(7,8), I(8,8))

I(8,7) ∶ (I(1,1),R5
1(2)), (I(3,6), P (4,8)), (I(3,7),R2

0(1)), (I(3,8), I(14,8)), (I(4,1),R5
1(1))

(I(8,8), I(9,8))

I(9,7) ∶ (I(0,7),R4
1(3)), (I(0,8), I(19,8)), (I(2,1),R4

1(2)), (I(4,6), P (3,8)), (I(4,7),R1
0(1))

(I(4,8), I(15,8)), (I(5,1),R4
1(1)), (I(9,8), I(10,8))

I(10,7) ∶ (I(1,7),R3
1(3)), (I(1,8), I(20,8)), (I(3,1),R3

1(2)), (I(5,6), P (2,8)), (I(5,7),R3
0(1))

(I(5,8), I(16,8)), (I(6,1),R3
1(1)), (I(10,8), I(11,8))

I(11,7) ∶ (I(2,7),R2
1(3)), (I(2,8), I(21,8)), (I(4,1),R2

1(2)), (I(6,6), P (1,8)), (I(6,7),R2
0(1))

(I(6,8), I(17,8)), (I(7,1),R2
1(1)), (I(11,8), I(12,8))

I(12,7) ∶ (I(3,7),R1
1(3)), (I(3,8), I(22,8)), (I(5,1),R1

1(2)), (I(7,6), P (0,8)), (I(7,7),R1
0(1))

(I(7,8), I(18,8)), (I(8,1),R1
1(1)), (I(12,8), I(13,8))

I(13,7) ∶ (I(4,7),R5
1(3)), (I(4,8), I(23,8)), (I(6,1),R5

1(2)), (I(8,7),R3
0(1)), (I(8,8), I(19,8))

(I(9,1),R5
1(1)), (I(13,8), I(14,8))

I(14,7) ∶ (I(0,8), I(29,8)), (I(5,7),R4
1(3)), (I(5,8), I(24,8)), (I(7,1),R4

1(2)), (I(9,7),R2
0(1))

(I(9,8), I(20,8)), (I(10,1),R4
1(1)), (I(14,8), I(15,8))

I(n,7) ∶ (I(n − 14,8), I(n + 15,8)), (I(n − 9,7),R(−n+17)mod 5+1
1 (3)), (I(n − 9,8), I(n + 10,8))

(I(n − 7,1),R(−n+17)mod 5+1
1 (2)), (I(n − 5,7),R(−n+15)mod 3+1

0 (1)), (I(n − 5,8), I(n + 6,8))

(I(n − 4,1),R(−n+17)mod 5+1
1 (1)), (I(n,8), I(n + 1,8)), n > 14

Modules of the form I(n,8)

Defect: ∂I(n,8) = 1, for n ≥ 0.

I(0,8) ∶ −

I(1,8) ∶ −

I(2,8) ∶ −

I(3,8) ∶ −
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I(4,8) ∶ −

I(5,8) ∶ (I(0,1), P (1,8)), (I(0,2), P (0,9)), (I(0,9), P (0,1))

I(6,8) ∶ (I(0,4), P (0,2)), (I(0,5), P (1,9)), (I(0,6), P (2,1)), (I(0,7), P (4,8)), (I(0,8),R2
1(1))

(I(1,1), P (0,8))

I(7,8) ∶ (I(0,9), P (0,7)), (I(1,5), P (0,9)), (I(1,6), P (1,1)), (I(1,7), P (3,8)), (I(1,8),R1
1(1))

I(8,8) ∶ (I(0,1), P (4,8)), (I(0,2), P (0,6)), (I(2,6), P (0,1)), (I(2,7), P (2,8)), (I(2,8),R5
1(1))

I(9,8) ∶ (I(0,9), P (2,1)), (I(1,1), P (3,8)), (I(3,7), P (1,8)), (I(3,8),R4
1(1))

I(10,8) ∶ (I(0,1), P (6,8)), (I(0,6), P (3,7)), (I(0,7), P (8,8)), (I(0,8),R3
0(1)), (I(1,9), P (1,1))

(I(2,1), P (2,8)), (I(4,7), P (0,8)), (I(4,8),R3
1(1))

I(11,8) ∶ (I(1,1), P (5,8)), (I(1,6), P (2,7)), (I(1,7), P (7,8)), (I(1,8),R2
0(1)), (I(2,9), P (0,1))

(I(3,1), P (1,8)), (I(5,8),R2
1(1))

I(12,8) ∶ (I(0,8),R1
1(2)), (I(2,1), P (4,8)), (I(2,6), P (1,7)), (I(2,7), P (6,8)), (I(2,8),R1

0(1))

(I(4,1), P (0,8)), (I(6,8),R1
1(1))

I(13,8) ∶ (I(0,1), P (9,8)), (I(1,8),R5
1(2)), (I(3,1), P (3,8)), (I(3,6), P (0,7)), (I(3,7), P (5,8))

(I(3,8),R3
0(1)), (I(7,8),R5

1(1))

I(14,8) ∶ (I(1,1), P (8,8)), (I(2,8),R4
1(2)), (I(4,1), P (2,8)), (I(4,7), P (4,8)), (I(4,8),R2

0(1))

(I(8,8),R4
1(1))

I(15,8) ∶ (I(0,7), P (13,8)), (I(0,8),R1
∞(1)), (I(2,1), P (7,8)), (I(3,8),R3

1(2)), (I(5,1), P (1,8))

(I(5,7), P (3,8)), (I(5,8),R1
0(1)), (I(9,8),R3

1(1))

I(16,8) ∶ (I(1,7), P (12,8)), (I(1,8),R2
∞(1)), (I(3,1), P (6,8)), (I(4,8),R2

1(2)), (I(6,1), P (0,8))

(I(6,7), P (2,8)), (I(6,8),R3
0(1)), (I(10,8),R2

1(1))

I(17,8) ∶ (I(2,7), P (11,8)), (I(2,8),R1
∞(1)), (I(4,1), P (5,8)), (I(5,8),R1

1(2)), (I(7,7), P (1,8))

(I(7,8),R2
0(1)), (I(11,8),R1

1(1))

I(18,8) ∶ (I(0,8),R5
1(3)), (I(3,7), P (10,8)), (I(3,8),R2

∞(1)), (I(5,1), P (4,8)), (I(6,8),R5
1(2))

(I(8,7), P (0,8)), (I(8,8),R1
0(1)), (I(12,8),R5

1(1))

I(19,8) ∶ (I(1,8),R4
1(3)), (I(4,7), P (9,8)), (I(4,8),R1

∞(1)), (I(6,1), P (3,8)), (I(7,8),R4
1(2))

(I(9,8),R3
0(1)), (I(13,8),R4

1(1))

I(20,8) ∶ (I(0,8),R2
0(2)), (I(2,8),R3

1(3)), (I(5,7), P (8,8)), (I(5,8),R2
∞(1)), (I(7,1), P (2,8))

(I(8,8),R3
1(2)), (I(10,8),R2

0(1)), (I(14,8),R3
1(1))

I(21,8) ∶ (I(1,8),R1
0(2)), (I(3,8),R2

1(3)), (I(6,7), P (7,8)), (I(6,8),R1
∞(1)), (I(8,1), P (1,8))

(I(9,8),R2
1(2)), (I(11,8),R1

0(1)), (I(15,8),R2
1(1))

I(22,8) ∶ (I(2,8),R3
0(2)), (I(4,8),R1

1(3)), (I(7,7), P (6,8)), (I(7,8),R2
∞(1)), (I(9,1), P (0,8))

(I(10,8),R1
1(2)), (I(12,8),R3

0(1)), (I(16,8),R1
1(1))

I(23,8) ∶ (I(3,8),R2
0(2)), (I(5,8),R5

1(3)), (I(8,7), P (5,8)), (I(8,8),R1
∞(1)), (I(11,8),R5

1(2))

(I(13,8),R2
0(1)), (I(17,8),R5

1(1))
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I(24,8) ∶ (I(0,8),R4
1(4)), (I(4,8),R1

0(2)), (I(6,8),R4
1(3)), (I(9,7), P (4,8)), (I(9,8),R2

∞(1))

(I(12,8),R4
1(2)), (I(14,8),R1

0(1)), (I(18,8),R4
1(1))

I(25,8) ∶ (I(1,8),R3
1(4)), (I(5,8),R3

0(2)), (I(7,8),R3
1(3)), (I(10,7), P (3,8)), (I(10,8),R1

∞(1))

(I(13,8),R3
1(2)), (I(15,8),R3

0(1)), (I(19,8),R3
1(1))

I(26,8) ∶ (I(2,8),R2
1(4)), (I(6,8),R2

0(2)), (I(8,8),R2
1(3)), (I(11,7), P (2,8)), (I(11,8),R2

∞(1))

(I(14,8),R2
1(2)), (I(16,8),R2

0(1)), (I(20,8),R2
1(1))

I(27,8) ∶ (I(3,8),R1
1(4)), (I(7,8),R1

0(2)), (I(9,8),R1
1(3)), (I(12,7), P (1,8)), (I(12,8),R1

∞(1))

(I(15,8),R1
1(2)), (I(17,8),R1

0(1)), (I(21,8),R1
1(1))

I(28,8) ∶ (I(4,8),R5
1(4)), (I(8,8),R3

0(2)), (I(10,8),R5
1(3)), (I(13,7), P (0,8)), (I(13,8),R2

∞(1))

(I(16,8),R5
1(2)), (I(18,8),R3

0(1)), (I(22,8),R5
1(1))

I(29,8) ∶ (I(5,8),R4
1(4)), (I(9,8),R2

0(2)), (I(11,8),R4
1(3)), (I(14,8),R1

∞(1)), (I(17,8),R4
1(2))

(I(19,8),R2
0(1)), (I(23,8),R4

1(1))

I(30,8) ∶ (I(6,8),R3
1(4)), (I(10,8),R1

0(2)), (I(12,8),R3
1(3)), (I(15,8),R2

∞(1)), (I(18,8),R3
1(2))

(I(20,8),R1
0(1)), (I(24,8),R3

1(1)), (2I(0,8), P (29,8))

I(n,8) ∶ (I(n − 24,8),R(−n+32)mod 5+1
1 (4)), (I(n − 20,8),R(−n+30)mod 3+1

0 (2)), (I(n − 18,8),R(−n+32)mod 5+1
1 (3))

(I(n − 15,8),R(−n+31)mod 2+1
∞ (1)), (I(n − 12,8),R(−n+32)mod 5+1

1 (2)), (I(n − 10,8),R(−n+30)mod 3+1
0 (1))

(I(n − 6,8),R(−n+32)mod 5+1
1 (1)), ((v + 1)I, vP ), n > 30

Modules of the form I(n,9)

Defect: ∂I(n,9) = 3, for n ≥ 0.

I(0,9) ∶ −

I(1,9) ∶ (I(0,1), I(6,8)), (I(0,2), P (0,8)), (I(0,4), P (0,1)), (I(0,5), P (2,8)), (I(0,6),R5
1(1))

(I(0,7), I(8,8)), (I(0,8), I(3,1))

I(2,9) ∶ (I(0,9),R2
1(1)), (I(1,1), I(7,8)), (I(1,5), P (1,8)), (I(1,6),R4

1(1)), (I(1,7), I(9,8))

(I(1,8), I(4,1))

I(3,9) ∶ (I(0,1), I(12,8)), (I(0,8), I(7,7)), (I(1,9),R1
1(1)), (I(2,1), I(8,8)), (I(2,5), P (0,8))

(I(2,6),R3
1(1)), (I(2,7), I(10,8)), (I(2,8), I(5,1))

I(4,9) ∶ (I(1,1), I(13,8)), (I(1,8), I(8,7)), (I(2,9),R5
1(1)), (I(3,1), I(9,8)), (I(3,6),R2

1(1))

(I(3,7), I(11,8)), (I(3,8), I(6,1))

I(5,9) ∶ (I(0,8), I(9,1)), (I(2,1), I(14,8)), (I(2,8), I(9,7)), (I(3,9),R4
1(1)), (I(4,1), I(10,8))

(I(4,6),R1
1(1)), (I(4,7), I(12,8)), (I(4,8), I(7,1))

I(n,9) ∶ (I(n − 5,8), I(n + 4,1)), (I(n − 3,1), I(n + 9,8)), (I(n − 3,8), I(n + 4,7))

(I(n − 2,9),R(−n+8)mod 5+1
1 (1)), (I(n − 1,1), I(n + 5,8)), (I(n − 1,6),R(−n+5)mod 5+1

1 (1))
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(I(n − 1,7), I(n + 7,8)), (I(n − 1,8), I(n + 2,1)), n > 5

0
1 0 0 0 0 0 0 0

I(0,1)

0
1 1 0 0 0 0 0 0

I(0,2)

1
1 1 1 1 1 1 1 1

I(0,3)

0
0 0 0 1 1 1 1 1

I(0,4)

0
0 0 0 0 1 1 1 1

I(0,5)

0
0 0 0 0 0 1 1 1

I(0,6)

0
0 0 0 0 0 0 1 1

I(0,7)

0
0 0 0 0 0 0 0 1

I(0,8)

1
0 0 0 0 0 0 0 0

I(0,9)

0
0 1 0 0 0 0 0 0

I(1,1)

1
0 1 1 1 1 1 1 1

I(1,2)

1
1 2 2 2 2 2 2 1

I(1,3)

1
1 1 1 1 1 1 1 0

I(1,4)

0
0 0 0 1 1 1 1 0

I(1,5)

0
0 0 0 0 1 1 1 0

I(1,6)

0
0 0 0 0 0 1 1 0

I(1,7)

0
0 0 0 0 0 0 1 0

I(1,8)

0
1 1 1 1 1 1 1 1

I(1,9)

1
0 0 1 1 1 1 1 1

I(2,1)

1
1 1 2 2 2 2 2 1

I(2,2)

2
1 2 3 3 3 3 2 1

I(2,3)

1
1 2 2 2 2 2 1 1

I(2,4)

1
1 1 1 1 1 1 0 0

I(2,5)

0
0 0 0 1 1 1 0 0

I(2,6)

0
0 0 0 0 1 1 0 0

I(2,7)

0
0 0 0 0 0 1 0 0

I(2,8)

1
0 1 1 1 1 1 1 0

I(2,9)

0
1 1 1 1 1 1 1 0

I(3,1)

1
1 2 2 2 2 2 1 0

I(3,2)

2
2 3 4 4 4 3 2 1

I(3,3)

2
1 2 3 3 3 2 2 1

I(3,4)

1
1 2 2 2 2 1 1 1

I(3,5)

1
1 1 1 1 1 0 0 0

I(3,6)

0
0 0 0 1 1 0 0 0

I(3,7)

0
0 0 0 0 1 0 0 0

I(3,8)

1
1 1 2 2 2 2 1 1

I(3,9)

● ● ●

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ
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● ● ●

● ● ●

1
0 1 1 1 1 1 0 0

I(4,1)

2
1 2 3 3 3 2 1 1

I(4,2)

3
2 4 5 5 4 3 2 1

I(4,3)

2
2 3 4 4 3 3 2 1

I(4,4)

2
1 2 3 3 2 2 2 1

I(4,5)

1
1 2 2 2 1 1 1 1

I(4,6)

1
1 1 1 1 0 0 0 0

I(4,7)

0
0 0 0 1 0 0 0 0

I(4,8)

1
1 2 2 2 2 1 1 0

I(4,9)

1
1 1 2 2 2 1 1 1

I(5,1)

2
2 3 4 4 3 2 2 1

I(5,2)

4
3 5 7 6 5 4 3 2

I(5,3)

3
2 4 5 4 4 3 2 1

I(5,4)

2
2 3 4 3 3 3 2 1

I(5,5)

2
1 2 3 2 2 2 2 1

I(5,6)

1
1 2 2 1 1 1 1 1

I(5,7)

1
1 1 1 0 0 0 0 0

I(5,8)

2
1 2 3 3 2 2 1 1

I(5,9)

1
1 2 2 2 1 1 1 0

I(6,1)

3
2 4 5 4 3 3 2 1

I(6,2)

4
3 6 8 7 6 5 4 2

I(6,3)

3
2 4 6 6 5 4 3 2

I(6,4)

2
1 3 4 4 4 3 2 1

I(6,5)

1
1 2 3 3 3 3 2 1

I(6,6)

1
0 1 2 2 2 2 2 1

I(6,7)

0
0 1 1 1 1 1 1 1

I(6,8)

2
2 3 4 3 3 2 2 1

I(6,9)

2
1 2 3 2 2 2 1 1

I(7,1)

3
2 4 6 5 5 4 3 2

I(7,2)

5
3 6 9 8 7 6 4 2

I(7,3)

4
3 5 7 6 5 4 3 1

I(7,4)

3
2 3 5 5 4 3 2 1

I(7,5)

2
1 2 3 3 3 2 1 0

I(7,6)

1
1 1 2 2 2 2 1 0

I(7,7)

1
0 0 1 1 1 1 1 0

I(7,8)

2
1 3 4 4 3 3 2 1

I(7,9)

● ● ●

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ
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● ● ●

● ● ●

1
1 2 3 3 3 2 2 1

I(8,1)

3
2 4 6 6 5 4 3 1

I(8,2)

5
4 7 10 9 8 6 4 2

I(8,3)

4
3 6 8 7 6 5 3 2

I(8,4)

3
3 5 6 5 4 3 2 1

I(8,5)

2
2 3 4 4 3 2 1 1

I(8,6)

1
1 2 2 2 2 1 0 0

I(8,7)

0
1 1 1 1 1 1 0 0

I(8,8)

3
2 3 5 4 4 3 2 1

I(8,9)

2
1 2 3 3 2 2 1 0

I(9,1)

4
3 5 7 6 5 4 2 1

I(9,2)

6
4 8 11 10 8 6 4 2

I(9,3)

5
3 6 9 8 7 5 4 2

I(9,4)

4
2 5 7 6 5 4 3 2

I(9,5)

3
2 4 5 4 3 2 2 1

I(9,6)

2
1 2 3 3 2 1 1 1

I(9,7)

1
0 1 1 1 1 0 0 0

I(9,8)

2
2 4 5 5 4 3 2 1

I(9,9)

2
2 3 4 3 3 2 1 1

I(10,1)

4
3 6 8 7 6 4 3 2

I(10,2)

7
5 9 13 11 9 7 5 3

I(10,3)

5
4 7 10 9 7 6 4 2

I(10,4)

4
3 5 8 7 6 5 4 2

I(10,5)

3
2 4 6 5 4 4 3 2

I(10,6)

2
2 3 4 3 2 2 2 1

I(10,7)

1
1 1 2 2 1 1 1 1

I(10,8)

4
2 4 6 5 4 3 2 1

I(10,9)

2
1 3 4 4 3 2 2 1

I(11,1)

5
3 6 9 8 6 5 4 2

I(11,2)

7
5 10 14 12 10 8 6 3

I(11,3)

6
4 8 11 9 8 6 4 2

I(11,4)

4
3 6 8 7 6 5 3 1

I(11,5)

3
2 4 6 5 5 4 3 1

I(11,6)

2
1 3 4 3 3 3 2 1

I(11,7)

1
1 2 2 1 1 1 1 0

I(11,8)

3
3 5 7 6 5 4 3 2

I(11,9)

● ● ●

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ
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● ● ●

● ● ●

3
2 3 5 4 3 3 2 1

I(12,1)

5
4 7 10 8 7 6 4 2

I(12,2)

8
5 10 15 13 11 9 6 3

I(12,3)

6
4 8 12 11 9 7 5 3

I(12,4)

5
3 6 9 8 7 5 3 2

I(12,5)

3
2 4 6 6 5 4 2 1

I(12,6)

2
1 2 4 4 4 3 2 1

I(12,7)

1
0 1 2 2 2 2 1 1

I(12,8)

4
2 5 7 6 5 4 3 1

I(12,9)

2
2 4 5 4 4 3 2 1

I(13,1)

5
3 7 10 9 8 6 4 2

I(13,2)

8
6 11 16 14 12 9 6 3

I(13,3)

7
5 9 13 11 9 7 5 2

I(13,4)

5
4 7 10 9 7 5 4 2

I(13,5)

4
3 5 7 6 5 3 2 1

I(13,6)

2
2 3 4 4 3 2 1 0

I(13,7)

1
1 1 2 2 2 1 1 0

I(13,8)

4
3 5 8 7 6 5 3 2

I(13,9)

3
1 3 5 5 4 3 2 1

I(14,1)

6
4 7 11 10 8 6 4 2

I(14,2)

9
6 12 17 15 12 9 6 3

I(14,3)

7
5 10 14 12 10 8 5 3

I(14,4)

6
4 8 11 9 7 6 4 2

I(14,5)

4
3 6 8 7 5 4 3 2

I(14,6)

3
2 4 5 4 3 2 1 1

I(14,7)

1
1 2 2 2 1 1 0 0

I(14,8)

4
3 6 8 7 6 4 3 1

I(14,9)

3
3 4 6 5 4 3 2 1

I(15,1)

6
5 9 12 10 8 6 4 2

I(15,2)

10
7 13 19 16 13 10 7 4

I(15,3)

8
5 10 15 13 11 8 6 3

I(15,4)

6
4 8 12 10 9 7 5 3

I(15,5)

5
3 6 9 7 6 5 4 2

I(15,6)

3
2 4 6 5 4 3 3 2

I(15,7)

2
1 2 3 2 2 1 1 1

I(15,8)

5
3 6 9 8 6 5 3 2

I(15,9)

● ● ●

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ
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● ● ●

● ● ●

3
2 5 6 5 4 3 2 1

I(16,1)

7
4 9 13 11 9 7 5 3

I(16,2)

10
7 14 20 17 14 11 8 4

I(16,3)

8
6 11 16 14 11 9 6 3

I(16,4)

6
4 8 12 11 9 7 5 2

I(16,5)

4
3 6 9 8 7 6 4 2

I(16,6)

3
2 4 6 5 4 4 3 1

I(16,7)

1
1 2 3 3 2 2 2 1

I(16,8)

5
4 7 10 8 7 5 4 2

I(16,9)

4
2 4 7 6 5 4 3 2

I(17,1)

7
5 9 14 12 10 8 6 3

I(17,2)

11
7 14 21 18 15 12 8 4

I(17,3)

9
6 12 17 14 12 9 6 3

I(17,4)

7
5 9 13 11 9 7 4 2

I(17,5)

5
3 6 9 8 7 5 3 1

I(17,6)

3
2 4 6 5 5 4 2 1

I(17,7)

2
1 2 3 2 2 2 1 0

I(17,8)

5
3 7 10 9 7 6 4 2

I(17,9)

3
3 5 7 6 5 4 3 1

I(18,1)

7
5 10 14 12 10 8 5 2

I(18,2)

11
8 15 22 19 16 12 8 4

I(18,3)

9
6 12 18 16 13 10 7 4

I(18,4)

7
5 10 14 12 10 7 5 3

I(18,5)

5
4 7 10 9 7 5 3 2

I(18,6)

3
2 4 6 6 5 3 2 1

I(18,7)

1
1 2 3 3 3 2 1 1

I(18,8)

6
4 7 11 9 8 6 4 2

I(18,9)

4
2 5 7 6 5 4 2 1

I(19,1)

8
5 10 15 13 11 8 5 3

I(19,2)

12
8 16 23 20 16 12 8 4

I(19,3)

10
7 13 19 16 13 10 7 3

I(19,4)

8
5 10 15 13 10 8 6 3

I(19,5)

6
4 8 11 9 7 5 4 2

I(19,6)

4
3 5 7 6 4 3 2 1

I(19,7)

2
1 2 3 3 2 1 1 0

I(19,8)

5
4 8 11 10 8 6 4 2

I(19,9)

● ● ●

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ
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● ● ●

● ● ●

4
3 5 8 7 6 4 3 2

I(20,1)

8
6 11 16 14 11 8 6 3

I(20,2)

13
9 17 25 21 17 13 9 5

I(20,3)

10
7 14 20 17 14 11 7 4

I(20,4)

8
6 11 16 13 11 9 6 3

I(20,5)

6
4 8 12 10 8 7 5 3

I(20,6)

4
3 6 8 6 5 4 3 2

I(20,7)

2
2 3 4 3 2 2 1 1

I(20,8)

7
4 8 12 10 8 6 4 2

I(20,9)

4
3 6 8 7 5 4 3 1

I(21,1)

9
6 12 17 14 11 9 6 3

I(21,2)

13
9 18 26 22 18 14 10 5

I(21,3)

11
7 14 21 18 15 11 8 4

I(21,4)

8
5 11 16 14 12 9 6 3

I(21,5)

6
4 8 12 10 9 7 5 2

I(21,6)

4
2 5 8 7 6 5 4 2

I(21,7)

2
1 3 4 3 3 2 2 1

I(21,8)

6
5 9 13 11 9 7 5 3

I(21,9)

5
3 6 9 7 6 5 3 2

I(22,1)

9
6 12 18 15 13 10 7 4

I(22,2)

14
9 18 27 23 19 15 10 5

I(22,3)

11
8 15 22 19 15 12 8 4

I(22,4)

9
6 11 17 15 12 9 6 3

I(22,5)

6
4 8 12 11 9 7 4 2

I(22,6)

4
3 5 8 7 6 5 3 1

I(22,7)

2
1 2 4 4 3 3 2 1

I(22,8)

7
4 9 13 11 9 7 5 2

I(22,9)

4
3 6 9 8 7 5 4 2

I(23,1)

9
6 12 18 16 13 10 7 3

I(23,2)

14
10 19 28 24 20 15 10 5

I(23,3)

12
8 16 23 19 16 12 8 4

I(23,4)

9
7 13 18 15 12 9 6 3

I(23,5)

7
5 9 13 11 9 6 4 2

I(23,6)

4
3 6 8 7 6 4 2 1

I(23,7)

2
2 3 4 3 3 2 1 0

I(23,8)

7
5 9 14 12 10 8 5 3

I(23,9)

● ● ●

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ
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● ● ●

● ● ●

5
3 6 9 8 6 5 3 1

I(24,1)

10
7 13 19 16 13 10 6 3

I(24,2)

15
10 20 29 25 20 15 10 5

I(24,3)

12
8 16 24 21 17 13 9 5

I(24,4)

10
6 13 19 16 13 10 7 4

I(24,5)

7
5 10 14 12 9 7 5 3

I(24,6)

5
3 6 9 8 6 4 3 2

I(24,7)

2
1 3 4 4 3 2 1 1

I(24,8)

7
5 10 14 12 10 7 5 2

I(24,9)

5
4 7 10 8 7 5 3 2

I(25,1)

10
7 14 20 17 14 10 7 4

I(25,2)

16
11 21 31 26 21 16 11 6

I(25,3)

13
9 17 25 21 17 13 9 4

I(25,4)

10
7 13 20 17 14 11 8 4

I(25,5)

8
5 10 15 12 10 8 6 3

I(25,6)

5
4 7 10 8 6 5 4 2

I(25,7)

3
2 3 5 4 3 2 2 1

I(25,8)

8
5 10 15 13 10 8 5 3

I(25,9)

5
3 7 10 9 7 5 4 2

I(26,1)

11
7 14 21 18 14 11 8 4

I(26,2)

16
11 22 32 27 22 17 12 6

I(26,3)

13
9 18 26 22 18 14 9 5

I(26,4)

10
7 14 20 17 14 11 7 3

I(26,5)

7
5 10 15 13 11 9 6 3

I(26,6)

5
3 7 10 8 7 6 4 2

I(26,7)

2
2 4 5 4 3 3 2 1

I(26,8)

8
6 11 16 13 11 8 6 3

I(26,9)

6
4 7 11 9 7 6 4 2

I(27,1)

11
8 15 22 18 15 12 8 4

I(27,2)

17
11 22 33 28 23 18 12 6

I(27,3)

14
9 18 27 23 19 14 10 5

I(27,4)

11
7 14 21 18 15 11 7 4

I(27,5)

8
5 10 15 13 11 8 5 2

I(27,6)

5
3 6 10 9 8 6 4 2

I(27,7)

3
1 3 5 4 4 3 2 1

I(27,8)

8
5 11 16 14 11 9 6 3

I(27,9)

● ● ●

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ
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● ● ●

● ● ●

5
4 8 11 9 8 6 4 2

I(28,1)

11
7 15 22 19 16 12 8 4

I(28,2)

17
12 23 34 29 24 18 12 6

I(28,3)

14
10 19 28 24 19 15 10 5

I(28,4)

11
8 15 22 19 15 11 8 4

I(28,5)

8
6 11 16 14 11 8 5 3

I(28,6)

5
4 7 10 9 7 5 3 1

I(28,7)

2
2 3 5 5 4 3 2 1

I(28,8)

9
6 11 17 14 12 9 6 3

I(28,9)

6
3 7 11 10 8 6 4 2

I(29,1)

12
8 15 23 20 16 12 8 4

I(29,2)

18
12 24 35 30 24 18 12 6

I(29,3)

15
10 20 29 24 20 15 10 5

I(29,4)

12
8 16 23 19 15 12 8 4

I(29,5)

9
6 12 17 14 11 8 6 3

I(29,6)

6
4 8 11 9 7 5 3 2

I(29,7)

3
2 4 5 4 3 2 1 0

I(29,8)

8
6 12 17 15 12 9 6 3

I(29,9)

6
5 8 12 10 8 6 4 2

I(30,1)

12
9 17 24 20 16 12 8 4

I(30,2)

19
13 25 37 31 25 19 13 7

I(30,3)

15
10 20 30 26 21 16 11 6

I(30,4)

12
8 16 24 20 17 13 9 5

I(30,5)

9
6 12 18 15 12 10 7 4

I(30,6)

6
4 8 12 10 8 6 5 3

I(30,7)

3
2 4 6 5 4 3 2 2

I(30,8)

10
6 12 18 15 12 9 6 3

I(30,9)

6
4 9 12 10 8 6 4 2

I(31,1)

13
8 17 25 21 17 13 9 5

I(31,2)

19
13 26 38 32 26 20 14 7

I(31,3)

16
11 21 31 26 21 16 11 5

I(31,4)

12
8 16 24 21 17 13 9 4

I(31,5)

9
6 12 18 15 13 10 7 3

I(31,6)

6
4 8 12 10 8 7 5 2

I(31,7)

3
2 4 6 5 4 3 3 1

I(31,8)

9
7 13 19 16 13 10 7 4

I(31,9)

● ● ●

● ● ●

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ

τ
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A.16 Schofield pairs for the quiver ∆(Ẽ8) Appendix A Schofield pairs

Schofield pairs associated to regular exceptional modules

The non-homogeneous tube T ∆(Ẽ8)
1

R1
1(1) ∶ (I(0,9), P (0,6)), (I(2,6), P (0,9)), (I(2,7), P (1,1)), (I(2,8), P (3,8))

R1
1(2) ∶ (R2

1(1),R1
1(1)), (I(4,1), P (0,7)), (I(2,6), P (1,6)), (I(2,7), P (4,1)), (I(7,8), P (4,8))

(I(2,8), P (9,8))

R2
1(1) ∶ (I(1,5), P (0,2)), (I(1,1), P (0,7)), (I(1,6), P (1,9)), (I(1,7), P (2,1)), (I(1,8), P (4,8))

R2
1(2) ∶ (R3

1(1),R2
1(1)), (I(6,7), P (0,1)), (I(11,8), P (0,8)), (I(3,1), P (1,7)), (I(1,6), P (2,6))

(I(1,7), P (5,1)), (I(6,8), P (5,8)), (I(1,8), P (10,8))

R3
1(1) ∶ (I(2,1), P (0,1)), (I(5,8), P (0,8)), (I(1,9), P (0,9)), (I(0,5), P (1,2)), (I(0,1), P (1,7))

(I(0,6), P (2,9)), (I(0,7), P (3,1)), (I(0,8), P (5,8))

R3
1(2) ∶ (R4

1(1),R3
1(1)), (I(5,7), P (1,1)), (I(10,8), P (1,8)), (I(2,1), P (2,7)), (I(0,6), P (3,6))

(I(0,7), P (6,1)), (I(5,8), P (6,8)), (I(0,8), P (11,8))

R4
1(1) ∶ (I(1,1), P (1,1)), (I(4,8), P (1,8)), (I(0,9), P (1,9))

R4
1(2) ∶ (R5

1(1),R4
1(1)), (I(4,7), P (2,1)), (I(9,8), P (2,8)), (I(1,1), P (3,7)), (I(4,8), P (7,8))

R5
1(1) ∶ (I(3,7), P (0,1)), (I(0,2), P (0,5)), (I(0,1), P (2,1)), (I(3,8), P (2,8))

R5
1(2) ∶ (R1

1(1),R5
1(1)), (I(3,6), P (0,6)), (I(3,7), P (3,1)), (I(8,8), P (3,8)), (I(0,1), P (4,7))

(I(3,8), P (8,8))

R5
1(3) ∶ (R1

1(2),R5
1(1)), (R2

1(1),R5
1(2)), (I(8,7), P (0,7)), (I(13,8), P (4,8)), (I(3,7), P (5,7))

(I(8,8), P (9,8)), (I(3,8), P (14,8))

R5
1(4) ∶ (R1

1(3),R5
1(1)), (R2

1(2),R5
1(2)), (R3

1(1),R5
1(3)), (I(23,8), P (0,8)), (I(18,8), P (5,8))

(I(13,8), P (10,8)), (I(8,8), P (15,8)), (I(3,8), P (20,8))

R1
1(3) ∶ (R2

1(2),R1
1(1)), (R3

1(1),R1
1(2)), (I(17,8), P (0,8)), (I(7,7), P (1,7)), (I(12,8), P (5,8))

(I(2,7), P (6,7)), (I(7,8), P (10,8)), (I(2,8), P (15,8))

R1
1(4) ∶ (R2

1(3),R1
1(1)), (R3

1(2),R1
1(2)), (R4

1(1),R1
1(3)), (I(22,8), P (1,8)), (I(17,8), P (6,8))

(I(12,8), P (11,8)), (I(7,8), P (16,8)), (I(2,8), P (21,8))

R2
1(3) ∶ (R3

1(2),R2
1(1)), (R4

1(1),R2
1(2)), (I(16,8), P (1,8)), (I(6,7), P (2,7)), (I(11,8), P (6,8))

(I(1,7), P (7,7)), (I(6,8), P (11,8)), (I(1,8), P (16,8))

R2
1(4) ∶ (R3

1(3),R2
1(1)), (R4

1(2),R2
1(2)), (R5

1(1),R2
1(3)), (I(21,8), P (2,8)), (I(16,8), P (7,8))

(I(11,8), P (12,8)), (I(6,8), P (17,8)), (I(1,8), P (22,8))

R3
1(3) ∶ (R4

1(2),R3
1(1)), (R5

1(1),R3
1(2)), (I(15,8), P (2,8)), (I(5,7), P (3,7)), (I(10,8), P (7,8))

(I(0,7), P (8,7)), (I(5,8), P (12,8)), (I(0,8), P (17,8))

R3
1(4) ∶ (R4

1(3),R3
1(1)), (R5

1(2),R3
1(2)), (R1

1(1),R3
1(3)), (I(20,8), P (3,8)), (I(15,8), P (8,8))

(I(10,8), P (13,8)), (I(5,8), P (18,8)), (I(0,8), P (23,8))

R4
1(3) ∶ (R5

1(2),R4
1(1)), (R1

1(1),R4
1(2)), (I(14,8), P (3,8)), (I(4,7), P (4,7)), (I(9,8), P (8,8))
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(I(4,8), P (13,8))

R4
1(4) ∶ (R5

1(3),R4
1(1)), (R1

1(2),R4
1(2)), (R2

1(1),R4
1(3)), (I(19,8), P (4,8)), (I(14,8), P (9,8))

(I(9,8), P (14,8)), (I(4,8), P (19,8))

T ∆(Ẽ8)
1

1
0 0 1 1 1 1 0 0

R1
1(1) 0

0 1 1 1 1 1 1 0

R2
1(1) 1

1 1 2 1 1 1 1 1

R3
1(1) 1

0 1 1 1 0 0 0 0

R4
1(1) 0

1 1 1 1 1 0 0 0

R5
1(1) 1

0 0 1 1 1 1 0 0

R1
1(1)

1
0 1 2 2 2 2 1 0

R1
1(2) 1

1 2 3 2 2 2 2 1

R2
1(2) 2

1 2 3 2 1 1 1 1

R3
1(2) 1

1 2 2 2 1 0 0 0

R4
1(2) 1

1 1 2 2 2 1 0 0

R5
1(2)

1
1 2 3 3 3 2 1 0

R5
1(3) 2

1 2 4 3 3 3 2 1

R1
1(3) 2

1 3 4 3 2 2 2 1

R2
1(3) 2

2 3 4 3 2 1 1 1

R3
1(3) 2

1 2 3 3 2 1 0 0

R4
1(3) 1

1 2 3 3 3 2 1 0

R5
1(3)

2
2 3 5 4 4 3 2 1

R5
1(4) 3

1 3 5 4 3 3 2 1

R1
1(4) 2

2 4 5 4 3 2 2 1

R2
1(4) 3

2 3 5 4 3 2 1 1

R3
1(4) 2

1 3 4 4 3 2 1 0

R4
1(4)

3
2 4 6 5 4 3 2 1

R4
1(5) 3

2 4 6 5 4 3 2 1

R5
1(5) 3

2 4 6 5 4 3 2 1

R1
1(5) 3

2 4 6 5 4 3 2 1

R2
1(5) 3

2 4 6 5 4 3 2 1

R3
1(5) 3

2 4 6 5 4 3 2 1

R4
1(5)

4
2 5 7 6 4 3 2 1

R4
1(6) 3

3 5 7 6 5 3 2 1

R5
1(6) 4

2 4 7 6 5 4 2 1

R1
1(6) 3

2 5 7 6 5 4 3 1

R2
1(6) 4

3 5 8 6 5 4 3 2

R3
1(6)

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

The non-homogeneous tube T ∆(Ẽ8)
0

R1
0(1) ∶ (I(9,8), P (0,8)), (I(3,7), P (1,7)), (I(2,1), P (2,1)), (I(6,8), P (3,8)), (I(0,7), P (4,7))

(I(3,8), P (6,8)), (I(0,8), P (9,8))

R1
0(2) ∶ (R2

0(1),R1
0(1)), (I(18,8), P (1,8)), (I(15,8), P (4,8)), (I(12,8), P (7,8)), (I(9,8), P (10,8))

(I(6,8), P (13,8)), (I(3,8), P (16,8)), (I(0,8), P (19,8))

R2
0(1) ∶ (I(4,1), P (0,1)), (I(8,8), P (1,8)), (I(2,7), P (2,7)), (I(1,1), P (3,1)), (I(5,8), P (4,8))

(I(2,8), P (7,8))

R2
0(2) ∶ (R3

0(1),R2
0(1)), (I(17,8), P (2,8)), (I(14,8), P (5,8)), (I(11,8), P (8,8)), (I(8,8), P (11,8))

(I(5,8), P (14,8)), (I(2,8), P (17,8))

R3
0(1) ∶ (I(4,7), P (0,7)), (I(3,1), P (1,1)), (I(7,8), P (2,8)), (I(1,7), P (3,7)), (I(0,1), P (4,1))

(I(4,8), P (5,8)), (I(1,8), P (8,8))

R3
0(2) ∶ (R1

0(1),R3
0(1)), (I(19,8), P (0,8)), (I(16,8), P (3,8)), (I(13,8), P (6,8)), (I(10,8), P (9,8))
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(I(7,8), P (12,8)), (I(4,8), P (15,8)), (I(1,8), P (18,8))

T ∆(Ẽ8)
0

1
0 1 2 2 2 1 1 1

R1
0(1) 1

1 2 2 1 1 1 0 0

R2
0(1) 1

1 1 2 2 1 1 1 0

R3
0(1) 1

0 1 2 2 2 1 1 1

R1
0(1)

2
1 3 4 3 3 2 1 1

R1
0(2) 2

2 3 4 3 2 2 1 0

R2
0(2) 2

1 2 4 4 3 2 2 1

R3
0(2)

3
2 4 6 5 4 3 2 1

R3
0(3) 3

2 4 6 5 4 3 2 1

R1
0(3) 3

2 4 6 5 4 3 2 1

R2
0(3) 3

2 4 6 5 4 3 2 1

R3
0(3)

4
3 5 8 7 5 4 3 1

R3
0(4) 4

2 5 8 7 6 4 3 2

R1
0(4) 4

3 6 8 6 5 4 2 1

R2
0(4)

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

τ−1

The non-homogeneous tube T ∆(Ẽ8)
∞

R1
∞(1) ∶ (I(13,8), P (1,8)), (I(11,8), P (3,8)), (I(9,8), P (5,8)), (I(7,8), P (7,8)), (I(5,8), P (9,8))

(I(3,8), P (11,8)), (I(1,8), P (13,8))

R2
∞(1) ∶ (I(14,8), P (0,8)), (I(12,8), P (2,8)), (I(10,8), P (4,8)), (I(8,8), P (6,8)), (I(6,8), P (8,8))

(I(4,8), P (10,8)), (I(2,8), P (12,8)), (I(0,8), P (14,8))

T ∆(Ẽ8)
∞

2
1 2 3 2 2 1 1 0

R1
∞
(1)

1
1 2 3 3 2 2 1 1

R2
∞
(1)

2
1 2 3 2 2 1 1 0

R1
∞
(1)

3
2 4 6 5 4 3 2 1

R1
∞
(2)

3
2 4 6 5 4 3 2 1

R2
∞
(2)

4
3 6 9 8 6 5 3 2

R2
∞
(3)

5
3 6 9 7 6 4 3 1

R1
∞
(3)

4
3 6 9 8 6 5 3 2

R2
∞
(3)

τ−1

τ−1

τ−1

τ−1

τ−1 τ−1
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Appendix B

Preprojective indecomposables of defect -2
and dimension up to 4δ

Consider the quiver orientations and labelings presented in Theorem 2.6. Let P0 be the projective simple of defect

−1 corresponding to the unique sink 1.

We list all the preprojective indecomposable modules P and a corresponding orthogonal exceptional pair

(P ′′, P ′) such that:

(1) ∂P = −2;

(2) dimP < 4δ;

(3) dimP − dimP0 is a root, thus it is the dimension of a unique preprojective P1 of defect −1.

We also list n = ⟨dimP0,dimP ⟩ and the Ringel-Hall numbers FP
P1P0

= Sg(P1, P
′, P ′′, P0) − Sg(P1, P

′′, P ′′, P0). In

case P ′ = P0 we know that FP
P1P0

= 1.

The information is given in units of the form:

dimP , dimP ′, dimP ′′,

n, FP
P1P0

.

Here FP
P1P0

= Sg(P1, P
′, P ′′, P0)−Sg(P1, P

′′, P ′′, P0), P (t, i) = τ−tPi and when P = P (t, i) the corresponding

orthogonal exceptional pair will be denoted by (P ′′(t, i), P ′(t, i)).

B.1 Type D̃m

dimP < 2δdimP < 2δdimP < 2δ

dimP (1,m + 1) = ( 2 1
3 2 2 ⋯ 2

1 1
), dimP ′(1,m + 1) = ( 0 0

1 0 0 ⋯ 0
0 0

), dimP ′′(1,m + 1) = ( 2 1
2 2 2 ⋯ 2

1 1
),

n = 2, FP
P1P0

= 0a1(q) − 0 = q − 2 = f1(q).

dimP (2,m) = ( 2 1
3 3 2 ⋯ 2

1 1
), dimP ′(2,m) = ( 1 0

1 1 0 ⋯ 0
1 0

), dimP ′′(2,m) = ( 1 1
2 2 2 ⋯ 2

0 1
),

n = 2, FP
P1P0

= 2a0(q) − 1a0(q) = q − 2 = f1(q).
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B.1 Type D̃m Appendix B Preprojective indecompos-

ables of defect -2 and dimension up to 4δ

dimP (3,m − 1) = ( 2 1
3 3 3 2 ⋯ 2

1 1
), dimP ′(3,m − 1) = ( 0 0

1 1 1 0 ⋯ 0
0 0

), dimP ′′(3,m − 1) = ( 2 1
2 2 2 2 ⋯ 2

1 1
),

n = 2, FP
P1P0

= 0a1(q) − 0 = q − 2 = f1(q).

dimP (4,m − 2) = ( 2 1
3 3 3 3 2 ⋯ 2

1 1
), dimP ′(4,m − 2) = ( 1 0

1 1 1 1 0 ⋯ 0
1 0

), dimP ′′(4,m − 2) = ( 1 1
2 2 2 2 2 ⋯ 2

0 1
),

n = 2, FP
P1P0

= 2a0(q) − 1a0(q) = q − 2 = f1(q).

⋮

• In case m is even:

dimP (m − 3,5) = ( 2 1
3 ⋯ 3

1 1
), dimP ′(m − 3,5) = ( 0 0

1 ⋯ 1
0 0

), dimP ′′(m − 3,5) = ( 2 1
2 ⋯ 2

1 1
),

n = 2, FP
P1P0

= 0a1(q) − 0 = q − 2 = f1(q).

• In case m is odd:

dimP (m − 3,5) = ( 2 1
3 ⋯ 3

1 1
), dimP ′(m − 3,5) = ( 1 0

1 ⋯ 1
1 0

), dimP ′′(m − 3,5) = ( 1 1
2 ⋯ 2

0 1
),

n = 2, FP
P1P0

= 2a0(q) − 1a0(q) = q − 2 = f1(q).

• For i ∈ {5, . . . ,m + 1}, having i − 4 ones on the central axis of the dimensions:

dimP (0, i) = ( 1 0
1 ⋯ 1 0 ⋯ 0

0 0
), dimP ′(0, i) = ( 1 0

0 0 0 ⋯ 0
0 0

), dimP ′′(0, i) = ( 0 0
1 ⋯ 1 0 ⋯ 0

0 0
),

n = 1, FP
P1P0

= 1.

2δ < dimP < 4δ2δ < dimP < 4δ2δ < dimP < 4δ

dimP (m − 1,m + 1) = 2δ + dimP (1,m + 1), dimP ′(m − 1,m + 1) = δ + dimP ′(1,m + 1),
dimP ′′(m − 1,m + 1) = δ + dimP ′′(1,m + 1),
n = 4, FP

P1P0
= 0a2(q) − 3a0(q) = f3(q).

dimP (m,m) = 2δ + dimP (2,m), dimP ′(m,m) = δ + dimP ′(2,m),
dimP ′′(m,m) = δ + dimP ′′(2,m),
n = 4, FP

P1P0
= 2a1(q) − 1a1(q) = f3(q).

dimP (m + 1,m − 1) = 2δ + dimP (3,m − 1), dimP ′(m + 1,m − 1) = δ + dimP ′(3,m − 1),
dimP ′′(m + 1,m − 1) = δ + dimP ′′(3,m − 1),
n = 4, FP

P1P0
= 0a2(q) − 3a0(q) = f3(q).

⋮

• In case m is even:
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ables of defect -2 and dimension up to 4δ

dimP (2m − 5,5) = 2δ + dimP (m − 3,5), dimP ′(2m − 5,5) = δ + dimP ′(m − 3,5),
dimP ′′(2m − 5,5) = δ + dimP ′′(m − 3,5),
n = 4, FP

P1P0
= 0a2(q) − 3a0(q) = f3(q).

• In case m is odd:

dimP (2m − 5,5) = 2δ + dimP (m − 3,5), dimP ′(2m − 5,5) = δ + dimP ′(m − 3,5),
dimP ′′(2m − 5,5) = δ + dimP ′′(m − 3,5),
n = 4, FP

P1P0
= 2a1(q) − 1a1(q) = f3(q) .

• For i ∈ {5, . . . ,m + 1}:

dimP (m − 2, i) = 2δ + dimP (0, i), dimP ′(m − 2, i) = δ + dimP ′(0, i),
dimP ′′(m − 2,1) = δ + dimP ′′(0, i),
n = 3, FP

P1P0
= 3a0(q) − 0a1(q) = f2(q).

B.2 Type Ẽ6

dimP < 2δdimP < 2δdimP < 2δ

dimP (0,2) = ( 0
0

1 1 0 0 0
), dimP ′(0,2) = ( 0

0
1 0 0 0 0

), dimP ′′(0,2) = ( 0
0

0 1 0 0 0
),

n = 1, FP
P1P0

= 1 = f0(q).

dimP (0,4) = ( 0
1

1 1 1 0 0
), dimP ′(0,4) = ( 0

0
1 0 0 0 0

), dimP ′′(0,4) = ( 0
1

0 1 1 0 0
),

n = 1, FP
P1P0

= 1 = f0(q).

dimP (0,6) = ( 0
0

1 1 1 1 0
), dimP ′(0,6) = ( 0

0
1 0 0 0 0

), dimP ′′(0,6) = ( 0
0

0 1 1 1 0
),

n = 1, FP
P1P0

= 1 = f0(q).

dimP (2,2) = ( 0
1

1 1 2 1 0
), dimP ′(2,2) = ( 0

0
0 0 1 0 0

), dimP ′′(2,2) = ( 0
1

1 1 1 1 0
),

n = 1, FP
P1P0

= 1a0(q) − 0 = 1 = 1 = f0(q).

dimP (3,2) = δ + dimP (0,2), dimP ′(3,2) = ( 0
1

1 1 1 1 0
), dimP ′′(3,2) = ( 1

1
1 2 2 1 1

),
n = 2, FP

P1P0
= 2a0(q) − 1a0(q) = q − 1 − 1 = q − 2 = f1(q).

dimP (3,4) = δ + dimP (0,4), dimP ′(3,4) = ( 0
1

1 1 1 1 0
), dimP ′′(3,4) = ( 1

2
1 2 3 1 1

),
n = 2, FP

P1P0
= 2a0(q) − 1a0(q) = q − 1 − 1 = q − 2 = f1(q).

dimP (3,6) = δ + dimP (0,6), dimP ′(3,6) = ( 0
1

1 1 1 1 0
), dimP ′′(3,6) = ( 1

1
1 2 3 2 1

),
n = 2, FP

P1P0
= 2a0(q) − 1a0(q) = q − 1 − 1 = q − 2 = f1(q).

dimP (5,2) = δ + dimP (2,2), dimP ′(5,2) = ( 0
1

0 1 2 1 0
), dimP ′′(5,2) = ( 1

2
2 2 3 2 1

),
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n = 2, FP
P1P0

= 0a1(q) − 0 = q − 2 = f1(q).

2δ < dimP < 4δ2δ < dimP < 4δ2δ < dimP < 4δ

dimP (6,2) = 2δ + dimP (0,2), dimP ′(6,2) = δ + dimP ′(0,2), dimP ′′(6,2) = δ + dimP ′′(0,2),
n = 3, FP

P1P0
= 3a0(q) − 0a1(q) = q2 − 3q + 3 = f2(q).

dimP (6,4) = 2δ + dimP (0,4), dimP ′(6,4) = δ + dimP ′(0,4), dimP ′′(6,4) = δ + dimP ′′(0,4),
n = 3, FP

P1P0
= 3a0(q) − 0a1(q) = q2 − 3q + 3 = f2(q).

dimP (6,6) = 2δ + dimP (0,6), dimP ′(6,3) = δ + dimP ′(0,6), dimP ′′(6,6) = δ + dimP ′′(0,6),
n = 3, FP

P1P0
= 3a0(q) − 0a1(q) = q2 − 3q + 3 = f2(q).

dimP (8,2) = 2δ + dimP (2,2), dimP ′(8,2) = δ + dimP ′(2,2), dimP ′′(8,2) = δ + dimP ′′(2,2),
n = 3, FP

P1P0
= 1a1(q) − 2a0(q) = q2 − 3q + 3 = f2(q).

dimP (9,2) = 2δ + dimP (3,2), dimP ′(9,2) = δ + dimP ′(3,2), dimP ′′(9,2) = δ + dimP ′′(3,2),
n = 4, FP

P1P0
= 2a1(q) − 1a1(q) = f3(q).

dimP (9,4) = 2δ + dimP (3,4), dimP ′(9,4) = δ + dimP ′(3,4), dimP ′′(9,4) = δ + dimP ′′(3,4),
n = 4, FP

P1P0
= 2a1(q) − 1a1(q) = f3(q).

dimP (9,6) = 2δ + dimP (3,6), dimP ′(9,6) = δ + dimP ′(3,6), dimP ′′(9,6) = δ + dimP ′′(3,6),
n = 4, FP

P1P0
= 2a1(q) − 1a1(q) = f3(q).

dimP (11,2) = 2δ + dimP (5,2), dimP ′(11,2) = δ + dimP ′(5,2), dimP ′′(11,2) = δ + dimP ′′(5,2),
n = 4, FP

P1P0
= 0a2(q) − 3a0(q) = f3(q).

B.3 Type Ẽ7

dimP < 2δdimP < 2δdimP < 2δ

dimP (0,2) = ( 0
1 1 0 0 0 0 0 ), dimP ′(0,2) = ( 0

1 0 0 0 0 0 0 ), dimP ′′(0,2) = ( 0
0 1 0 0 0 0 0 ),

n = 1, FP
P1P0

= 1 = f0(q).

dimP (0,8) = ( 1
1 1 1 1 0 0 0 ), dimP ′(0,8) = ( 0

1 0 0 0 0 0 0 ), dimP ′′(0,8) = ( 1
0 1 1 1 0 0 0 ),

n = 1, FP
P1P0

= 1 = f0(q).

dimP (0,6) = ( 0
1 1 1 1 1 1 0 ), dimP ′(0,6) = ( 0

1 0 0 0 0 0 0 ), dimP ′′(0,6) = ( 0
0 1 1 1 1 1 0 ),

n = 1, FP
P1P0

= 1 = f0(q).

dimP (2,8) = ( 1
1 1 2 2 1 1 0 ), dimP ′(2,8) = ( 0

0 0 1 0 0 0 0 ), dimP ′′(2,8) = ( 1
1 1 1 2 1 1 0 ),

n = 1, FP
P1P0

= 1a0(q) − 0 = 1 = f0(q).
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ables of defect -2 and dimension up to 4δ

dimP (3,2) = ( 1
1 1 1 2 1 0 0 ), dimP ′(3,2) = ( 0

0 0 0 1 0 0 0 ), dimP ′′(3,2) = ( 1
1 1 1 1 1 0 0 ),

n = 1, FP
P1P0

= 1a0(q) − 0 = 1 = f0(q).

dimP (3,6) = ( 1
1 1 2 3 2 1 0 ), dimP ′(3,6) = ( 0

0 0 0 1 0 0 0 ), dimP ′′(3,6) = ( 1
1 1 2 2 2 1 0 ),

n = 1, FP
P1P0

= 1a0(q) − 0 = 1 = f0(q).

dimP (4,6) = ( 2
2 3 3 4 3 2 1 ), dimP ′(4,6) = ( 1

1 1 1 1 1 0 0 ), dimP ′′(4,6) = ( 1
1 2 2 3 2 2 1 ),

n = 2, FP
P1P0

= 2a0(q) − 1a0(q) = q − 2 = f1(q).

dimP (6,8) = ( 3
2 3 4 5 3 2 1 ), dimP ′(6,8) = ( 1

1 1 2 2 1 1 1 ), dimP ′′(6,8) = ( 2
1 2 2 3 2 1 0 ),

n = 2, FP
P1P0

= 2a0(q) − 1a0(q) = q − 2 = f1(q).

dimP (7,6) = ( 3
2 3 4 6 4 2 1 ), dimP ′(7,6) = ( 1

0 1 1 2 1 0 0 ), dimP ′′(7,6) = ( 2
2 2 3 4 3 2 1 ),

n = 2, FP
P1P0

= 0a1(q) − 0 = q − 2 = f1(q).

dimP (8,2) = ( 2
2 3 4 5 4 3 1 ), dimP ′(8,2) = ( 1

1 1 2 2 2 1 0 ), dimP ′′(8,2) = ( 1
1 2 2 3 2 2 1 ),

n = 2, FP
P1P0

= 2a0(q) − 1a0(q) = q − 2 = f1(q).

dimP (8,8) = ( 3
2 3 5 6 4 3 1 ), dimP ′(8,8) = ( 1

1 1 2 2 2 1 0 ), dimP ′′(8,8) = ( 2
1 2 3 4 2 2 1 ),

n = 2, FP
P1P0

= 2a0(q) − 1a0(q) = q − 2 = f1(q).

dimP (11,2) = ( 3
2 3 5 7 5 3 1 ), dimP ′(11,2) = ( 1

0 1 2 3 2 1 0 ), dimP ′′(11,2) = ( 2
2 2 3 4 3 2 1 ),

n = 2, FP
P1P0

= 0a1(q) − 0 = q − 2 = f1(q).

2δ < dimP < 4δ2δ < dimP < 4δ2δ < dimP < 4δ

dimP (12,2) = 2δ + dimP (0,2), dimP ′(12,2) = δ + dimP ′(0,2), dimP ′′(12,2) = δ + dimP ′′(0,2),
n = 3, FP

P1P0
= 3a0(q) − 0a1(q) = f2(q).

dimP (12,8) = 2δ + dimP (0,8), dimP ′(12,8) = δ + dimP ′(0,8), dimP ′′(12,8) = δ + dimP ′′(0,8),
n = 3, FP

P1P0
= 3a0(q) − 0a1(q) = f2(q).

dimP (12,6) = 2δ + dimP (0,6), dimP ′(12,6) = δ + dimP ′(0,6), dimP ′′(12,6) = δ + dimP ′′(0,6),
n = 3, FP

P1P0
= 3a0(q) − 0a1(q) = f2(q).

dimP (14,8) = 2δ + dimP (2,8), dimP ′(14,8) = δ + dimP ′(2,8), dimP ′′(14,8) = δ + dimP ′′(2,8),
n = 3, FP

P1P0
= 1a1(q) − 2a0(q) = f2(q).

dimP (15,2) = 2δ + dimP (3,2), dimP ′(15,2) = δ + dimP ′(3,2), dimP ′′(15,2) = δ + dimP ′′(3,2),
n = 3, FP

P1P0
= 1a1(q) − 2a0(q) = f2(q).
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dimP (15,6) = 2δ + dimP (3,6), dimP ′(15,6) = δ + dimP ′(3,6), dimP ′′(15,6) = δ + dimP ′′(3,6),
n = 3, FP

P1P0
= 1a1(q) − 2a0(q) = f2(q).

dimP (16,6) = 2δ + dimP (4,6), dimP ′(16,6) = δ + dimP ′(4,6), dimP ′′(16,6) = δ + dimP ′′(4,6),
n = 4, FP

P1P0
= 2a1(q) − 1a1(q) = f3(q).

dimP (18,8) = 2δ + dimP (6,8), dimP ′(18,8) = δ + dimP ′(6,8), dimP ′′(18,8) = δ + dimP ′′(6,8),
n = 4, FP

P1P0
= 2a1(q) − 1a1(q) = f3(q).

dimP (19,6) = 2δ + dimP (7,6), dimP ′(19,6) = δ + dimP ′(7,6), dimP ′′(19,6) = δ + dimP ′′(7,6),
n = 4, FP

P1P0
= 0a2(q) − 3a0(q) = f3(q).

dimP (20,2) = 2δ + dimP (8,2), dimP ′(20,2) = δ + dimP ′(8,2), dimP ′′(20,2) = δ + dimP ′′(8,2),
n = 4, FP

P1P0
= 2a1(q) − 1a1(q) = f3(q).

dimP (20,8) = 2δ + dimP (8,8), dimP ′(20,8) = δ + dimP ′(8,8), dimP ′′(20,8) = δ + dimP ′′(8,8),
n = 4, FP

P1P0
= 2a1(q) − 1a1(q) = f3(q).

dimP (23,2) = 2δ + dimP (11,2), dimP ′(23,2) = δ + dimP ′(11,2), dimP ′′(23,2) = δ + dimP ′′(11,2),
n = 4, FP

P1P0
= 0a2(q) − 3a0(q) = f3(q).

B.4 Type Ẽ8

dimP < 2δdimP < 2δdimP < 2δ

dimP (0,2) = ( 0
1 1 0 0 0 0 0 0 ), dimP ′(0,2) = ( 0

1 0 0 0 0 0 0 0 ), dimP ′′(0,2) = ( 0
0 1 0 0 0 0 0 0 ),

n = 1 FP
P1P0

= 1 = f0(q).

dimP (0,8) = ( 0
1 1 1 1 1 1 1 1 ), dimP ′(0,8) = ( 0

1 0 0 0 0 0 0 0 ), dimP ′′(0,8) = ( 0
0 1 1 1 1 1 1 1 ),

n = 1 FP
P1P0

= 1 = f0(q).

dimP (3,8) = ( 1
1 1 1 2 2 2 1 1 ), dimP ′(3,8) = ( 0

0 0 1 0 0 0 0 0 ), dimP ′′(3,8) = ( 1
1 1 0 2 2 2 1 1 ),

n = 1 FP
P1P0

= 1a0(q) − 0 = 1 = f0(q).

dimP (5,2) = ( 1
1 1 1 1 1 2 1 0 ), dimP ′(5,2) = ( 0

0 0 0 0 0 1 0 0 ), dimP ′′(5,2) = ( 1
1 1 1 1 1 1 1 0 ),

n = 1 FP
P1P0

= 1a0(q) − 0 = 1 = f0(q).

dimP (5,8) = ( 1
1 1 2 2 2 3 2 1 ), dimP ′(5,8) = ( 0

0 0 0 0 0 1 0 0 ), dimP ′′(5,8) = ( 1
1 1 2 2 2 2 2 1 ),

n = 1 FP
P1P0

= 1a0(q) − 0 = 1 = f0(q).
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dimP (8,8) = ( 2
1 1 2 3 3 4 2 1 ), dimP ′(8,8) = ( 1

0 0 1 1 1 1 0 0 ), dimP ′′(8,8) = ( 1
1 1 1 2 2 3 2 1 ),

n = 1 FP
P1P0

= 1a0(q) − 0 = 1 = f0(q).

dimP (9,2) = ( 1
1 1 1 2 3 3 2 1 ), dimP ′(9,2) = ( 0

0 0 0 1 1 1 1 0 ), dimP ′′(9,2) = ( 1
1 1 1 1 2 2 1 1 ),

n = 1 FP
P1P0

= 1a0(q) − 0 = 1 = f0(q).

dimP (14,2) = ( 2
1 1 2 3 4 5 3 1 ), dimP ′(14,2) = ( 1

0 0 1 1 2 2 1 0 ), dimP ′′(14,2) = ( 1
1 1 1 2 2 3 2 1 ),

n = 1 FP
P1P0

= 1a0(q) − 0 = 1 = f0(q).

dimP (15,2) = ( 3
2 3 3 4 5 6 4 2 ), dimP ′(15,2) = ( 1

1 1 1 2 2 3 2 1 ), dimP ′′(15,2) = ( 3
1 2 2 2 3 2 1 2 ),

n = 2 FP
P1P0

= 2a0(q) − 1a0(q) = q − 2 = f1(q).

dimP (15,8) = ( 3
2 3 4 5 6 7 5 3 ), dimP ′(15,8) = ( 1

1 1 1 2 2 3 2 1 ), dimP ′′(15,8) = ( 2
1 2 3 3 4 4 3 2 ),

n = 2 FP
P1P0

= 2a0(q) − 1a0(q) = q − 2 = f1(q).

dimP (18,8) = ( 4
2 3 4 6 7 8 5 3 ), dimP ′(18,8) = ( 2

1 1 2 3 3 3 2 1 ), dimP ′′(18,8) = ( 2
1 2 2 3 4 5 3 2 ),

n = 2 FP
P1P0

= 2a0(q) − 1a0(q) = q − 2 = f1(q).

dimP (20,2) = ( 4
2 3 4 5 6 8 5 2 ), dimP ′(20,2) = ( 2

1 1 2 2 3 4 2 1 ), dimP ′′(20,2) = ( 2
1 2 2 3 3 4 3 1 ),

n = 2 FP
P1P0

= 2a0(q) − 1a0(q) = q − 2 = f1(q).

dimP (20,8) = ( 4
2 3 5 6 7 9 6 3 ), dimP ′(20,8) = ( 2

1 1 2 2 3 4 2 1 ), dimP ′′(20,8) = ( 2
1 2 3 4 4 5 4 2 ),

n = 2 FP
P1P0

= 2a0(q) − 1a0(q) = q − 2 = f1(q).

dimP (23,8) = ( 5
2 3 5 7 8 10 6 3 ), dimP ′(23,8) = ( 2

0 1 2 3 3 4 2 1 ), dimP ′′(23,8) = ( 3
2 2 3 4 5 6 4 2 ),

n = 2 FP
P1P0

= 0a1(q) − 0 = q − 2 = f1(q).

dimP (24,8) = ( 5
2 4 5 7 9 10 7 3 ), dimP ′(24,8) = ( 2

1 1 2 3 4 4 3 1 ), dimP ′′(24,8) = ( 3
1 3 3 4 5 6 4 2 ),

n = 2 FP
P1P0

= 2a0(q) − 1a0(q) = q − 2 = f1(q).

dimP (29,2) = ( 5
2 3 5 7 9 11 7 3 ), dimP ′(29,2) = ( 2

0 1 2 3 4 5 3 1 ), dimP ′′(29,2) = ( 3
2 2 3 4 5 6 4 2 ),

n = 2 FP
P1P0

= 0a1(q) − 0 = q − 2 = f1(q).

2δ < dimP < 4δ2δ < dimP < 4δ2δ < dimP < 4δ

dimP (30,2) = 2δ + dimP (0,2), dimP ′(30,2) = δ + dimP ′(0,2), dimP ′′(30,2) = δ + dimP ′′(0,2),
n = 3, FP

P1P0
= 3a0(q) − 0a1(q) = f2(q).

dimP (30,8) = 2δ + dimP (0,8), dimP ′(30,8) = δ + dimP ′(0,8), dimP ′′(30,8) = δ + dimP ′′(0,8),
n = 3, FP

P1P0
= 3a0(q) − 0a1(q) = f2(q).
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dimP (33,8) = 2δ + dimP (3,8), dimP ′(33,8) = δ + dimP ′(3,8), dimP ′′(33,8) = δ + dimP ′′(3,8),
n = 3, FP

P1P0
= 1a1(q) − 2a0(q) = f2(q).

dimP (35,2) = 2δ + dimP (5,2), dimP ′(35,2) = δ + dimP ′(5,2), dimP ′′(35,2) = δ + dimP ′′(5,2),
n = 3, FP

P1P0
= 1a1(q) − 2a0(q) = f2(q).

dimP (35,8) = 2δ + dimP (5,8), dimP ′(35,8) = δ + dimP ′(5,8), dimP ′′(35,8) = δ + dimP ′′(5,8),
n = 3, FP

P1P0
= 1a1(q) − 2a0(q) = f2(q).

dimP (38,8) = 2δ + dimP (8,8), dimP ′(38,8) = δ + dimP ′(8,8), dimP ′′(38,8) = δ + dimP ′′(8,8),
n = 3, FP

P1P0
= 1a1(q) − 2a0(q) = f2(q).

dimP (39,2) = 2δ + dimP (9,2), dimP ′(39,2) = δ + dimP ′(9,2), dimP ′′(39,2) = δ + dimP ′′(9,2),
n = 3, FP

P1P0
= 1a1(q) − 2a0(q) = f2(q).

dimP (44,2) = 2δ + dimP (14,2), dimP ′(44,2) = δ + dimP ′(14,2), dimP ′′(44,2) = δ + dimP ′′(14,2),
n = 3, FP

P1P0
= 1a1(q) − 2a0(q) = f2(q).

dimP (45,2) = 2δ + dimP (15,2), dimP ′(45,2) = δ + dimP ′(15,2), dimP ′′(45,2) = δ + dimP ′′(15,2),
n = 4, FP

P1P0
= 2a1(q) − 1a1(q) = f3(q).

dimP (45,8) = 2δ + dimP (15,8), dimP ′(45,8) = δ + dimP ′(15,8), dimP ′′(45,8) = δ + dimP ′′(15,8),
n = 4, FP

P1P0
= 2a1(q) − 1a1(q) = f3(q).

dimP (48,8) = 2δ + dimP (18,8), dimP ′(48,8) = δ + dimP ′(18,8), dimP ′′(48,8) = δ + dimP ′′(18,8),
n = 4, FP

P1P0
= 2a1(q) − 1a1(q) = f3(q).

dimP (50,2) = 2δ + dimP (20,2), dimP ′(50,2) = δ + dimP ′(20,2), dimP ′′(50,2) = δ + dimP ′′(20,2),
n = 4, FP

P1P0
= 2a1(q) − 1a1(q) = f3(q).

dimP (50,8) = 2δ + dimP (20,8), dimP ′(50,8) = δ + dimP ′(20,8), dimP ′′(50,8) = δ + dimP ′′(20,8),
n = 4, FP

P1P0
= 2a1(q) − 1a1(q) = f3(q).

dimP (53,8) = 2δ + dimP (23,8), dimP ′(53,8) = δ + dimP ′(23,8), dimP ′′(53,8) = δ + dimP ′′(23,8),
n = 4, FP

P1P0
= 0a2(q) − 3a0(q) = f3(q).

dimP (54,8) = 2δ + dimP (24,8), dimP ′(54,8) = δ + dimP ′(24,8), dimP ′′(54,8) = δ + dimP ′′(24,8),
n = 4, FP

P1P0
= 2a1(q) − 1a1(q) = f3(q).

dimP (59,2) = 2δ + dimP (29,2), dimP ′(59,2) = δ + dimP ′(29,2), dimP ′′(59,2) = δ + dimP ′′(29,2),
n = 4, FP

P1P0
= 0a2(q) − 3a0(q) = f3(q).
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Appendix C

Proof of Theorem 2.10

C.1 The Ẽ6 case

Due to symmetry we can suppose that the quiver of type Ẽ6 has the following orientation) the vertex 2 being its

unique sink, thus P0 = S2):

5 (1)

��
4 (2)

��
1 (1) // 2 (2) oo 3 (3) oo 6 (2) oo 7 (1)

We have 3 non-homogeneous tubes: T∞ of rank 2 and T0,T1 of rank 3. The regular-simples of these tubes are:

•
1R(1,∞) of dimension ( 0

1
1 1 1 1 0

), 2R(1,∞) of dimension ( 1
1

0 1 2 1 1
);

•
1R(1,0) of dimension ( 0

0
0 0 1 1 0

), 2R(1,0) of dimension ( 0
1

0 1 1 1 1
) and

3R(1,0) of dimension ( 1
1

1 1 1 0 0
);

•
1R(1,1) of dimension ( 0

1
0 0 1 0 0

), 2R(1,1) of dimension ( 1
1

0 1 1 1 0
) and

3R(1,1) of dimension ( 0
0

1 1 1 1 1
).

As in Appendix A, we will use the notation P = P (t, i), meaning that we consider the τ−t shift of the projective

corresponding to vertex i.

Steps 1 and 2

We list the dimensions σ ∈ ΣQ, Pσ , the generic form of the elements in Pσ+2δ or Pσ , and the considered correspond-

ing generic orthogonal exceptional pair:

(1) σ1 = (
0
0

0 0 0 0 0
) ∈ Σ′′Q,

Pσ1 = 0 does not possess an orthogonal exceptional pair,

Pσ1+2δ = P (6,2), dimP (6,2) = (
2
4

2 5 6 4 2
), dimP ′(6,2) = ( 1

2
0 2 3 2 1

), dimP ′′(6,2) = ( 1
2

2 3 3 2 1
),

Pσ1+2δ = {[P (6n + 6,2)]∣n ∈ N}, P ′(6n + 6,2) = P ′(6,2)(+δ), P ′′(6n + 6,2) = P ′′(6,2)(+δ);
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(2) σ2 = (
0
1

0 0 1 0 0
) ∈ Σ′′Q,

Pσ2 = P (0,4) does not possess an orthogonal exceptional pair,

Pσ2+2δ = P (6,4), dimP (6,4) = (
2
5

2 5 7 4 2
), dimP ′(6,4) = ( 0

2
1 2 3 2 1

), dimP ′′(6,4) = ( 2
3

1 3 4 2 1
),

Pσ2+2δ = {[P (6n + 6,4)]∣n ∈ N}, P ′(6n + 6,4) = P ′(6,4)(+δ), P ′′(6n + 6,4) = P ′′(6,4)(+δ);

(3) σ3 = (
1
1

1 1 2 1 0
) ∈ Σ′Q,

Pσ3 = P (1,4), dimP (1,4) = (
1
1

1 2 2 1 0
), dimP ′(1,4) = ( 1

1
0 1 1 0 0

), dimP ′′(1,4) = ( 0
0

1 1 1 1 0
),

Pσ3 = {[P (6n + 1,4)]∣n ∈ N}, P ′(6n + 1,4) = P ′(1,4)(+δ), P ′′(6n + 1,4) = P ′′(1,4)(+δ);

(4) σ4 = (
1
2

1 2 3 2 1
) ∈ Σ′Q,

Pσ4 = P (3,2), dimP (3,2) = (
1
2

1 3 3 2 1
), dimP ′(3,2) = ( 0

1
0 1 1 1 0

), dimP ′′(3,2) = ( 1
1

1 2 2 1 1
),

Pσ4 = {[P (6n + 3,2)]∣n ∈ N}, P ′(6n + 3,2) = P ′(3,2)(+δ), P ′′(6n + 3,2) = P ′′(3,2)(+δ);

(5) σ5 = (
1
3

1 2 4 2 1
) ∈ Σ′Q,

Pσ5 = P (3,4), dimP (3,4) = (
1
3

1 3 4 2 1
), dimP ′(3,4) = ( 0

1
0 1 2 1 1

), dimP ′′(3,4) = ( 1
2

1 2 2 1 0
),

Pσ5 = {[P (6n + 3,4)]∣n ∈ N}, P ′(6n + 3,4) = P ′(3,4)(+δ), P ′′(6n + 3,4) = P ′′(3,4)(+δ);

(6) σ6 = (
2
3

2 3 5 3 1
) ∈ Σ′Q,

Pσ6 = P (4,4), dimP (4,4) = (
2
3

2 4 5 3 1
), dimP ′(4,4) = ( 1

2
1 2 2 1 0

), dimP ′′(4,4) = ( 1
1

1 2 3 2 1
),

Pσ6 = {[P (6n + 4,4)]∣n ∈ N}, P ′(6n + 4,4) = P ′(4,4)(+δ), P ′′(6n + 4,4) = P ′′(4,4)(+δ).

Note that for σ1, σ4 the regular factor R has dimension dimR = dimP − dimP0 a multiple of δ, thus it can be

taken from any of the 3 non-homogeneous tubes. For the other σ-s the dimension of R determines uniquely its

non-homogeneous tube.

Step 3

We follow now a case by case computation for each σ, computing FP
RP0
= Sg(R,P ′, P ′′, P0)−Sg(R,P ′′, P ′, P0) =

S1 − S2.

The case σ1 = (0,0,0,0,0,0,0)

For Pσ1 = P0 there is no orthogonal exceptional preprojective pair and trivially F
Pσ1
0P0
= 1.

ForP = P (6n+6,2) = Pσ1(+2(n+1)δ)we have dimR = (2n+2)δ. ThusR can be taken from any non-homogeneous

tube.

● R is from the tube of rank 2

Without loss of generality we may suppose that R = 1R(4n + 4,∞)meaning that its regular-socle is
1R(1,∞) and

regular-top is
2R(1,∞). The other case, when R = 2R(4n + 4,∞), will yield the same result. We have dimP ′ =

nδ + (0,2,3,2,1,2,1), dimP ′′ = nδ + (2,3,3,2,1,2,1) and RP ′(1,∞) = 2R(1,∞), RP ′′(1,∞) = 1R(1,∞), thus

δtopR,RP ′(1,∞) = 1 and δtopR,RP ′′(1,∞) = 0.
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Since topR = 2R(1,∞), there are no possible regular indecomposable pairs (R′′,R′) in (∗∗) such that 0 →
R′′ → R → R′ → 0 is exact and topR′ = 1R(1,∞). Thus we have

S1 = f2n+2(q).

The possible regular indecomposable pairs (R′′,R′) in (∗) such that 0 → R′′ → R → R′ → 0 is

exact, dimR′′ > dimP ′′, topR′′ = RP ′′(1,∞) = 1R(1,∞) and topR′ = RP ′(1,∞) = 2R(1,∞) are

(1R(2t + 1,∞), 2R(4n − 2t + 3,∞)), where t ∈ {n + 1, . . . ,2n + 1}. Thus we have

S2 =
1

α1R(4n+4,∞)

2n+1
∑

t=n+1
α1R(2t+1,∞)f2(t−n−1)(q)q

2n+1−tα2R(4n−2t+3,∞)

= (q − 1)
n

∑
s=0

qsf2n−2s(q).

This means that the Ringel-Hall polynomial in this case is:

FP
RP0
= S1 − S2 = f2n+2(q) − (q − 1)

n

∑
s=0

qsf2n−2s(q) = h2n+2(q).

● R is from a tube of rank 3

(1) Suppose that R = 1R(6n + 6,0), meaning that its regular-socle is
1R(1,0) and regular-top is

3R(1,0). Also,

dimP ′ = nδ + (0,2,3,2,1,2,1), dimP ′′ = nδ + (2,3,3,2,1,2,1) and RP ′(1,0) = 2R(1,0), RP ′′(1,0) =
3R(1,0), thus δtopR,RP ′(1,0) = 0 and δtopR,RP ′′(1,0) = 1.

The possible regular indecomposable pairs (R′′,R′) in (∗) such that 0→ R′′ → R → R′ → 0 is exact, dimR′′ >
dimP ′, topR′′ = RP ′(1,0) = 2R(1,0) and topR′ = RP ′′(1,0) = 3R(1,0) are (1R(3t + 2,0),3R(6n − 3t +
4,0)), where t ∈ {n + 1, . . . ,2n + 1}. Thus we have

S1 =
1

α1R(6n+6,0)

2n+1
∑

t=n+1
α1R(3t+2,0)f2(t−n)−1(q)q

2n−t+1α3R(6n−3t+4,0)

= (q − 1)
n

∑
s=0

qsf2n−2s+1(q).

Since topR = 3R(1,0), there are no possible regular indecomposable pairs (R′′,R′) in (∗∗) such that 0 →
R′′ → R → R′ → 0 is exact and topR′ = RP ′(1,0) = 2R(1,0). Thus we have

S2 = f2n+1(q).

This means that the Ringel-Hall polynomial in this case is:

FP
RP0
= S1 − S2 = (q − 1)

n

∑
s=0

qsf2n−2s+1(q) − f2n+1(q) = h2n+2(q).

(2) Suppose that R = 2R(6n + 6,0), meaning that its regular-socle is
2R(1,0) and regular-top is

1R(1,0).
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In case FP
RP0
≠ 0, the indecomposable P must project to the regular-top of R, thus ⟨dimP,dim 1R(1,0)⟩ = 0

must be nonzero, a contradiction. So, the Ringel-Hall polynomial in this case is FP
RP0
= 0.

(3) Suppose that R = 3R(6n + 6,0), meaning that its regular-socle is
3R(1,0) and regular-top is

2R(1,0). Also,

δtopR,RP ′(1,0) = 1 and δtopR,RP ′′(1,0) = 0.

Since topR = 2R(1,0), there are no possible regular indecomposable pairs (R′′,R′) in (∗) such that 0 →
R′′ → R → R′ → 0 is exact and topR′ = RP ′(1,0) = 3R(1,0). Thus we have

S1 = f2n+2(q).

The possible regular indecomposable pairs (R′′,R′) in (∗∗) such that 0 → R′′ → R → R′ → 0 is ex-

act, dimR′′ > dimP ′′, topR′′ = RP ′′(1,0) = 3R(1,0) and topR′ = RP ′(1,0) = 2R(1,0) are (3R(3t +
1,0), 1R(6n − 3t + 5,0)), where t ∈ {n + 1, . . . ,2n + 1}. Thus we have

S2 =
1

α1R(6n+6,0)

2n+1
∑

t=n+1
α3R(3t+1,0)f2(t−n−1)(q)q2n−t+1α1R(6n−3t+5,0)

= (q − 1)
n

∑
s=0

qsf2n−2s(q).

This means that the Ringel-Hall polynomial in this case is:

FP
RP0
= S1 − S2 = f2n+2(q) − (q − 1)

n

∑
s=0

qsf2n−2s(q) = h2n+2(q).

(4) Suppose that R = 1R(6n + 6,1), meaning that its regular-socle is
1R(1,1) and regular-top is

3R(1,1). Also,

RP ′(1,1) = 2R(1,1), RP ′′(1,1) = 3R(1,1). By a similar argumentation as in case (1) we obtain that

FP
RP0
= h2n+2(q).

(5) Suppose that R = 2R(6n + 6,1), meaning that its regular-socle is
2R(1,1) and regular-top is

1R(1,1). By a

similar argumentation as in case (2) we obtain that

FP
RP0
= 0.

(6) Suppose that R = 3R(6n + 6,1), meaning that its regular-socle is
3R(1,1) and regular-top is

2R(1,1). By a

similar argumentation as in case (3) we obtain that

FP
RP0
= h2n+2(q).

The case σ2 = (0,0,1,1,0,0,0)

For Pσ2 = P (0,4) there is no orthogonal exceptional preprojective pair, and trivially F
Pσ2
1R(1,1)P0

= 1.
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For P = P (6n + 6,4) = Pσ2(+2(n + 1)δ) we have dimR = (2n + 2)δ + (0,0,1,1,0,0,0), thus dimR = (2n + 2)δ +
dim 1R(1,1), so R = 1R(6n + 7,1). Also, dimP ′ = nδ + (1,2,2,2,1,1,0), dimP ′′ = nδ + (1,2,3,1,1,2,1) and

RP ′(1,1) = 1R(1,1), RP ′′(1,1) = 2R(1,1), thus δtopR,RP ′(1,1) = 1 and δtopR,RP ′′(1,1) = 0.

Since topR = 1R(1,1), there are no possible regular indecomposable pairs (R′′,R′) in (∗∗) such that 0→ R′′ →
R → R′ → 0 is exact and topR′ = RP ′′(1,1) = 2R(1,1). Thus we have

S1 = f2n+2(q).

The possible regular indecomposable pairs (R′′,R′) in (∗) such that 0 → R′′ → R → R′ → 0 is exact, dimR′′ >
dimP ′, topR′′ = RP ′′(1,1) = 2R(1,1) and topR′ = RP ′(1,1) = 1R(1,1) are (1R(3t + 2,1), 3R(6n − 3t + 5,1)),
where t ∈ {n + 1, . . . ,2n + 1}. Thus we have

S2 =
1

α1R(6n+7,1)

2n+1
∑

t=n+1
α1R(3t+2,1)f2(t−n−1)(q)q

2n−t+2α3R(6n−3t+5,1)

= (q − 1)
n

∑
s=0

qsf2n−2s(q).

This means that the Ringel-Hall polynomial in this case is:

FP
RP0
= S1 − S2 = f2n+2(q) − (q − 1)

n

∑
s=0

qsf2n−2s(q) = h2n+2(q).

The case σ3 = (1,1,2,1,1,1,0)

In this case P = P (6n + 1,4) = Pσ3(+2nδ), dimR = 2nδ + (1,2,2,1,1,1,0), thus dimR = 2nδ + dim 3R(1,0) +
dim 1R(1,0), so R = 3R(6n + 2,0). Also, dimP ′ = nδ + (0,1,1,1,1,0,0), dimP ′′ = nδ + (1,1,1,0,0,1,0) and

RP ′(1,0) = 3R(1,0), RP ′′(1,0) = 1R(1,0), thus δtopR,RP ′(1,0) = 0 and δtopR,RP ′′(1,0) = 1.

The possible regular indecomposable pairs (R′′,R′) in (∗) such that 0 → R′′ → R → R′ → 0 is exact, dimR′′ >
dimP ′, topR′′ = RP ′(1,0) = 3R(1,0) and topR′ = RP ′′(1,0) = 1R(1,0) are (3R(3t + 1,0), 1R(6n − 3t + 1,0)),
where t ∈ {n, . . . ,2n}. Thus we have

S1 =
1

α3R(6n+2,0)

2n

∑
t=n

α3R(3t+1,0)f2(t−n)(q)q
2n−tα3R(6n−3t+1,0)

= (q − 1)
n

∑
s=0

qsf2n−2s(q).

Since topR = 1R(1,0), there are no possible regular indecomposable pairs (R′′,R′) in (∗∗) such that 0→ R′′ →
R → R′ → 0 is exact and topR′ = RP ′(1,0) = 3R(1,0). Thus we have

S2 = f2n(q).

This means that the Ringel-Hall polynomial in this case is:

FP
RP0
= S1 − S2 = (q − 1)

n

∑
s=0

qsf2n−2s(q) − f2n(q) = h2n+1(q).
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The case σ4 = δ

In this case P = P (6n + 3,2) = Pσ4(+2nδ), hence dimR = (2n + 1)δ. Thus R can be taken from any non-

homogeneous tube.

• R is from the tube of rank 2

Without loss of generality we may suppose thatR = 1R(4n + 2,∞)meaning that its regular-socle is
1R(1,∞)

and regular-top is
2R(1,∞). The other case, when R = 2R(4n + 2,∞), P ′′ = nδ + (1,2,2,1,1,1,1) and

RP ′(1,∞) = 1R(1,∞), RP ′′(1,∞) = 2R(1,∞), thus δtopR,RP ′(1,∞) = 0 and δtopR,RP ′′(1,∞) = 1.

The possible regular indecomposable pairs (R′′,R′) in (∗) such that 0 → R′′ → R → R′ → 0 is ex-

act, dimR′′ > dimP ′, topR′′ = RP ′(1,∞) = 1R(1,∞) and topR′ = RP ′′(1,∞) = 2R(1,∞) are

(1R(2t + 1,∞), 2R(4n − 2t + 1,∞)), where t ∈ {n, . . . ,2n}. Thus we have

S1 =
1

α1R(4n+2,∞)

2n

∑
t=n

α1R(2t+1,∞)f2(t−n)(q)q
2n−tα2R(4n−2t+1,∞)

= (q − 1)
n

∑
s=0

qsf2n−2s(q).

Since topR = 2R(1,∞), there are no possible regular indecomposable pairs (R′′,R′) in (∗∗) such that 0 →
R′′ → R → R′ → 0 is exact and topR′ = RP ′(1,∞) = 1R(1,∞). Thus we have

S2 = f2n(q).

This means that the Ringel-Hall polynomial in this case is:

FP
RP0
= S1 − S2 = (q − 1)

n

∑
s=0

qsf2n−2s(q) − f2n(q) = h2n+1(q).

• R is from a tube of rank 3

(1) Suppose that R = 1R(6n + 3,0), meaning that its regular-socle is
1R(1,0) and regular-top is

3R(1,0).
Also, dimP ′ = nδ + (0,1,1,1,0,1,0), dimP ′′ = nδ + (1,2,2,1,1,1,1) and RP ′(1,0) = 2R(1,0),
RP ′′(1,0) = 3R(1,0), thus δtopR,RP ′(1,0) = 0 and δtopR,RP ′′(1,0) = 1.

The possible regular indecomposable pairs (R′′,R′) in (∗) such that 0 → R′′ → R → R′ → 0 is

exact, dimR′′ > dimP ′, topR′′ = RP ′(1,0) = 2R(1,0) and topR′ = RP ′′(1,0) = 3R(1,0) are

(1R(3t + 2,0),3R(6n − 3t + 1,0)), where t ∈ {n, . . . ,2n}. Thus we have

S1 =
1

α1R(6n+3,0)

2n

∑
t=n

α1R(3t+2,0)f2(t−n)(q)q
2n−tα3R(6n−3t+1,0)

= (q − 1)
n

∑
s=0

qsf2n−2s(q).
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C.1 The Ẽ6 case Appendix C Proof of Theorem 2.10

Since topR = 3R(1,0), there are no possible regular indecomposable pairs (R′′,R′) in (∗∗) such that

0→ R′′ → R → R′ → 0 is exact and topR′ = RP ′(1,0) = 2R(1,0). Thus we have

S2 = f2n(q).

This means that the Ringel-Hall polynomial in this case is:

FP
RP0
= S1 − S2 = (q − 1)

n

∑
s=0

qsf2n−2s(q) − f2n(q) = h2n+1(q).

(2) Suppose that R = 2R(6n + 3,0), meaning that its regular-socle is
2R(1,0) and regular-top is

1R(1,0).
In case FP

RP0
≠ 0, the indecomposable P must project to the regular-top of R, thus

⟨dimP,dim 1R(1,0)⟩ = 0 must be nonzero, a contradiction. So, the Ringel-Hall polynomial in this

case is FP
RP0
= 0.

(3) Suppose that R =3R(6n + 3,0), meaning that its regular-socle is
3R(1,0) and regular-top is

2R(1,0).
Also, δtopR,RP ′(1,0) = 1 and δtopR,RP ′′(1,0) = 0.

Since topR = 2R(1,0), there are no possible regular indecomposable pairs (R′′,R′) in (∗) such that

0→ R′′ → R → R′ → 0 is exact and topR′ = RP ′(1,0) = 3R(1,0). Thus we have

S1 = f2n+1(q).

The possible regular indecomposable pairs (R′′,R′) in (∗∗) such that 0 → R′′ → R → R′ → 0 is exact,

dimR′′ > dimP ′′, topR′′ = RP ′′(1,0) = 3R(1,0) and topR′ = RP ′(1,0) = 2R(1,0) are (3R(3t +
1,0), 1R(6n − 3t + 2,0)), where t ∈ {n + 1, . . . ,2n}. Thus we have

S2 =
1

α1R(6n+3,0)

2n

∑
t=n+1

α3R(3t+1,0)f2(t−n)−1(q)q2n−tα1R(6n−3t+2,0)

= (q − 1)
n−1
∑
s=0

qsf2n−2s−1(q).

This means that the Ringel-Hall polynomial in this case is:

FP
RP0
= S1 − S2 = f2n+1(q) − (q − 1)

n−1
∑
s=0

qsf2n−2s−1(q) = h2n+1(q).

(4) Suppose that R = 1R(6n + 3,1), meaning that its regular-socle is
1R(1,1) and regular-top is

3R(1,1).
Also, RP ′(1,1) = 2R(1,1), RP ′′(1,1) = 3R(1,1). By a similar argumentation as in case (1) we obtain

that

FP
RP0
= S1 − S2 = (q − 1)

n

∑
s=0

qsf2n−2s(q) − f2n(q) = h2n+1(q).

(5) Suppose that R = 2R(6n + 3,1), meaning that its regular-socle is
2R(1,1) and regular-top is

1R(1,1).
By a similar argumentation as in case (2) we obtain that

FP
RP0
= 0.
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(6) Suppose that R = 3R(6n + 3,1), meaning that its regular-socle is
3R(1,1) and regular-top is

2R(1,1).
By a similar argumentation as in case (3) we obtain that

FP
RP0
= S1 − S2 = f2n+1(q) − (q − 1)

n−1
∑
s=0

qsf2n−2s−1(q) = h2n+1(q).

The case σ5 = δ + σ2

In this case P = P (6n + 3,4) = Pσ5(+2nδ), thus dimR = (2n + 1)δ + dim 1R(1,1), so R = 1R(6n + 4,1). Also,

dimP ′ = nδ + (0,1,2,1,0,1,1), dimP ′′ = nδ + (1,2,2,2,1,1,0) and RP ′(1,1) = 1R(1,1), RP ′′(1,1) = 2R(1,1),
thus δtopR,RP ′(1,1) = 1 and δtopR,RP ′′(1,1) = 0.

Since topR = 1R(1,1), there are no possible regular indecomposable pairs (R′′,R′) in (∗∗) such that 0→ R′′ →
R → R′ → 0 is exact and topR′ = RP ′′(1,1) = 2R(1,1). Thus we have

S1 = f2n+1(q).

The possible regular indecomposable pairs (R′′,R′) in (∗) such that 0 → R′′ → R → R′ → 0 is exact, dimR′′ >
dimP ′, topR′′ = RP ′′(1,1) = 2R(1,1) and topR′ = RP ′(1,1) = 1R(1,1) are (1R(3t + 2,1), 3R(6n − 3t + 2,1)),
where t ∈ {n + 1, . . . ,2n}. Thus we have

S2 =
1

α3R(6n+4,1)

2n

∑
t=n+1

α3R(3t+2,1)f2(t−n)−1(q)q
2n−t+1α3R(6n−3t+2,1)

= (q − 1)
n−1
∑
s=0

qsf2n−2s−1(q).

This means that the Ringel-Hall polynomial in this case is:

FP
RP0
= S1 − S2 = f2n+1(q) − (q − 1)

n−1
∑
s=0

qsf2n−2s−1(q) = h2n+1(q).

The case σ6 = δ + σ3

In this case P = P (6n + 4,4) = Pσ6(+2nδ), thus dimR = (2n + 1)δ + dim 3R(1,0) + dim 1R(1,0), so R =
3R(6n + 5,0). Also, dimP ′ = nδ + (1,2,2,2,1,1,0), dimP ′′ = nδ + (1,2,3,1,1,2,1) and RP ′(1,0) = 3R(1,0),
RP ′′(1,0) = 1R(1,0), thus δtopR,RP ′(1,0) = 0 and δtopR,RP ′′(1,0) = 1.

The possible regular indecomposable pairs (R′′,R′) in (∗) such that 0 → R′′ → R → R′ → 0 is exact, dimR′′ >
dimP ′, topR′′ = RP ′(1,0) = 3R(1,0) and topR′ = RP ′′(1,0) = 1R(1,0) are (3R(3t + 1,0), 1R(6n − 3t + 4,0)),
where t ∈ {n + 1, . . . ,2n + 1}. Thus we have

S1 =
1

α3R(6n+5,0)

2n

∑
t=n

α3R(3t+1,0)f2(t−n)−3(q)q
2n−t+2α3R(6n−3t+4,0)

= (q − 1)
n

∑
s=0

qsf2n−2s+1(q).

225



C.2 The cases Ẽ7 and Ẽ8 Appendix C Proof of Theorem 2.10

Since topR = 1R(1,0), there are no possible regular indecomposable pairs (R′′,R′) in (∗∗) such that 0→ R′′ →
R → R′ → 0 is exact and topR′ = RP ′(1,0) = 3R(1,0). Thus we have

S2 = f2n+1(q).

This means that the Ringel-Hall polynomial in this case is:

FP
RP0
= S1 − S2 = (q − 1)

n

∑
s=0

qsf2n−2s+1(q) − f2n+1(q) = h2n+2(q).

C.2 The cases Ẽ7 and Ẽ8

In this section we present the final results of the steps from the proof of Theorem 2.10, applied to the cases D̃m, Ẽ7

and Ẽ8. A detailed description would be analogous to the one presented in the previous appendix for the case Ẽ6.

As mentioned in the proof of Theorem 2.10, we need a quiver orientation with a unique sink of defect −2. Using

symmetry, one has to consider the following orientations: QD̃m
s with s ∈ {5, . . . ,5+⌊m−42

⌋} the unique sink of defect

−2 in the D̃m case and QẼ7
1 , QẼ7

2 respectively QẼ8
1 , QẼ8

2 in the cases Ẽ7 and Ẽ8.

Over each of the quivers above we will classify the preprojectives P into families Pσ+2δ or Pσ and obtain the

corresponding Ringel-Hall polynomial. For simplicity, we will just list the generic form of the projectives P in each

family (without mentioning σ). Each genericP in this list will be followed by the corresponding nonzero Ringel-Hall

number FP
RP0

.

Note that we will use again the notation P = P (t, i), meaning that we consider the τ−t shift of the projective

corresponding to vertex i. Also note that in case dimR is a multiple of δ, then we have m such nonisomorphic

modules on a tube of rank m.

C.2.1 The quiver QD̃m
s

Consider the quiver QD̃m
s with s ∈ {5, . . . ,5 + ⌊m−42

⌋} being the unique sink of defect −2:

1 (1)

##

3 (1)

5 (2) // ⋯// // s (2) oo ⋯ m + 1 (2)oo
yy

2 (1)

;;

4 (1)

ee

The list of the preprojectives P and the corresponding Ringel-Hall polynomials is the following:

• in case 2s <m + 6:

(1) P = P ((m − 2)n, i), FP
RP0
= h2n(q), where i ∈ {5, . . . ,m + 1} ∖ {s};

(2) P = P ((m − 2)n + t, i), FP
RP0
= h2n+1(q), where t ∈ {1, . . . , s − 5}, i ∈ {4 + t,m + 2 − t};

(3) P = P ((m − 2)n + s − 4, i), FP
RP0
= h2n+1(q), where i ∈ {s, . . . ,m + 1};

(4) P = P ((m − 2)n + t,m + 2 − t), FP
RP0
= h2n+1(q), where t ∈ {s − 3, . . . ,m − s + 1};
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(5) P = P ((m − 2)n + t,m − t + s − 2), FP
RP0
= h2n+2(q), where t ∈ {s − 3, . . . ,m − s + 1};

(6) P = P ((m − 2)n +m − s + 2, i), FP
RP0
= h2n+1(q), where i ∈ {5, . . . , s};

(7) P = P ((m − 2)n +m − s + 2,2s − 4), FP
RP0
= h2n+2(q);

(8) P = P ((m−2)n+t, i), FP
RP0
= h2n+2(q), where t ∈ {m−s+3, . . . ,m−3}, i ∈ {t−m+s+2,m−t+s−2}.

• in case 2s =m + 6:

(1) P = P ((m − 2)n, i), FP
RP0
= h2n(q), where i ∈ {5, . . . ,m + 1} ∖ {s};

(2) P = P ((m − 2)n + t, i), FP
RP0
= h2n+1(q), where t ∈ {1, . . . , s − 5}, i ∈ {4 + t,m + 2 − t};

(3) P = P ((m − 2)n + s − 4, i), FP
RP0
= h2n+1(q), where i ∈ {5, . . . ,m + 1};

(4) P = P ((m−2)n+t, i), FP
RP0
= h2n+2(q), where t ∈ {m−s+3, . . . ,m−3}, i ∈ {t−m+s+2,m−t+s−2}.

Remark C.1. In the D̃m case we have three non-homogeneous tubes with the following ranks: 2, 2, m − 2. When

dimP − dimP0 = dimR is a multiple of δ (this happening precisely when P is of the form P (s − 4,m − s + 6)), the

Ringel-Hall polynomial will be nonzero for exactly two non-homogeneous regulars R taken from each tube. More

precisely, if taken from a non-homogeneous tube Te of rank m, the regular length of R is 2tPm or (2tP + 1)m and

the regular top is R1
P (1, e) or R2

P (1, e) (see Lemma 2.2).

C.2.2 The quiver QẼ7
1

Consider the quiver QẼ7
1 of type Ẽ7 having its unique sink the vertex 2, thus P0 = S2:

8 (2)

��
1 (1) // 2 (2) oo 3 (3) oo 4 (4) oo 5 (3) oo 6 (2) oo 7 (1)

In this case we have three non-homogeneous tubes: T∞ of rank 2, T0 of rank 3 and T1 of rank 4. The regular-simples

of these tubes are:

•
1R(1,∞) of dimension ( 1

1 1 1 2 1 1 0 ),
2R(1,∞) of dimension ( 1

0 1 2 2 2 1 1 );

•
1R(1,0) of dimension ( 0

0 0 1 1 1 1 0 ),
2R(1,0) of dimension ( 1

0 1 1 2 1 1 1 ) and
3R(1,0) of dimension

( 1
1 1 1 1 1 0 0 );

•
1R(1,1) of dimension ( 1

0 0 1 1 0 0 0 ),
2R(1,1) of dimension ( 0

0 0 0 1 1 0 0 ),
3R(1,1) of dimension

( 1
0 1 1 1 1 1 0 ) and

4R(1,1) of dimension ( 0
1 1 1 1 1 1 1 ).

The list of the preprojectives P and the corresponding Ringel-Hall polynomials is the following:

(1) P = P (12n + 3,2), FP
RP0
= h2n(q);

(2) P = P (12n + 4,2), FP
RP0
= h2n+1(q);

(3) P = P (12n + 8,2), FP
RP0
= h2n+1(q);

(4) P = P (12n + 9,2), FP
RP0
= h2n+2(q);
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(5) P = P (12n + 12,2), FP
RP0
= h2n+2(q) for R = 1R(1,∞), 2R(1,∞), 2R(1,0), 3R(1,0), 3R(1,1), 4R(1,1);

(6) P = P (12n,6), FP
RP0
= h2n(q);

(7) P = P (12n + 1,6), FP
RP0
= h2n+1(q);

(8) P = P (12n + 4,6), FP
RP0
= h2n+1(q) for R = 1R(1,∞), 2R(1,∞), 2R(1,0), 3R(1,0), 3R(1,1), 4R(1,1);

(9) P = P (12n + 7,6), FP
RP0
= h2n+1(q);

(10) P = P (12n + 8,6), FP
RP0
= h2n+2(q);

(11) P = P (12n,8), FP
RP0
= h2n(q);

(12) P = P (12n + 3,8), FP
RP0
= h2n+1(q);

(13) P = P (12n + 6,8), FP
RP0
= h2n+1(q);

(14) P = P (12n + 9,8), FP
RP0
= h2n+2(q).

C.2.3 The quiver QẼ7
2

Consider the quiver QẼ7
2 of type Ẽ7 having its unique sink the vertex 8, thus P0 = S8:

8 (2)
OO

1 (1) // 2 (2) // 3 (3) // 4 (4) oo 5 (3) oo 6 (2) oo 7 (1)

In this case we have three non-homogeneous tubes: T∞ of rank 2, T0 of rank 3 and T1 of rank 4. The regular-simples

of these tubes are:

•
1R(1,∞) of dimension ( 1

1 1 2 2 1 1 0 ),
2R(1,∞) of dimension ( 1

0 1 1 2 2 1 1 );

•
1R(1,0) of dimension ( 0

0 0 1 1 1 0 0 ),
2R(1,0) of dimension ( 1

0 1 1 1 1 1 0 ) and
3R(1,0) of dimension

( 1
1 1 1 2 1 1 1 );

•
1R(1,1) of dimension ( 1

1 1 1 1 1 0 0 ),
2R(1,1) of dimension ( 0

0 0 0 1 1 1 0 ),
3R(1,1) of dimension

( 1
0 0 1 1 1 1 1 ) and

4R(1,1) of dimension ( 0
0 1 1 1 0 0 0 ).

The list of the preprojectives P and the corresponding Ringel-Hall polynomials is the following:

(1) P = P (12n,2), FP
RP0
= h2n(q);

(2) P = P (12n + 3,2), FP
RP0
= h2n+1(q);

(3) P = P (12n + 6,2), FP
RP0
= h2n+1(q);

(4) P = P (12n + 9,2), FP
RP0
= h2n+2(q);

(5) P = P (12n,6), FP
RP0
= h2n(q);
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(6) P = P (12n + 3,6), FP
RP0
= h2n+1(q);

(7) P = P (12n + 6,6), FP
RP0
= h2n+1(q) ;

(8) P = P (12n + 9,6), FP
RP0
= h2n+2(q);

(9) P = P (12n + 2,8), FP
RP0
= h2n(q);

(10) P = P (12n + 4,8), FP
RP0
= h2n+1(q);

(11) P = P (12n + 6,8), FP
RP0
= h2n+1(q) for R = 1R(1,∞), 2R(1,∞), 2R(1,0), 3R(1,0), 1R(1,1), 3R(1,1);

(12) P = P (12n + 8,8), FP
RP0
= h2n+1(q);

(13) P = P (12n + 10,8), FP
RP0
= h2n+2(q);

(14) P = P (12n + 12,8), FP
RP0
= h2n+2(q) for R = 1R(1,∞), 2R(1,∞), 2R(1,0), 3R(1,0), 1R(1,1), 3R(1,1).

C.2.4 The quiver QẼ8
1

Consider the quiver QẼ8
1 of type Ẽ8 having its unique sink the vertex 1, thus P0 = S1:

9 (3)

��
1 (2) oo 2 (4) oo 3 (6) oo 4 (5) oo 5 (4) oo 6 (3) oo 7 (2) oo 8 (1)

In this case we have three non-homogeneous tubes: T∞ of rank 2, T0 of rank 3 and T1 of rank 4. The regular-simples

of these tubes are:

•
1R(1,∞) of dimension ( 2

1 2 3 2 2 1 1 0 ),
2R(1,∞) of dimension ( 1

1 2 3 3 2 2 1 1 );

•
1R(1,0) of dimension ( 1

0 1 2 1 1 1 0 0 ),
2R(1,0) of dimension ( 1

1 1 2 2 1 1 1 0 ) and
3R(1,0) of dimension

( 1
1 2 2 2 2 1 1 1 );

•
1R(1,1) of dimension ( 0

0 0 1 1 1 0 0 0 ),
2R(1,1) of dimension ( 1

1 1 1 1 1 1 0 0 ),
3R(1,1) of dimension

( 0
0 1 1 1 1 1 1 0 ) and

4R(1,1) of dimension ( 1
1 1 2 1 1 1 1 1 ) ,

5R(1,1) of dimension ( 1
0 1 1 1 0 0 0 0 ).

The list of the preprojectives P and the corresponding Ringel-Hall polynomials is the following:

(1) P = P (30n + 3,1), FP
RP0
= h2n(q);

(2) P = P (30n + 5,1), FP
RP0
= h2n(q);

(3) P = P (30n + 10,1), FP
RP0
= h2n+1(q);

(4) P = P (30n + 12,1), FP
RP0
= h2n+1(q);

(5) P = P (30n + 15,1), FP
RP0
= h2n+1(q) for R = 1R(1,∞), 2R(1,∞), 2R(1,0), 3R(1,0), 2R(1,1), 4R(1,1);

(6) P = P (30n + 18,1), FP
RP0
= h2n+1(q);
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(7) P = P (30n + 20,1), FP
RP0
= h2n+1(q);

(8) P = P (30n + 25,1), FP
RP0
= h2n+2(q);

(9) P = P (30n + 27,1), FP
RP0
= h2n+2(q);

(10) P = P (30n + 30,1), FP
RP0
= h2n+2(q) for R = 1R(1,∞), 2R(1,∞), 2R(1,0), 3R(1,0), 2R(1,1), 4R(1,1);

(11) P = P (30n,7), FP
RP0
= h2n(q);

(12) P = P (30n + 3,7), FP
RP0
= h2n(q) ;

(13) P = P (30n + 6,7), FP
RP0
= h2n+1(q);

(14) P = P (30n + 9,7), FP
RP0
= h2n+1(q);

(15) P = P (30n + 15,7), FP
RP0
= h2n+1(q);

(16) P = P (30n + 18,7), FP
RP0
= h2n+1(q);

(17) P = P (30n + 21,7), FP
RP0
= h2n+2(q);

(18) P = P (30n + 24,7), FP
RP0
= h2n+2(q).

C.2.5 The quiver QẼ8
2

Consider the quiver QẼ8
2 of type Ẽ8 having its unique sink the vertex 7, thus P0 = S7:

9 (3)

��
1 (2) // 2 (4) // 3 (6) // 4 (5) // 5 (4) // 6 (3) // 7 (2) oo 8 (1)

In this case we have three non-homogeneous tubes: T∞ of rank 2, T0 of rank 3 and T1 of rank 4. The regular-simples

of these tubes are:

•
1R(1,∞) of dimension ( 1

1 2 3 2 2 1 1 1 ),
2R(1,∞) of dimension ( 2

1 2 3 3 2 2 1 0 );

•
1R(1,0) of dimension ( 1

0 1 2 1 1 1 0 0 ),
2R(1,0) of dimension ( 1

1 2 2 2 2 1 1 0 ) and
3R(1,0) of dimension

( 1
1 1 2 2 1 1 1 1 );

•
1R(1,1) of dimension ( 1

0 0 1 1 1 0 0 0 ),
2R(1,1) of dimension ( 0

0 1 1 1 0 0 0 0 ),
3R(1,1) of dimension

( 1
1 1 2 1 1 1 1 0 ) and

4R(1,1) of dimension ( 1
0 1 1 1 1 1 1 1 ) ,

5R(1,1) of dimension ( 0
1 1 1 1 1 1 0 0 ).

The list of the preprojectives P and the corresponding Ringel-Hall polynomials is the following:

(1) P = P (30n,1), FP
RP0
= h2n(q);

(2) P = P (30n + 3,1), FP
RP0
= h2n(q);

(3) P = P (30n + 6,1), FP
RP0
= h2n+1(q);
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(4) P = P (30n + 9,1), FP
RP0
= h2n+1(q);

(5) P = P (30n + 15,1), FP
RP0
= h2n+1(q);

(6) P = P (30n + 18,1), FP
RP0
= h2n+1(q);

(7) P = P (30n + 21,1), FP
RP0
= h2n+2(q);

(8) P = P (30n + 5,7), FP
RP0
= h2n(q);

(9) P = P (30n + 6,7), FP
RP0
= h2n+1(q);

(10) P = P (30n + 9,7), FP
RP0
= h2n(q);

(11) P = P (30n + 10,7), FP
RP0
= h2n+1(q);

(12) P = P (30n + 15,7), FP
RP0
= h2n+1(q) for R = 1R(1,∞), 2R(1,∞), 2R(1,0), 3R(1,0), 3R(1,1), 4R(1,1);

(13) P = P (30n + 20,7), FP
RP0
= h2n+1(q);

(14) P = P (30n + 21,7), FP
RP0
= h2n+2(q);

(15) P = P (30n + 24,7), FP
RP0
= h2n+1(q);

(16) P = P (30n + 25,7), FP
RP0
= h2n+2(q);

(17) P = P (30n + 30,7), FP
RP0
= h2n+2(q) for R = 1R(1,∞), 2R(1,∞), 2R(1,0), 3R(1,0), 3R(1,1), 4R(1,1).
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pp. 726–748 (cit. on p. 26).

[45] C.M. Ringel. The Theorem of Bo Chen and Hall Polynomials. Nagoya Mathematical Journal 183

(2006), pp. 143–160 (cit. on pp. 2, 27, 59, 60, 64).

[46] D. Rupel. Quantum Cluster Characters. PhD thesis. Eugene, OR, June 2012 (cit. on pp. 1, 2).

[47] S.V. Sam. The Caldero–Chapoton formula for cluster algebras. 2009 (cit. on pp. 30, 62).

[48] A. Schofield. The internal structure of real Schur representations. preprint. 1990 (cit. on p. 23).
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[53] Cs. Szántó. On some Ringel-Hall numbers in tame cases. Acta Universitatis Sapientiae, Mathemat-

ica 6.1 (3914), pp. 61–72 (cit. on pp. 2, 12, 31).
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