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Preface

The book presents modern results in discrete mathematics and combina-
torics, its purpose being to popularise recent developments in this area, and
to encourage further research. Structured in ten chapters, it provides theo-
retical results illustrated by many examples and applications.

The first part of the book is dedicated to useful identities for polynomials,

sums and products, along with methods of proof and counting strategies.

Chapter 1 presents fundamental identities and techniques required for
efficient work with quadratics and polynomials of higher degree.
Chapter 2 is dedicated to important examples of sums and products, in-
cluding telescopic sums, sums of perfect powers, trigonometric sums and
finite products.

Chapter 3 presents fundamental proof techniques, including proof by
contradiction, induction, or by the pigeon hole principle.

Chapter 4 is devoted to counting strategies. Here we review permuta-
tions, combinations, binomial coefficients. We present numerous results
for classical sets and also for multisets. We then illustration the inclusion-
exclusion principle, and counting strategies focused on bijections, or mul-
tiple ways of counting, as well as by using Hall’s marriage theorem.

The second presents key results regarding generating functions and re-

cursive processes, with an emphasis on recent work on sequences of Lu-
cas and Pell-Lucas polynomials, and integral representations for classical
sequences.

In Chapter 5 we discuss the general theory of ordinary and exponential
generating functions, supported by numerous examples. In this context
we also present a useful versions of the Cauchy integral formula, which
has many applications.

Chapter 6 is dedicated to recursive processes, with separate sections for
first, second, and higher-order linear recursions. We then discuss the se-
quences of Lucas and Pell-Lucas polynomials, for which we provide or-
dinary and exponential generating functions, as well as explicit formu-
lae for Fibonacci, Lucas, Pell and Pell-Lucas polynomials. In particular,
we discuss applications to classical sequences, for which we also provide
some integral representations.
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The third part of the book is devoted to special polynomials, starting with
polynomials in multiple variables, followed by cyclotomic and inverse cy-
clotomic polynomials.

e Chapter 7 presents key results on symmetric polynomials, presenting
Newton’s formulas, along side number theoretic applications.

e Chaper 8is devoted to cyclotomic polynomials and their numerous appli-
cations. We start with some background information on arithmetic func-
tions, Mobius function and Ramanujan sums. We then discuss the def-
inition and basic properties of the cyclotomic polynomials, along with
results on the magnitude (Suzuki), integral formula, or various recent re-
current formulae for the coefficients of cyclotomic polynomials, some of
which are original. In a similar framework we also analyse the inverse
cyclotomic polynomials, whose investigation is more recent.

e Chapter 9 presents a variety of special polynomials, including polygonal,
Gaussian, multinomial, Catalan polynomials, for which we discuss recur-
sive and integral formulae for the coefficients, related integer sequences,
and combinatorial interpretations. Much of this work involves original
research results published by the authors in the recent years.

Finally, Chapter 10 is devoted to the study of special types of ordered par-
titions of sets of multisets. We start from the classical signum equations, and
then build the theory allowing us to study k-partitions with equal sums of
multisets, whose number is computed using integral formulae. The results
are linked to diophantine equations and novel integer sequences.

The book comes with 244 references suggesting further reading, and an
index to help the readers to easily navigate the contents. It can be a useful
resource for researchers and scholars interested in recent advances in the
field of discrete mathematics, postgraduate students in college or university
and their instructors, or advanced high school students.

We would like to thank Professor Andrei Marcus and Associate Professor
Cornel Pintea for their constructive remarks and suggestions, which helped
us improve the quality of the manuscript. We also thank them for recom-
mending this book for publication.

Special thanks to our families for their continuous and discrete support.

The authors
February 2023
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Chapter 1
Identities. Polynomials

1.1 Basic identities

We start by exploring various polynomial identities that are commonly used
in mathematics and emphasize some of their practical applications. Identi-
ties are an essential tool in solving many mathematical problems, ranging
from problems in algebra to geometry and beyond. They frequently allow
one to simplify expressions and evaluate complicated functions.

1. Difference of powers.
a"—b" = (a—b)(a" B0 +a" 2 + - a2+ b aD).
Some useful forms of this identity occur for n = 2 where we have
> — > =(a—Db)(a+b),
and for n = 3 in which case
a® — b = (a — b)(a® + ab + b?).

Note that when a = 1 one obtains the sum of a geometric series

2 w1 b1
1+b+b+ -+ b =
b—1
2. Sum of odd powers.
a2n+1+b2n+1:(a_i_b)(aanO_aanlbl_’_”._alenfl_i_bZnaO)‘

This identity follows by substituting b’ = —b into identity 1. The most com-
mon form is obtained for n = 1, giving the sum of cubes:

a® 4+ b3 = (a+b)(a® — ab + b?).
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Also, when a = 1, one obtains the sum of an alternate geometric series:

p2n+1 +1
1—b b2 ”__bZIfl—l bZn:
T + b+1
3. Product of sums of powers.
x27’l _ azﬂ
(x+a)(x®+a?)--- (x4 a? ) = — (1.1)

The proof to this identity follows by multiplication of both sides by x — a
and by successive application of the difference of squares formula

(u—0)(u+0)=u?—o%
After n — 1 steps we get
(xzn—] _ azn—l)(xzn—] + aznfl) . on on
and this relation is obvious since
xzn . azn _ (x2n71 )2 . (a2n71 )2‘

4. Collapsing trinomial factorization.

+1 +1
x2n + xzn azn + azn

2 2 on 271—1 2n—1 on
X°- —ax a)---(x- —X a a =
( ) +a”) x2 + ax + a2

The idea of proof is similar to the proof given for the previous identity.
Multiply both sides by x? + ax + a? and use successively the relation

(1 + uv + 0?) (u? — uv + %) = (u? + v*)? — (uv)? = u* + uv® + ov*.

After n steps we get

n

(2 T ) =TT ) =2 2 2
and the last relation is true because the same argument.
Example 1.1. Let n be a positive integer. Prove the identity
42 4 = (92041 4 gntl 4 1) (9204l _pntl 4 q),
Solution. We have
(221 Jontl )21 gl g 1) = (22041 4 1)2 _ (pnt1)2

— 247’l+2 + 221’l+2 + 1 _ 22)’l+2 — 241’l+2 + 1
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Example 1.2 (Balkan 1997). Let x,y be non-zero real numbers with |x| # |y| and

2 2 2 _ 42
X+y X y k,

22 gy -

for some real number k. Find in terms of k the value of

By xS yb
BB By

Solution. The equality

2 .2

2 _|_y2 2oy 5
22 242 -
implies
(x2 + yZ)Z (- y2)2 L
Ay — M
hence
iyt ok
P 9’
x\? k+2
from where one obtains <y) =i Therefore

x8 +]/8 x8 _y8 _ (xS +]/8)2 + (XS _y8)2 _ 2(x16 +y16)
x8 — y8 x8 + y8 x16 _ ylé x16 _ ]/16

<k+2>4
— | +1
_ k=2

_
<k+2>4_1 _2(k+2)4—(k—2)4'
k—2

Example 1.3. Find a relation between the numbers a,b, c if

x—I—E*a +1*b x+i*c
x Y y Y xy

Solution. We have

() ) vy
X+ J\y+-|=xy+ —+—-+=,
* Yy oy ox

hence
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On the other hand
X,y 1Y _ 2,0, 1 1
<y+x><xy+xy>_x T aty

1\? 1\?
:<x—|—> +<y+) —4d=a®+ b4,
X y

(ab —c)c = a* +b* — 4.

hence

The desired relation is
a* +b* +c? —abc = 4.
Example 1.4 (Balkan 2000). Let x,y be integers such that
2+ + (x +y)? + 30xy = 2000.
Prove that x +y = 10.
Solution. We have
E=x>+1°+ (x+y)> + 30xy — 2000
=2(x 4 v)® — 3x%y — 3xy* + 30xy — 2000
= 2[(x 4+ y)® — 1000] — 3xy(x +y — 10)
= (x+y —10)[2((x +y)* + 10(x + y) + 100) — 3xy]
= (x +y —10)(2x? + xy + 2y + 20x + 20y + 200)
= (x+y—10)F.

Since

F = 2x% 4 xy + 2y* + 20x + 20y + 200
= (22 + xy + 1*) + (x* + 20x 4 100) + (v + 20y + 100)
24+ y2+ (x+y)?
= +
2
it follows that x +y = 10.

(x +10)2 4 (y +10)> >0,

Example 1.5. Let f, = 22" 4+1,n=0,1,..., be the Fermat’s numbers. Prove that

fo=fofifor fu—1+2.

Solution 1. By formula (1.1) (product of sum of powers) for a = 1 to get

x+ D)2+ +1).. (2 1) =
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Taking x = 2 one obtains fy - fi - fa... fy_1 =22 — 1, hence if follows that
fu=fo:fi-f2...fu_1 +2, and we are done.

Solution 2. We have
fr=241=22"2 = (o — 1)+ 1= 2~ 2fi g +2,
hence fy —2 = fr_1(fx—1 — 2). Multiplying for k =1,2,...,n yields
fo=2=fu1...fr- fo(fo—2),
and since fo = 3, we obtain the desired relation.

Example 1.6. Factorize (x +y +z)% — x> — 3 — 23.

Solution. Let E = E(x,y,z) be the expression to be factorized. Using the dif-
ference of cubes and the sum of cubes, we have

E=(x+y+2° -2 -+
=+z)[(x+y+z?+x(x+y+z)+x*] - (y+2)y* —yz +2%)
= (y 4 2)(3x* + 3xy + 3yz + 3zx) = 3(x + y) (v + 2) (z + x).

Remark. From the above factorization it follows that
(x+y+zP=x>34+y>+27°
ifandonlyifx+y=0o0ry+z=0,0orz+x=0.

Example 1.7. Let a # 1 be a complex number and let n be a positive integer. Prove
the identity

(1+a4+a®+ - +a)VA+a" Y =14a+a>+ - +a>L.
Solution. Just multiply in the left hand side and get
Atata+ - +a)+ @ a2 ) =1 ata® 4 4 a?
Example 1.8. Show that if a,b,c € C satisfy abc #0and a + b+ c =0, then

1 1 1
. Ry Ry Ry s R

Solution. We have 2 = —(b + c), hence we get
—@*+ PP+ =—(b+c)* + b+ = —2bc.
Similarly,

2 —b*+c*=—-2ac and a®+ b*—c* = —2ab.
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Therefore,
LIS S S
—2 42+ 22—+ a2+4b2—c2 2\bc ac ab
——L(a+b+c)—0
" 2abc e

Example 1.9. Let nn > 1 be an integer. Prove that 32" — 1 contains in its factoriza-
tion at least 2n + 1 primes, not necessarily distinct.

Solution. From identity 3) we have

32— 1=203+1)(3%+1)--- (3" +1)

1

=23(32+1)--- (3 +1).

Each factor 32 + 1,322 +1,... ,32"71 + 1 is even, hence it is divisible by 2. We
get3+n —1=n+ 2 factors of 2. We also have at least n — 1 other primes in
factorization of 32" — 1, and the conclusion follows.

Example 1.10 (Romania 2000). If x,y, z,t are non-zero real numbers. Determine
the sum x +y + z + t if the numbers satisfy

X+y+z=t
ENE .
xyz_t

34y + 28 = 1000°.
Solution. Multiplying the first two relations we get
(x+y+z)(xy +yz+zx) = xyz,

hence
(x+y)(y+z)(z+x)=0,

from where x +y=0ory+z=0,0orz+x =0, thatisx +y+z+t =2t
From the last equality we get t = 1000, hence x 4 y + z 4 t = 2000.

1.2 A useful identity

The following factorization occurs in a large number of problems, but ow-
ing to its relative obscurity is oftentimes overlooked. It can make a problem
much easier! For any complex numbers 4,b,c, we have

a® 4+ %+ ¢ —3abc = (a+b +c)(a* +b* + ? —ab — bc — ca). (1.2)
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Proof 1. Multiply the factors on the right hand and cancel the similar terms.

Proof 2. Let P denote the polynomial with roots a,b, c:
P(X)=X3—(a+b+c)X>+ (ab+ bc + ca)X — abc.
Because 4,b, ¢ satisfy the equation P(x) = 0, we obtain
a® — (a+b+c)a® + (ab+ be + ca)a — abc = 0,
b — (a+b+c)b® + (ab+ be + ca)b — abc = 0,
& —(a+b+c)c®+ (ab+ be + ca)c — abc = 0.
Adding up these three equalities yields
B4+~ (a+b+c)(a®+b*+ )+ (ab+be+ca)(a+b+c) —3abc = 0.
Hence
@+ b2+ —3abc= (a+b+c)(a®+b* +c*—ab—bc— ca).
Proof 3. Another way to obtain the identity (1.2) is to use the determinant:

abc
cab
bca

D=

Expanding D, we obtain
D=a’+b®+c — 3abc.

On the other hand, adding all columns to the first one gives

a+b+cbhbc 1bc
D=|a+b+cabl=(a+b+c)|lab
a+b+cca lca

=(a+b+c)(a*+b*+c*—ab—bc—ca).
Remark. 1° Whenever a + b + ¢ = 0, we have that

a® + b3 + ¢ = 3abc. (1.3)

2° For a,b,c € R one has a° + b3 + ¢ = 3abc if and onlyifa+b+c=0or
a=>b=c.Indeed, if a + b + ¢ # 0, then from (1.2) we get
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>+ b*+c%—ab—bc—ca=0.

Thatis (a — b)?> + (b — ¢)? + (¢ — a)?> = 0, and the conclusion follows.

3° As we have seen above, the expression
a*> +b*+c® —ab—bc—ca

can also be written as

@02+ (- + (e~ a)?)

We obtain another version of the identity (1.2):

2%+ 1% + ¢ — 3abc = %(a+b+c)[(ﬂ —b)>+ (b—c)*+ (c —a)?.

4° The complete factorization of a® + b3 + ¢ — 3abc is
@’ 4+ 1>+ —3abc= (a+b+c)(a+bw+cw?)(a+bw+cw?)  (14)
where w is a cubic root of unity different from 1. Indeed, let us regard
a* +b* +c? —ab—bc — ca
as a quadratic in 4, with parameters b, c. This quadratic has discriminant
A= (b+c)>—4(*+c2—bc)=—-3(b—c)

Hence its roots are

:b+c—i(b—c)\/§:b1—i\/§+cl+i\@

. 2 2 2
and
b+c+ilb—c)V3 1+iV3  1-iV3
ap = =0 +c .
2 2 2
—1+4iv3
Setting w = —;l\[, one of the primitive cubic roots of the unity, we have
, —1-iV3
we=—,
2
hence a1 = —bw — cw? and ay = —bw? — cw. This gives the factorization

a®> +b*+c* —ab—bc —ca= (a+bw + cw?)(a+bw?+ cw),

which leads to the identity (1.4).
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Example 1.11. Factor (x + 2y — 3z)3 + (y + 2z — 3x)% + (z + 2x — 3y)°.
Solution. Denote
a=x+2y—3z, b=y+2z—-3x, c=z+2x—-3y,
and observe that a + b + ¢ = 0. By (1.3) it follows
a® + b® + ¢ = 3abc,
hence the desired factorization is

(x +2y —32)3 + (y +2z — 3x)> + (z + 2x — 3y)°
=3(x+2y—3z)(y +2z — 3x)(z + 2x — 3y).

Example 1.12. Let a,b,c be integers such that
(a—b)2+ (b—c)*+ (c —a)?* =abc.
Prove that a® + b3 + ¢ is divisible by a + b + ¢ + 6.

Solution. We first notice that at least one of 4, b, ¢ is even. Indeed, if a4, b, c are
all odd, the left-hand side of the given equality is even while the right-hand
side is odd, a contradiction. Because

a® + 0%+ —3abc = (a+b+c)(a*+b*+c* —ab—bc — ca),

and
A+ +c*—ab—bc—ca= %[(a—b)2+(b—c)2—|—(c—a)2] :%bc,
we get
a3+b3+c3—3abc:(a+b+c)%bc,
hence

b
B+ 43 = %(a+b+c+6),
o abc. . :
and since — isan integer, the conclusion follows.

Example 1.13. Prove that

i/45+29\f2+ 5/45—29&

is a rational number.

Solution. Let 2 = /45 + 29v/2 + v/45 — 29+/2. Because
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a— {/45+29\f2— €/45—29ﬁ=0,

we have

a® — (45 +29v/2) — (45 —29v/2) = 3a i’/(45 +29v/2) (45 — 29v/2),

which is equivalent to
a®—21a—90=0

or
(a —6)(a®+6a+15) = 0.

The equation a%2 4 6a + 15 = 0 has no real roots; hence

f/45+29ﬂ+ {/45—29\6:6,

a rational number.

Example 1.14. Let r be a real number such that

1
%‘F%:&

. 1
Determine the value of 1 + 5
r

1
Solution. From /7 4+ 5= — 3 = 0, we obtain
r

Ir

1 1
- —27=3yr—(-3)=-9,
1’+r \ﬁ%( )

1 1
which gives r 4 L= 18. Now, from r + P 18 =0, it follows that
1 1
r4+ = —18°=3r-(—18) = —3-18,
7 7

hence .
r+—=18-3-18.
r

1
Again, from 13 + 3 (18% —3-18) =0, we get

1
r — 5= (18% —3-18)%3 = —3(18% — 3-18),

therefore .
P+ 5= (18% —3-18)% —3(18°> — 3-18).
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Example 1.15. Let a,b, and c be the side lengths of a triangle. Prove that

> max{a,b,c}.

\3/a3+b3+c3+3abc
2

Solution. Assume, with no loss of generality, that a > b > c. We have to
prove that

§/a3+b3+c3+3abc
> >a,

which is equivalent to
—a® 4+ b3 + 3 + 3abc > 0.

Since
—a3 + b% + ¢ +3abc = (—a)® +b° +  — 3(—a)bc,

the latter expression factors into

%(—a+b+c)((a+b)2 +(a+c)?+ (b—c)?).

The conclusion follows by the triangle inequality b + ¢ > a.

Example 1.16. Factorize (x —y)° + (y — z) + (z — x)>.
Solution. Observe that if a + b + ¢ = 0, then it follows from (1.2) that
a® 4+ b3 + ¢ = 3abc.

Because
(x=y)+{y—2)+(z—x)=0,

we obtain the factorization
(x—y)’+y—2°+(z—x)°=3x-y)(y—2)(z—x).

Example 1.17. Prove the arithmetic-geometric mean inequality for three nonnega-
tive real numbers x,y,z.

Solution. We will show that

% Z 3/xyzl
with equality for x = y = z. Setting x = a®, y = b®, z = ¢, we have
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X+y+z—3Yxyz=a>+b>+c —3abc
1
= E(a +b+0)[(a—b)?+ (b—c)*+(c—a)?.
As the right-hand side is nonnegative, we must have a +b +c > 3v/abc as
desired. Furthermore, equality occurs only when the right-hand side of our
relation is zero, namely, when x = y = z, which is equivalent toa = b =c.

Example 1.18. Show that \3/ 245+ \3/ 2 — /5 is a rational number.
Solution. Set x = \3/ 2 +/5, y= \3/ 2 —+/5,z = —1. Then we have
By +28 -Bxyz=2+V5+2-V5-1-3(-1)v/-1=0.

Hence
(x+y+2)[(x—y)*+ (y—2)*+ (z—x)] =0.

As x # y # z, we must have
(x =)+ -2+ (z-x)?>0.

Hence x +y+z =0, x +y =1 as desired.

Example 1.19. If a,b,c € Z satisfy a + b2+ cv/4=0,thena=b=c=0.
Solution. Set x =a,y = b2,z = /4. Then we obtain
By 42 —Bxyz= (x+y+z) (P + 2+ 22 —xy —yz —zx) = 0.

Hence we have
a° + 2b% + 4¢3 = 6abc.

Suppose that a’,b’,¢’ are not all zero. Without loss of generality, suppose that
a,b, c are relatively prime. Taking our relation modulo 2, we find that 2% =
(mod 2). Hence a = 24’ for some integer a’. Then we have

8a’® + 2b° + 4c® = 124'bc.
Dividing through by 2, we get
40" 4+ b +2¢% = 6a’bc.
Working modulo 2, we find that b = 2V’ for an integer b’, hence we may write
40" + 81" 4263 = 124'V'c.

Dividing through by 2, we get
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24" 4+ 40P + 3 =6a'bc.

Working modulo 2 a third time, we find that ¢ = 2¢’ for some integer c’.
Hence all of a,b, c are divisible by 2, contradicting our earlier assumption. It
follows thata =b=c =0,

Example 1.20. Show that there is a unique point on the graph of the equation
B3y +yP =1
forming the vertices of an equilateral triangle. Find the area of this triangle.
Solution. Set z = —1. Then we have
By 422 - 3xyz=0.
Hence either
x+y+z=0 or (x:y)2+(y—z)2+(z—x)2:0_

In the former case, we have x 4 y = 1. In the latter case, we have x =y = —1.
Hence the graph of this equation consists of one line and a point not on that
line. Hence any equilateral triangle with vertices among the points of the
graph mush have one vertex at (—1,—1), and altitude from this vertex to
the point (1/2,1/2). Then in this case such an equilateral triangle must be
uniquely determined, and have area

(3v2/2)*/V/3 =3V3/2.

1.3 Working with quadratic polynomials

A quadratic polynomial is any polynomial of the form

f= ax? +bx+c, (1.5)

with a,b,c complex numbers, 2 nonzero. The most important theoretical re-
sults regarding the quadratic polynomials are the following.
The zeros of f are the roots of the quadratic equation

ax? +bx +c=0. (1.6)

If A = b? — 4ac is its discriminant, then the zeros of f are given by

_ —b+VA _—b—VA
M=o s (1.7)
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If A =0, then the quadratic equation (1.6) has one double root

o— = L
1=X="—5"
From (1.7), we easily can deduce the formulas

b c
x1+x2:—a, X1x2 = —

called Viete’s relations. Further, we have the factorization
f=alx—x1)(x - x2). (1.8)
Example 1.21. Factorize b* — 2ab* 4 a®> — b +2b — 1.

Solution. Looking at E(a,b) = b* — 2ab? + a*> — b*> 4+ 2b — 1 as to a quadratic
polynomial in 2, we have

E(a,b) = a® —2b%a + b* — b* +2b — 1.
The discriminant of equation E(a,b) =0is
A=4b* —4(b* — b +20— 1) =4(b* —2b+1) = 2(b — 1))~
The roots of E(a,b) =0are a; = b*>+b —1and ap = b> — b+ 1, and it follows
E(a,b)=(a—b*-b+1)(a—bP+b-1)=*+b—a—1)(b* —b—a+1).

Remark. To factorize E(a,b) in linear factor on b over C, we can write
2
b2+b—a—1:<b+1) —<a+5>

<b+ + )(
2
3
2 _(p_ L\ _ o
¢ baei= (o) ( )

3
<b—+ Q—Z

Example 1.22. Write the polynomial

)

1 3

P(x) = ax* + bx® 4 cx® +dx +e

as a product of two quadratic polynomials, ifa +d =b+e =c.
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Solution. We can write

P(x) =ax* +bx® +cx* 4+ (c—a)x+c—b
=ax* —ax+bx® —b+ex® +ex+c
x(—1)4+b(x®—1)+c(x®>+x+1)
2 4 x+1)[ax(x —1) +b(x — 1) +c]

= (
= ( 2+x+1)[ax2+(b—a)x+c—b]-

x
x
Example 1.23. Solve the equation

= 2m+1)x®+ (m—1)x%+ 2m? +1)x+m =0,
where m is a real parameter.
Solution. For m = 0 the equation becomes
- x4 x=0

and hasroots x1 =0, xp; = —1,x3 =x4 = 1.
If m # 0, we will solve the equation in terms of m. We have

2xm® + (2 =23+ Dm+x* =3 -2 +x=0
and
A=(x? =23 +1)2 =82 (x® —a? —x+1) = (2x° =322 + 1)

It follows that

2 xz_l
m1=x°—xand my = .
2x

The initial equation becomes

Hence
1++v1+4m
2

x* — x — m = 0, with solutions X1p =

and
x? —2mx — 1 =0, with solutions x3 4 = m 4 /1 + m2.

Example 1.24. Factorize
E(a,b,c) =a*(b+c) 4+ b*(c +a) + c*(a + b) + 2abc.

Solution 1. Let us look at E(a,b,c) as at a quadratic polynomial in a and get
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E(a,b,c) = (b+c)a® + (b 4 ¢* + 2bc)a + b*c + c?b.
The discriminant of E(a,b,c) =0 is
A= (b+c)t —abc(b+c)*>=(b+c)*(b—c)>=[(b+c)(b—0)]?
and the roots are a; = —c and a, = —b. It follows
E(a,b,c) = (b+c)(a+b)(a+c).
Solution 2. As in previous solution, we have
E(a,b,c) = (b+c)a* + (b +c)?a+ be(b +c),
hence

E(a,b,c) = (b+c)[a® + (b +c)a + bc]
=b+c)a(a+b)+cla+b)]=(b+c)(a+b)a+c).

Example 1.25. Factorize x*(y — z) + y?(z — x) + z%(x — ).
Solution. Let E(x,y,z) = x*(y — z) + y?(z — x) + z*(x — y) and write
E(x,y,z) = (y —z)x* + (22 — y¥*)x + y*z — 2°y.

The discriminant of E(x,y,z) = 0 is

A= (2 -y —4ly—2) (2 —2°y) = (Z% —y*)* — dyz(y — 2)°
=(y-2’y-27=@y-2)"
It follows x1 =y, x, = z and we get
E(xy,z) = (y—z)(x —y)(x —2).
Solution 2. We have

E(xy,z)=(y—2)X* + (22 -y )x +y’z — 2%y
2

=(y-2) — (y+2)x+yz] = (y — 2) (" — yx — zx + yz)
=W -2)x(x—y) —z(x =)=y -2)(x —y)(x - 2).
Example 1.26. Factorize
E(a,b) =2a> —b*>+ab—5a+b+2.

Solution. Looking at E(a,b) as a quadratic polynomial in a, we have

E(a,b) =24> + (b—5)a — b* +b +2.
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The discriminant of equation E(a,b) = 0is

A=(b—-52%4+801>—b—2)=9v* —18b+9=9(b—1)%

b+1
Applying the formulas (1.7) we get the roots a; = i anday = —b+2.

From the factorization (1.8) it follows
E(a,b):2<a— b?) (a+b—2)=@a—b—1)(a+b—2).

Example 1.27. Factorize
E(a,b,c) = 2a% + 4b%* — ¢* — 6ab + ac.

Solution. We proceed in a similar way as in previous example. Let us look
at E(a,b,c) as at a quadratic polynomial in 2 and get

E(a,b,c) =2a* — (6b — c)a + 4b* — .
The discriminant of equation E(a,b,c) = 01is
A = (6b — ¢)* — 8(4b? — ¢?) = 4b% — 12bc + 9¢? = (2b — 3¢).

2b
From formulas (1.7) we get the roots a1 =2b — c and a; = %, hence we
obtain the factorization
_2b+c
2

E(a,b,c) =2(a —2b+c) (a ) =(a—2b+c)(2a —2b—c).

Example 1.28. Factorize the polynomial
P=2x"4+x+3x* +x +2.

Solution. We can write
P=x? [2(x2+12> + <x+1> +3}.
x X
1 , 1
Ifwedenotex—l—;:y,thenx —I—ﬁzy — 2 and we get
P=x*2+y—1) =2 -1+ +y) =2[(y—Dy+1) +yly+1)]

=2 (y+1)2y —1) =«? <x+i+1> <2x+i—1>

= (¥?+x+1)(2x% —x +2).
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To factorize P into linear factors we solve the quadratic equations
X¥*+x+1=0 and 2x* —x+2=0,

and use (1.8). It follows

(- ) (e ) (o L) (1)
2 2 4 n .

Example 1.29. Factorize
E(a,b,c) = 2(a®b* + b*c® + ?a®) — (a* + b* 4 ).
Solution. Consider E(a,b,¢) a as polynomial in a, and get
E(a,b,c) = —a* +2(b* + ®)a® — (b* — c?)2.

In order to solve the equation E(a,b,c) = 0, we denote a2 = x, and get the
discriminant

A =4(0% 4 )% — 4(b? — ¢*)? = 16022
It follows the roots
x1 =b*+c*+2bc = (b +c)?
Xy =b* 4 c* —2bc= (b —c)?
Hence, we obtain the factorization

E(a,b,¢) = —(x —x1)(x = x2) = —[a® = (b + ¢)?][a® — (b~ ¢)?]
=—(a+b+c)a—b—c)la+b—c)(a+c—0D)
=(a+b+c)(—a+b+c)(a—b+c)(a+b—c).

1
Remark. If a,b,c are the side lengths of a triangle, then s = 5 (a+b+c)is
the semiperimeter and the above formula becomes

E(a,b,c) =16K?,
where K is the area of the triangle.
Alternative solution. We can write

E(a,b,c) = 4b*c®> — (—a® + b* + A2 = [(b + ¢)* — a*][a* — (b —¢)?]
=(a+b+c)(—a+b+c)(a—b+c)(a+c—Db).
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Example 1.30. Factorize
E(a,b,c) =a*(b+c) 4 b*(c +a) + c*(a + b) + 3abc.
Solution. Looking to E(a,b,c) as to a quadratic polynomial in 2, we have
E(a,b,c) = (b+c)a* + (b* + ¢* + 3bc)a + be(b + c).
The discriminant to the equation E(a,b,c) =01is
A= (b* + ® +3bc)? — 4bc(b+¢)? = [(b+ ¢)* + bc]* — 4bc(b + ¢)?

— [(b +¢)? - bc}2 = (b* + bc + ¢?)?,

hence the roots to E(a,b,c) =0 are

. = (P4 *+3bc) + (P +bc+c2) ke

1 2(b+c) b+
_ —(P*+A+3bc) — (P +bc+c3)

ap = 2(b—|—C) = (b+C).

It follows

E(a,b,c)=(b+c)(a—ay)(a—az)=[(b+c)a+bc](a+b+c)
= (a+b+c)(ab+bc+ ca).

Alternative solution. We can write

E(a,b,c) = a*(b + c) + abc + b*(c + a) + abc + ¢*(a + b) + abc
=a(ab+bc+ ca) + b(ab+ bc + ca) + c(ab + be + ca)
= (ab+bc+ca)(a+b+c).

1.4 Polynomials in one variable

Let f = a,X" + Ay X" 1+ 4+ ;X +ag,a, #0be a polynomial of de-
gree n. We shall solve problems involving polynomials with integer, ratio-
nal, real, or complex coefficients ag,ay,...,a,. Denoting these sets of polyno-
mials by Z[X], Q[X], R[X], C[X], respectively, we have the inclusions:

Z[X] CQ[X] Cc R[X] C C[X].

Every set of polynomials has specific properties. When not mentioned oth-
erwise, the polynomial f is assumed to belong to the largest set, that is C[X].
The number xj is a root of f if f(xg) = 0.
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Theorem 1.1. (Bézout) The number xq is a root of polynomial f if and only if
X —xo| f(X).

Proof. By the Euclidean division for polynomials one can write the identity
f(X) = (X — x0)g(X) + r, where r is a polynomial of degree zero, ie., a
number. Passing to polynomial functions we obtain f(x() = r. It follows that
we have f(xg) = 0 if and only if r = 0. O

A corollary of this simple result is the so-called remainder theorem: The
remainder of the division of the polynomial f by X — xq is the evaluation of
the polynomial function in x(, namely f(xp).

Theorem 1.2. Let f be a polynomial and x1,x3,..., Xy distinct numbers such that

f(x1)=f(xp) =...= f(xp) =0. Then (X — x1)(X — x2) -+ (X — xm) | f(X).
Particulary, the number of roots of f is not greater than deg(f).

Proof. From f(X) = (X — x1)g1(X) one obtains (xy — x1)g1(x2) = 0. Since
xp # x1, one has g1 (x2) =0, which gives g1 (X) = (X — x2)£2(X). In this way
we get f(X) = (X — x1)(X — x2)g2(X). We conclude by induction. O

Theorem 1.3. (Fundamental Theorem of Algebra) Every polynomial with complex
coefficients has a root in C.

The proof of this deep result is not elementary and will be skipped. As a
consequence of this theorem it follows, by induction, that every polynomial
with complex coefficients f can be decomposed in linear factors in C[X] as

f(X)=a,(X —x1)(X —x2) - (X —xn),

where x1,xy,...,x, are the roots of f. Hence, only linear polynomials are
irreducible in C[X].
Recall that the following polynomials in n variables are called the funda-
mental symmetric polynomials of x1,x3,...,Xxy:
s1(X1,...,xp) =x1+ x4+ -+ x4

$2(x1,..0,xp) = Z XiX;
1<i<j<n

Se(X1,..0,x0) = E Xiy Xiy * e X,
1§i1<i2<...<ik§n

Sn(Xq, ., Xn) = X1X2 -+ Xy
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The following relations connecting the fundamental symmetric polyno-
mials of the roots x1,x3,...,x, of polynomial f to the coefficients of f are
known as Vieta's relations:

a,_
s1(x1,.., X)) =x1+ 22+ +x, = _’;71
n
An—2
SZ(Xl/-‘-rxn): Z Xl'X]': n
1<i<j<n an

An—k

Sk(X],...,xn): Z xilxiz...xik:(_l)kL

1§i1<i2<...<ik§1’l n

ao
Sn(X1,...,Xp) =X1X0 Xy = (—1)”;.
n

Let us now present a few example problems.
Example 1.31. Determine the polynomials P for which 16P(x?) = P(2x)?.
Solution 1. Setting x = 0 yields 16P(0) = P(0)?, i.e. P(0) =0 or 16.

Case 1. Suppose that P(0) = 0. Then P(x) = xQ(x) for some polynomial Q
and 16x2Q(x?) = 4x*>Q(2x)?, which reduces to 4Q(x?) = Q(2x)?. Now set-
ting 4Q(x) = R(x) gives us 16R(x2) = R(2x)%. Hence, P(x) = ;xR (x), with
R satisfying the same relation as P.

Case 2. Suppose that P(0) = 16. Putting P(x) = xQ(x) + 16 in the relation we
obtain 4xQ(x?) = xQ(2x)? + 16Q(2x); hence Q(0) = 0,i.e.Q(x) = xQ; (x) for
some polynomial Q;. Furthermore, x2Q; (x?) = x*>Q1(2x)? + 8Q1(2x), im-
plying that Q; (0) =0, so Q; too is divisible by x. Thus Q(x) = x>Q; (x). Now
assume that x” is the highest degree of x dividing Q, and Q(x) = x"R(x),
where R(0) # 0. Then R satisfies 4x" 1 R(x?) = 22"x" 1R (2x)? + 2" 4R (2x),
hence R(0) =0, a contradiction. It follows that Q = 0 and P(x) = 16. We
conclude that P(x) = 16(;x)" for some positive integer 7.

Solution 2. We use the following simple result.
Lemma 1.1. If P(x)? is a polynomial in x?, then so is either P(x) or P(x)/ x.

Proof. Let P(x) =a,x" +a,_1x" ' +---+ag,a, #0. The coefficient of x>~
is 2a,a,_1, from which we get a,,_; = 0. The coefficient of x2"=3 is 2a,a,_3,
hence a,,_3 = 0, and so on. After more steps, one obtains a, ;1 = 0 for
k=0,1,2,...,ie P(x) = apx" +ay,_2x" 2 +a,_gx" ... O

Since P(x)* = 16P(%2) is a polynomial in x?, we have P(x) = Q(x?) or
P(x) = xQ(x?). In the former case we get 16Q(x*) = Q(4x?)? and there-
fore 16Q(x?) = Q(4x)?; in the latter case we similarly get 4Q(x?) = Q(4x)>.
In either case, Q(x) = R(x?) or Q(x) = xR(x?) for some polynomial R, so
P(x) = x'R(x*) for some i € {0,1,2,3}. Proceeding in this way we find that
P(x) = xiS(ka) for each positive integer k and some i € {0,1,...,2k}.
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Now it suffices to take k with 2F > deg P and to conclude that S must be
constant. Thus P(x) = cx' for some constant c. A simple verification gives us

n
the general solution P(x) =16 (%x) for some positive integer n.

2
Example 1.32. Find all polynomials P with P(x)? + P (%) = P(x?)P (%)

Solution. By Lemma 1.1, there is a polynomial Q with P(x) = Q(x?) or
P(x) = xQ(x?). In the former case Q(x?)2 + Q <%) =Q(x%)Q (%), hence
Q(x)*+Q (%) =Q(x»)Q (3{1—2) (which is precisely the relation fulfilled by
P), whereas in the latter case (similarly)

Q) +-Q (i)z )0 ;)

X

which is impossible for the left and right hand side have odd and even de-
grees, respectively. We conclude that P(x) = Q(x?), where Q is also a solu-
tion of the considered polynomial equation. Considering the solution of the
least degree we find that P.

Example 1.33. Find the non-linear polynomials P and Q with the property
P(Q(x)) = (x =1)(x =2)--- (x = 15).

Solution. Suppose there exist such polynomials. Then degP - degQ = 15,
so degP =k € {3,5}. Putting P(x) = c(x —a7)--- (x — a;) we deduce that
c(Q(x) —ay)---(Q(x) —ag) = (x = 1)(x — 2) - -- (x — 15). Thus the roots of
polynomial Q(x) — a; are distinct and contained the set {1,2,...,15}. All
these polynomials mutually differ at the last coefficient only. Now, inves-
tigating parity of the remaining (three or five) coefficients we conclude that
each of them has the equally many odd roots. This is impossible, since the
total number of odd roots is 8, not divisible by 3 or 5.

Example 1.34. Determine all the polynomials P with P(x)? —2 =2P(2x> —1).

Solution. Denoting P(1) = a, we have a?> — 2a — 2 = 0. By substituting
P(x) = (x — 1)P;(x) + a in the initial relation and simplifying yields the re-
lation (x — 1)P;(x)% + 2aP;(x) = 4(x + 1)P;(2x*> — 1). For x = 1 we have
2aP;(1) =8P;(1), which (as a # 4) gives P;1(1) =0, i.e., P;(x) = (x —1)Pp(x),
hence P(x) = (x — 1)?Py(x) + a. Suppose that P(x) = (x — 1)"Q(x) + a,
where Q(1) # 0. Substituting in the initial relation and simplifying yields
(x —1)2"Q(x)? +2aQ(x) =2(2x +2)"Q(2x? — 1), giving us Q(1) =0, a con-
tradiction. It follows that P(x) = a.
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Example 1.35. Determine all polynomials P with P(x)> — 1 =4P(x* —4x +1).

Solution. Suppose that P is not constant. Fixing deg P = n and comparing
coefficients of both sides we deduce that the coefficients of polynomial P
must be rational. On the other hand, setting x = a with a = a> — 4a + 1, that
is, a = &%ﬂ , we obtain P(a) = b, where b> —4b —1=0,ie. b =2+ /5.
However, this is impossible because P(a) must have the form p + ¢+/21 for
some p,q € Q, as the coefficients of P are rational. Hence, P(x) is constant.

Example 1.36. Identify all the polynomials P which satisfy the property P(x? +
1) = P(x)? + 1 for all x.

Solution. By Lemma 1.1, there is a polynomial Q such that P(x) = Q(x? + 1)
or P(x) = xQ(x%> +1). Then Q((x*> +1)? + 1) = Q(x* + 1)? — 1, from where
(x2+1)Q((x®>+1)2+1) = x2Q(x? +1)% + 1, respectively. Taking x> + 1 =y
yields Q(y* +1) = Q(y)* + 1 and yQ(y* + 1) = (y — 1)Q(y)* + 1, respec-
tively. Assume that yQ(y*> +1) = (y — 1)Q(y)? + 1 and set y = 1 we to obtain
Q(2) = 1. Note that, if a # 0 and Q(a) =1, then also aQ(a?> +1) = (a — 1) +1
and hence Q(a? 4 1) = 1. We thus obtain an infinite sequence of points where
Q is 1, namely the sequence given by a9 =2 and 4,11 = a2 + 1. Therefore
Q = 1. It follows that if Q # 1, then P(x) = Q(x? + 1). Now we can easily
list all solutions: these are the polynomials of the form T(T(---(T(x))---)),
where T(x) = x> + 1.

Example 1.37. If a polynomial P with real coefficients satisfies for all x
P(cosx) = P(sinx),

prove that there exists a polynomial Q such that for all x, P(x) = Q(x* — x?).

Solution. By the hypothesis we haveP(—sinx) = P(sinx), so P(—t) = P(t)
for infinitely many ¢; hence the polynomials P(x) and P( x) coincide.
Therefore P(x) = S(x?) for some polynomial S. Now S(cos®x) = S(sin?x)
for all x, so S(1 —t) = S(t) for infinitely many ¢, hence S(x) = S(1 — x). This
is equivalent to R(x — ) = R(3 — x), i.e. R(y) = R(—y), where R is defined
by S(x) = R(x — 3). Now R(x) = T(x?) for some polynomial T, and finally,
P(x) =S(x?) =R(x? = 1) = T(x* — x2+ ) = Q(x* — x?) for some polyno-
mial Q.

Example 1.38. Let f be a quadratic polynomial. Prove that there exist quadratic
polynomials ¢ and h such that f(x)f(x+1) = g(h(x)).

Solution. Let f(x) = a(x —r)(x —s). Since
f(x)f(x+1):a2{[x2— (r4+s—1)x+rs] —r}{[xz— (r+s—1)x+rs] —s},

we are done by setting ¢(x) = a?(x — r)(x —s),h(x) =x2 — (r +s—1)x +7s.
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Example 1.39. Prove that any polynomial with real coefficients is the difference of
some two increasing polynomial functions (over the reals).

Solution. Let P(x) =ag+ a1 X + - - - 4+ a,x". Then
|P'(x)| = |aq + 2apx + - + na,x Y < |ay| + 2|az||x| + - + njan][x" 7Y
<ML+ |x| 4+ [x["71),

where M > max(|ai|,2|az|,n|a,|). Note that if |x| <1 then 1+ |x| +--- +
|x|"~! < n,and if |x| > 1 then 1 + |x| + -+ + |x|*~! < nx?". Hence, for any
real number x, we have |P/(x)| < Mn(1 + x?"). Consider the polynomials

Pi(x) = P(x) + Mn(x + x*"1), Py (x) = Mn(x + x*"+1).
We have P(x) = P;(x) — P»(x). Also, P; and P, are increasing functions, as
Pj(x) = P'(x) + Mn(1 + (2n +1)x®") > P'(x) + Mn(1+ x*") >0
and P,(x) = Mn((1+ (2n +1)x**) > 0 for any x € R.

Example 1.40. Prove that if the polynomials P,Q € R[X] have a real root each and
for every x € R

P(1+x+Q(x)*) = Q(1 + x + P(x)*),
then P = Q.

Solution. Note that there exists x = a for which P(a)? = Q(a)?. This follows
from the fact that, if p and q are the respective real roots of P and Q, then
P(p)?> — Q(p)?> <0 < P(q)> — Q(g)?, and moreover the function P? — Q? is
continuous. Now P(b) = Q(b) for b= 1+ a+ P(a)?. Taking a to be the largest
real number for which P(a) = Q(a) leads to an immediate contradiction.

Example 1.41. Prove that not all zeros of x" + 2nx"~1 4+ 2n?x"~2 + ... are real.

Solution. Suppose that all its zeros x1,x,...,x, are real. They satisfy
n
Y xi=-2n) xixj=2n%

i=1 i<j

However, by the mean inequality we have

) (e N o1m, -1\’
2n :inszi Y — 5 2% < 7 Y x| =2n(n-1),
i=1

i<j i=1 i=1

a contradiction.
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Example 1.42. Find all the polynomials a,x™ + a, 1x" 1 + -+ + ayx + ag such
that aj € {-1,1},j=0,1,...,n, whose all roots are real.

Solution. Let xy,...,x, be the roots of the given polynomial. Then
" 2
x%+x%+---+x$l: (in) —2<inx]-> :a%_l —2a,_7 <3.
i=1 i<j

By the mean inequality, the second equality implies x7 + - - - + x% > 1, hence
n < 3. The case n = 3 is only possible if x1,x7,x3 = £1. Now we can easily
find all solutions: x +1,x% + x — 1,x% — x & (x* — 1).

Example 1.43. Solve in the real numbers the system of equations

xX+y+z=4
+y?+z22=14
By +28=34

Solution. Consider the monic polynomial
P(t) = +at® + bt +c,

with roots x,y,z. Because x 4 y + z = 4, it follows that 4 = —4, hence
P(t) =13 — 4> + bt +c.

We have
Pty + 2= (x+y+2)? —2(xy +xz +yz),

from where it follows that b = xy + xz + yz = 1. The numbers x,y, z are the
roots of P, thus

x> —4x> 4+ x+c=0,
V=4 +y+e=0,
22424 z+4+0c=0.

Adding these equalities and using the system, we obtain c = 6, hence
P(t) =13 — 42 +t+6.
We observe that t; = —1 is a root, so P factors as
P(t) = (t+1)(t* — 5t +6),

the other two roots being t, = 2 and t3 = 3. It follows that the solutions of
the system are the triple (—1,2,3) and all of its permutations.
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Example 1.44. Let x1,x3,..., X, be the roots of equation
X2 B3 x4 1=0.

Compute

Solution. We can write the equation in the following equivalent form

el A L | -1 x-—1
P = 1
x—1 x—1 x—1 x-—1 0, x#1,
that is
1
m[x"+1+x”+-~-+x2+x—(n+1)]:O, x # 1.
We get

1 xn—i—l_l
x—1 x x—1

—(n+1)| =0, x#1.

It follows that x;, satisfies the relation

xVH—l_l
k
Yk —(n+1)=0, k=12,...,n
. —
hence "
Xt 1 1
k 2o
xk—l X
Then, we have
n x;{H-l_ n
n+1 —
k; xe—1 ( >]§1xk

1 1
Note that —, —,..., — are the roots of the equation
X1 X2 Xn

(m+1y" +ny" '+ 42y +1=0,

hence we have

and we get
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Example 1.45. Find the roots of the polynomial f(X) = X'© — 10X° +45X8 +
a; X" 4+ -+ @ X + ao, knowing that all roots are real numbers.

Solution. We have Z}gl x; =10 and }_x;x; = 45. Compute

10 10 10
Y (xi—1)?=Y x2-2) x;+10=0.
i=1 i=1 i=1

Since all roots are real, it follows that x; = --- = x1p = 1.

Example 1.46. Solve the system

x+y+z=1
xyz =1

for x, y and z complex numbers of modulus 1.

Solution. Since X = 1, from the first equation we have that

which gives xy + yz + zx = 1. Hence, x,y,z are the roots of the polynomial
T°-T>+T-1=0.
It is easy to see that the latter has the roots 1,7, —i.

Example 1.47. Solve the systems of equations:

(a)
x +y +z = 4
X +yr+z22=14
X3+ +2° =34
(b)

x3—9y? +27y —27=0
Y2 =922+ 272 -27=0
2% —9x? +27x — 27 =0.

Solution. (a) Consider the cubic equation with roots x,y,z. This is
(T—x)(T—y)(T—2)=T>4aT?> +bT +c=0,

where the coefficients a,b, c are given by Viete formulas:
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a=—(x+y+z)=—4
b=xy+yz+zx=(1/2)[(x +y+2)* — (P +y* +2%) =1

€= —Xxyz

1
=3 [(x3+y3+23)—(x+y+z)3+3(x+y+z)(xy+yz+zx)} =6.

One obtains the equation T3 —4T? 4+ T + 6 = 0, which has the roots —1, 2,
and 3. Any permutation of this set is a solution of the system.

(b) Sum the equations to obtain
(x—3)°%+(y—3°+(z-3)°=0.
From the first equation we have
x> =9(y* — 3y +3)

giving that x > 0. Similarly, y > 0 and z > 0. Assume that x > 3. From the
first equation we get x> — 27 = 9y(y — 3), yielding that y > 3. Similarly one
obtains z > 3. This gives a contradiction with the sum of cubes which is zero.
Analogously, x < 3 gives a contradiction. So, the solutionis x =y =z = 3.
Example 1.48. Prove that the set of real numbers x for which Y70, ﬁ > % isa
disjoint union of intervals. Compute the sum of the lengths of all these intervals.

Solution. Consider the function f: R\ {1,2,...,70} — R given by

This function is decreasing on all intervals in its domain. The limit towards
the points x = 1,2,...,70 is —co from the left and +oo from the right. The
inequality therefore holds on the union of intervals

70

U (k,xd]

k=1
where x; are the points in which f(x;) = 3. The equation f(x) = 3 is equiv-
alent to the polynomial equation

517—0[(x—k)—4§k(x—1)...(x—k+1)(x—k—1)...(x—70):0.
k=1 k=1

We are asked to find the sum of length of intervals which is
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70
= Z X — Z X — Z k.
k=1

So we have to compute only the sum of roots. The equation has degree 70.
Using Viete formulas we obtain:

1 4
= (5} k+4) k) =) k=) k=1988.

Example 1.49. Let a,b,c,d, e and f be positive integers. Suppose that the sum
S=a+b+c+d+e+ f divides both ab+ bc + ca — de — ef — fd and abc + def .
Show that S is a composite number.

Solution. Consider the quadratic polynomial
P(X)=(X+a)(X+b)(X+c)—(X—d)(X—e)(X—f) =

(a+b+c+d+e+ f)X>+ (ab+bc+ca—de—ef — fd)X + abc + def.

Its coefficients are all integers divisible by S. It follows that S|P(d) = (d +
a)(d+b)(d+c). If S is prime number, then S divides one of the factors of
P(d), which is a contradiction.

Example 1.50. Let a,b,c,d be positive real numbers. Show that the following in-
equalities cannot hold simultaneously:

a+b<c+d,
(a+b)(c+d) <ab+cd,
(a+b)cd < (c+d)ab.

Solution. Consider the real polynomial
P(X)=(X—a)(X—b)(X+c)(X+d) =X+ (—a—b+c+d) X3+

(ab+ cd — ac — bc — ad — bd) X? + (abc + abd — acd — bed) X + abed.

If we assume that all coefficients are positive, it follows that P(x) > 0 for all
x > 0. But this contradicts the fact that P has positive roots a,b. The conclu-
sion follows.

1.4.1 Chebyshev polynomials

Chebyshev polynomials Ty (x) are one of the most remarkable families of
polynomials, which appear in various branches of mathematics. We will dis-
cuss several simple but important properties of the Chebyshev polynomials.
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We use the definition based on the fact that cosnx can be expressed as a poly-
nomial of cosx, i.e., there exists a polynomial T, (x) such that T;,(x) = cosnt
for x = cost. Indeed, the formula

cos(n+ 1)t + cos(n — 1)t = 2costcosnt
shows that the polynomials T, (x) recursively defined by the relation
Tyt (x) =2xTy(x) — Ty—1(x)

with the initial values To(x) = 1 and Tj(x) = x, possess the property re-
quired. These polynomials T,(x) are called the Chebyshev polynomials. The
fact that T, (x) = cosnt for x = cost directly implies that |T,(x)| <1 for
|x| < 1. The above recurrence implies that

Tu(x) = 20y g™ gy,

where a3, ...,a, are integers.
The most important property of Chebyshev polynomials was discovered
by Chebyshev himself. It consists of the following.

Theorem 1.4. Let P,(x) = x" + - - - be a monic polynomial of degree n such that

|Py(x)] < 2,11—,1f0r |x| < 1. Then P,(x) = g’jz(,xl), i.e., the polynomial 2’,’1—(}1) is the

monic polynomial of degree n with the least deviation from zero on [—1,1].

Proof. We use only one property of the polynomial, namely, the fact that
kr k
T, cos— - =coskr=(-1)%,k=0,1,...,n.

Consider the polynomial

Q@) =) _p,(x),

T (x)
on—1

Its degree does not exceed n — 1 as the leading terms of and P, (x) are

equal. Since |P,(x)| < 2,,1,1 for |x| < 1, at the point x; = cos*Z the sign of

Q(xx) coincides with the sign of T;,(xy). Therefore, at the end points of each
segment [xy 1, Xk], the polynomial Q(x) takes values of opposite signs, and
hence Q(x) has a root on each of these segments.

If Q(xx) = 0 we need a slightly more accurate arguments. In this case ei-
ther xy is a double root or within one of the segments [xj 1, xx] and [xg, x;_1]
there is one more root. This follows from the fact that the values Q(xy,1)
and Q(xx_1) have the same sign. The number of segments [xj 1, x| is equal
to 1, and hence the polynomial Q(x) has at least n roots. A polynomial of

degree not greater than n — 1 must be identically zero, i.e., P,(x) = Z’L(,xl) .0
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n

If z=cost +isint, thenz +z~! =2cost and z" + z~" = 2 cos nt. Therefore

Ty (”2271 ) = # By this property we can prove the following statement.

Theorem 1.5. Let m = | 5 |. Then

ﬁ(yz]x_ly.

j=0

Proof. Let x = 22— and y= =x?—1and

= (e by (- y) =) C) (1+ (=1))"y’

i=0
i 2j. 2j i 2j ‘
Lo (D)oo (M) 1y
=0 \2] =0 \2
It remains to observe that T, (x) = 242", O

Corollary 1.1. Let p be an odd prime. Then Ty(x) = Ty (x) (mod p).

Proof. We write p = 2m + 1. Then Ty, (x) = 1} (Z)x”_zf(x2 —1).1fj >0,

then (Z) is divisible by p. So T,(x) = x7 (mod p) = x (mod p) =Ty (x). O

For any pair of polynomials P and Q, define their composition naturally,
by setting (P o Q)(x) = P(Q(x)). The polynomials P and Q are said to com-
muteif PoQ=QoP,ie,if P(Q(x)) = Q(P(x)).

Theorem 1.6. The polynomials Ty, (x) and Ty, (x) commute.

Proof. Let x = cost. Then Ty, (x) = cos(nt) = y and Ty, (y) = cosm(nt), and
hence Ty, (T, (x)) = cosmnt. Similarly, Ty, (T, (x)) = cosmnt. Hence the iden-
tity T, (T (x)) = Tin(Tu(x)) holds for |x| < 1, hence it holds for all x. O

Sometimes instead of T}, (x) it is convenient to consider the monic polyno-
mial P,(x) = 2T,(5). The polynomials P, (x) satisfy the recurrence relation

Pyi1(x) = xPy(x) — Py_1(x).

Hence P,(x) is a polynomial with integer coefficients. If z = cost + isint,
then z +z~! =2cost and z" + z~"* = 2cosnt. Therefore

Py(z42z71) =2T,(cost) =2cosnt =z" +z7",

i.e., the polynomial P, (x) expresses z"" +z " via z + z~ 1. Using the polyno-
mials P, we can prove another result.



32 1 Identities. Polynomials

Theorem 1.7. If both « and cos(arr) are rational, then 2 cos(a ) is an integer, i.e.,
cos(arr) =0,£3 or £1.

Proof. Let & = ! be an irreducible fraction. Set xg = 2cost, where t = a.
Then P, (xg) = 2cos(nt) = 2cos(nar) = 2cos(mrm) = £2. Hence x is a root
of the integral polynomial P, (x) F2=x" + b1x" ! + - + by,.

Let xo = 2cos(am) = g be an irreducible fraction. Then it follows that
p"+b1p" g+ - + byg" =0, and hence p" is divisible by . But p and g are
relatively prime, and so g = +1, i.e., 2cos(a7) is an integer. O

In problems concerning extremal properties of polynomials, Chebyshev
polynomials play a very special role, as seen in the examples below.

Example 1.51. Find the maximal value of the expression a + b? + c* provided that
lax? + bx + c| <1 forall x € [-1,1].

Solution. Define

A=f(1), B=£(0), C=/f(-1).

Then we easily obtain

A+C A-C
T—B b_T' c=B.

Therefore, an immediate computation gives

AZ 2
@+ 0?4 = JZFC +2B? - B(A+0Q).

Since |A|, |B|, |C| <1, the last expression is clearly bounded above by 5 (use
the obvious estimate for each term of it). Thus, we shall have a2 + b + ¢ < 5.
To see that it is optimal, simply take Chebyshev’s polynomial 2X? — 1.

Example 1.52. Define F(a,b,c) = m[ax |x® — ax? — bx — c|. What is the least
03
possible value of this function over R3?

Solution. Let P, ;,.(X) = X3 — aX? — bX — c. The idea is to map the interval
[0,3] to [—1,1] via an affine map and then to use Chebyshev’s least deviation
theorem in order to bound from below max,¢ g 3) | Py n,c(x)|- Note that

3(x+1
3(X+1)

Since P, p, . (T) is a polynomial of third degree with leading coefficient

max P x)| = max
€03 ‘ ubc( )’ re|—1,1]

27/8, Chebyshev’s theorem gives us the estimate
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3 1 27
e B (2570

‘ Z A7
x€[-1,1] 2 32

which is optimal. Bring this to [0,3] we get F(a,b,c) > 35 which is optimal,
since equality holds for P, , . = 2 T5(2X/3 — 1), where T3(X) = 4X> — 3X.

Example 1.53. Let a,b,c,d € R with |ax® +bx? + cx +d| < 1 forall x € [-1,1].
Prove that

la| + [b| + |c| + |d] <7.
Solution 1. Let us look at the values of P(X) = aX® 4+ bX? + cX +d at

—1,-1/2,1/2,1, which are the classical interpolation points in Chebyshev’s
theorem (for n = 3). Writing

A=f(1), B=f(1/2), C=f(-1/2), D=f(-1),

we can immediately express a,b,c,d in terms of A,B,C,D. An easy compu-
tation gives

2

(A—D)—%(B—C), bz%(A—B) :

(C_D)r

WIN

a =
and

c=—XasD)+2B-0), d=-L(a+D)+2B+O).
6 3 6 3

This shows that f(a,b,c,d) = |a| + |b| + |c| + |d| is actually a convex function

of A,B,C,D € [—1,1]. Thus it attains its maximum when all A,B,C,D are

equal to 1 or —1. Now, it is simply a tedious matter to check that in all cases

the expression is at most 7. We have equality for the Chebyshev polynomial

(or its opposite) of degree 3.

Solution 2. We look again at the points —1,—-1/2,1/2,1, but in a slightly
different way. Let P(X) = aX® + bX? + cX + d. Since —P(X) and P(—X)
also satisfy the same properties as P, we may assume that 2,b > 0. The rest
of the proof is a discussion following the signs of ¢,d. Namely, if c > 0,d > 0,
we have

la| +b] + ||+ |d|=a+b+c+d=P(1) <1

For ¢ > 0,d < 0 we obtain
la| + |b| + |c|+|d|=a+b+c—d=P(1) —2P(0) <3,
while for ¢ < 0,d > 0 we can write

la| +|b| + |c| + |d|=a+b—c+d

_ %pa) - %p(—n - gp (;) + gp (—i) <7.
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Finally, when ¢ < 0,d < 0 we get

5 1 4 1
= —C — = — — — — — <.
al 416l + le| + || =a+b —c —d = 2P(1) 4p( 2) n 3P(2> <7

In all cases, the inequality is proved, finishing the solution.

1.4.2 Lagrange interpolating polynomial

A polynomial of degree 1 is uniquely determined, given its values at n + 1
points. So, suppose that P is an n-th degree polynomial and that P(x;) = y;
in different points xg, x1, ..., x;. There exist unique polynomials Eg, Ey, ..., E,
of degree n such that E;(x;) = 1 and E;(x;) = 0 for j # i. Then the polyno-
mial P(x) = yoEo(x) + y1E1(x) + - -+ + ynExn(x) has the desired properties.
Indeed, P(x;) = E;’Zl y;iEj(xi) = yiEi(x;) = y;. It remains to find the polyno-
mials Ey, ..., E,. A polynomial that vanishes at the n points x;,j # i, is divis-

ible by [T;; = (x — x;), from which we easily obtain E;(x) = [T;; %
Theorem 1.8. (Lagrange interpolating polynomial). For given numbers yo,...,Yn

and distinct xo, ..., Xy there is a unique polynomial P of degree n such that P(x;) =
yi fori=0,1,...,n. This polynomial is given by the formula

P(x) = zyil—[

It is often useful to consider the finite difference of polynomial P defined
by Pll(x) = P(x + 1) — P(x), which has the degree smaller by 1 than for
P. Further, one can define the k-th finite difference, P k] = (P[k_l] ) [1}, whose
degree is n — k, (assuming that deg P = n). Using simple induction one can
deduce the general formula

Pl _ Y (—1) (’lf)p(x +i).

i=0

In particular, PI"] is constant and P"+1] = 0, one has the following result.

Theorem 1.9. The following relation holds

Plr+n+1)= Y (<1 (” : 1>P(x +i).

i=0

We now present some illustrative examples.
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Example 1.54. Find the cubic polynomial Q such that Q(i) = 2i fori=0,1,2,3.

Solution. We have

_ (x—=11)(x —2)(x —3) x(x —2)(x—3) x(x—1)(x—3)
= 3 +2 2 +4 —

Q(x)
x(x—1)(x—2)

il 3
+8= 22 = (x4 5x +6).

Example 1.55. Considering the polynomial P of degree n taking the value 1 in
points 0,2,4,...,2n, prove the combinatorial identity:

n+1 (_1)11—1' on

l.:zl Qi+ Ditln—0)!  2n+ DI

Solution. P(x) is of course identically equal to 1, so P(1) = P(—1) = 1. But
if we apply the Lagrange interpolating polynomial, here is what we get:

P(1) = inlj__zzll -

i=0 j£i

Lo —1-2j  (@en+1niE (=1
> J1 2j—2i  2n = (2i+1)il(n—i)t

i=0 i

Example 1.56. A polynomial p of degree n satisfies p(k) = 2 for all 0 < k < n.
Find its value at n + 1.

Solution. Applying Lagrange’s interpolation formula, we obtain

pln-+1) = Y p() TT 2

k=0 j#k
— i (1’[ _]L— 1> (_1)7’1—]{2]{ — 21’l+1 1.
k=0

Remark. There is also a neat solution without the use of interpolation for-
mula: consider the polynomial

0= 3+ () )

It has degree n and satisfies f(k) = 2* for all 0 < k < n, by the binomial
formula. Thus, we must have f = p and then clearly p(n + 1) =2"*! — 1.
Even though very neat, this solution is not so conceptual.

Example 1.57. A polynomial f of degree n satisfies
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forall 0 <k <mn.Find f(n+1).

Solution. This is also immediate using Lagrange’s interpolation formula:

f(n+1) Zf Hn—]:i] —i n}rl '(—1)nk<n:1>

k=0 j#k =0 ("% )
— 3 _1 n—k — 1 _ (_1)n+1 .

Example 1.58. Prove that for any real number a the following identity holds
n
Y (—1)F (Z) (a—k)" =n.
k=0
Solution.Using Lagrange interpolation, we have
5 nk 1 (1 ;
P(x) = Y PER(-1)" - () TT(x - )

k=0 ik

for any polynomial P of degree at most 7. If we identify the leading coeffi-
cients, we obtain that the leading coefficient of P(X) is

Lkio(—l)"k (Z)P(k).

Applying this to the polynomial P(X) = (a — X)" yields the desired identity.

Example 1.59. Prove that

n n+1 n
= Z xk

kzonxk_x k=0

£k

and compute

n n+2
Xk

kg%) H(xk

j#k
Solution. The method below shows how to compute all sums of the form

n ”+P

,{Z;’)H(xk — x

j7k
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The idea is to consider the remainder f(X) of X"*? when divided by
i—o(X — x;) and to apply Lagrange’s interpolation formula to it. Identi-

+p

fying leading coefficients and using that f(x;) = xn , we deduce that

n ”+P

kZOH (o —

j#k

is precisely the leading coefficient of f(X). For p =1 we clearly have
f( — xntl _ H( X — x]

so its leading coefficient is ) /" ; x;. On the other hand, for p =2 we have

n

X2 = QX[ [(X — x)) + F(X)

j=0

for some polynomial Q. Comparing degrees and leading coefficients shows
that Q(X) = X + ¢ for some constant c. To determine ¢, we impose the con-

dition that deg(f) < n. This implies that c = }7i_ x]- Then, it is easy to find
the coefficient of X" in f(X) and the answer is (Zi_ xj)? — Y0<icj<n XiXj-
We leave as a nice exercise for the reader to prove that for all p we have
n P
k _ Z XM 42 4 n
A 12 n
k=0 H]‘#k(xk B X]) a1+ax+---+ap=p

where in the sum above the 4; are nonnegative integers.

The following problems deal with extremal properties of polynomials.
The underlying philosophy is that imposing conditions on the values of a
polynomial at sufficiently many points of an interval automatically imposes
conditions at all other values. Lagrange’s interpolation formula is a very
handy tool in such situations.

Example 1.60. Let a,b,c be real numbers with max{|f(£1)|,|f(0)|} <1 where
f(x) = ax? + bx + c. Show that if |x| < 1 then |f(x)| < % and ) (1 ‘ <2

x

v

Solution. Using Lagrange interpolation, we can write

X+X+f( 1) X

fX)=f0)(1-X*)+ f(1)

We deduce that for all |x| <1 we have
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2 2
f)) <1—x24 ¥ 2”’+‘X : 12y <

H>\U‘I

the last inequality being equivalent to (|x| — )2 > 0. Similarly, we find that

1+4x 1—x

2
2+22x_2

W2 f(1/2) <122+

Remark. For third degree polynomials, Chebyshev’s theorem can be proved
using Lagrange’s interpolation formula: if f is a monic polynomial of third
degree, identifying leading coefficients in Lagrange’s formula yields

LAY 47(1/2) 4F(-1/2) 2f(-1)
3 3 3 3

This equality and the triangle inequality imply that max,c(_q 1] |f(x)[ > 1

for any such f, with equality when f(X) = X° — 3X.
Example 1.61. Let a,b,c,d € R satisfying |ax® + bx? + cx + d| < 1 for all val-

ues x € [—1,1]. What is the maximal value of |c|? For which polynomials is the
maximum attained?

Solution. Choose distinct numbers xg, x1,x2, x3 and identify the coefficients
of X in Lagrange’s formula

3 X — x;
aX3+bX*+cX+d=Y f(x)]] L
k=0 itk kT

We deduce that

X1Xp + XoX3 + X3X7
c=
Lf(xo (xo—x1)(xo—xz)(x0—x3)
SO

o] < 2 ,xlx2+x2,x$+x3xi .
XO x1 XO xz) (.XO X3)
The problem is to find a 4-tuple (xo, x1,x2,x3) which minimizes the last ex-
pression. One may consider the points where |T3(x)| takes maximal value,
namely 1, on the interval [—1,1]. These are the points xg = —1,x; = —1,x, =
Jand x3 = 1. It is easy to compute the last sum in this case and we find that

|c| < 3. Since this value is attained for the polynomial T3(X) = 4X3 — 3X, this
is the maximal value. Also, it is not difficult to check that equality appears
in the above chain of inequalities only for T3 and —T5.

Example 1.62. If a polynomial f € R[X] of degree n satisfies |f(x)| <1 for all

x € [0,1], then
1
_ = < n+1l .
i(5)l=
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Solution. The idea is to use Lagrange’s interpolation formula at the points
k/n for 0 < k < n, since in this case all expressions have very nice closed
forms. Indeed, we have

)-E

j7k
which shows that
-1 L j+1 n+1 1
PGB - g () =
‘ n ok =il S \k+1

Example 1.63. Let a > 3 be a real number and let p be a real polynomial of degree
n. Prove that
- >1.
gax ja' = p(i)|

Solution. The crucial observation is that we have

n+1 1

3 (" e o

k=0 k

This is simply Lagrange’s interpolation formula written in a slightly changed
form. We deduce from this and the binomial formula that

1) = 2( () ) - .

Thus, if |p(k) —a*| < 1 forall 0 < k < 1 + 1, then we must have

1
‘a_1’n+1 <ﬂi <n+1> —on+l
k 7

k=0
contradicting the fact that a > 3. This finishes the solution.
Remark. The identity

(" pw =0

k=0

for polynomials of degree at most 1 is extremely useful. We proved it here as
a consequence of Lagrange’s interpolation formula, but it also follows from
the theory of finite differences. The point is that Ap(X) = p(X + 1) — p(X)
has degree smaller than degp, so that if one iterates A degp +1 <n +1
times and applies it to p, one gets 0. But the evaluation at 0 of A"1p is
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n+1
—k n—+ 1
v (" e,
k=0
as an immediate induction argument shows.

Example 1.64. Let n > 3 and f,g € R[X] be polynomials such that the points

(f(1),8(1)),(f(2).8(2)),---, (f(n),g(n))
are vertices of a regular n-gon (anticlockwise). Then max(deg f,degg) >n — 1.

Solution. It is enough to prove that P(X) = f(X) + ig(X) has degree at least
n—1. Clearly, we may assume that the regular n-gon has vertices z,z?, ..., 2"
forz =e’r (simply apply a translation and a homothety to reduce the gen-
eral case to this one). So, it remains to prove that if a polynomial P satisfies
P(i) = 7' for all 1 < i < n, then degP > n — 1. Assume that this is not true.
Using Lagrange’s interpolation formula, we obtain

2" =P(n)= nilzi . Hn _j = nil <7:__11> (—1)n=1iz,

i AT 4

By the binomial formula and cancelling similar terms we get (1 —z)"~1 =0,
a contradiction.

Remark. There are many other approaches. The most efficient is the method
of finite differences, which yields

A”_lP(l):nil( 1)J< >P(n—])—z(1—z)” Lo,
j=0 I

Another very neat proof considers the polynomial P(X + 1) — zP(X). It has
degree at most n — 2, it is clearly nonzero and vanishes at 1,2,...,n — 1, a
contradiction.

1.4.3 Polynomial with integer coefficients

Consider a polynomial P(x) = a,x" + - - - + a;x + ap with integer coefficients.
The difference P(x) — P(y) can be written in the form

an(x" —y") + o Fap(x? —yz) +a1(x—y),

in which all summands are multiples of polynomial x — y. This leads to the
simple though important arithmetic property of polynomials from Z[x|:
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Theorem 1.10. If P is a polynomial with integer coefficients, then P(a) — P(b) is
divisible by a — b for any distinct integers a and b. In particular, all integer roots of
P divide P(0).

There is a similar statement about rational roots of polynomial P € Z[x].

Theorem 1.11. If a rational number p/q (p,q € Z,q # 0,gcd(p,q) = 1) is a root
of an integral polynomial P(x) = ayx" + --- + a1x + ap, then p | ag and q | a,.

Proof. We have
7P (Z) = anp" +a”_1p”*1q + -+ apq".

All summands but possibly the first are multiples of g, and all but possibly
the last are multiples of p, hence g | a,p™ and p | apq". O

Note that the polynomial that takes integer values at all integer points

does not necessarily have integer coefficients, as seen on the polynomial

Lx{ U The result of the following problem is very important and goes

o are also called

back to Hilbert. This is why the polynomials
Hilbert polynomials.

Theorem 1.12. Let f be a polynomial with real coefficients. The following two as-
sertions are equivalent:

1° For any integer n one has f(n) € Z;

2° There exist integers n and ap,ay,az, . ..,a, such that

£ = a0+ X+ XEZD L KXY X ont D)

Proof. One implication follows from the fact that for all integers x and
all n > 1, the number x(x —1)---(x —n + 1) is a multiple of n!. This
follows from the fact that x(x —1)---(x —n 4+ 1) = n!(}) if x > 1, while
x(x —1)-(x —n+1) = (=1)"("*T"71) if x < 0. For the interesting im-
plication, the idea is that any polynomial f of degree n can be written

X(X-1) XX -1 (X—nt1)

fX)=a0+mX+a—— n p

for suitable real numbers 4; and that the condition that f maps integers to
integers forces all g; be integers.

To prove the first claim, it is enough to prove that we can find (for all 7)
ap,...,a; such that f(X) —ap— ;X — -+ — w is a multiple
of X(X—1)---(X —1i). Choose ag = f(O) and define 1nduct1vely a; by the

relation ‘ ‘
. i i
f(@) :ao+a1(1> +"'+ai—1<i_1> +a;.
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Essentially by construction (or by an immediate induction), these a; sat-
isfy the desired conditions, since f(X) —ap — a1 X —... — aiw
is a multiple of X(X —1)---(X — 7). But then f(X) —ap — ;X — -+ —
aiw has degree at most n and is a multiple of a polynomial
of degree n + 1, so it has to be the zero polynomial. This establishes the ex-

istence of the a;’s. The construction we gave also shows that

a,_f@)_ao—wh<i)__”._ai1<ii1>,

which makes it clear that if all f(i) are integers (actually, it is enough to
have f(i) € Z for 0 < i < n), then so are the 4;’s. The other implication is
thus proved. 0

Remark. 1° The fact that any polynomial of degree n can be written

X(X—1)
2

X(X=1)-(X=n+1)

fX)=ao+mX+a r

++an

for some real numbers a; can also be proved using a linear algebra ar-
gument. Namely, the map F : R"*! — P, (P, being the set of polyno-
mials with real coefficients and degree at most n) sending (ag,...,an) to
ag+m X + QZM + -+ anw is linear and clearly injec-
tive. Since the target and source are vector spaces of the same dimension, it
has to be an isomorphism, thus surjective.

2° The desired relation can be written
L X
f0 =L (7),
=0

which immediately suggests the method of finite differences. Indeed, by this
method, one obtains a; = A*(f)(0), where A(f)(X) = f(X +1) — f(X). This
gives another proof, also classical, of the first part.

Theorem 1.13. (Schur) Let f € Z[X] be a non constant polynomial. Then the set
of prime numbers dividing at least one non-zero number between the values f(1),

f(2),..., f(n), ..., is infinite.

Proof. First, suppose that f(0) =1 and consider the numbers f(n!). For suf-
ficiently large n, they are non-zero integers. Moreover, f(n!) =1 (mod n!)
and so if we pick a prime divisor of each of the numbers f(n!) we obtain
the conclusion (since in particular any such prime divisor is greater than n).
Now, if f(0) = 1, the conclusion is obvious. Suppose thus that f(0) # 1 and

consider the polynomial g(x) = %. Obviously, ¢ € Z[X] and g(0) = 1.

Applying now the first part of the solution, we easily get the conclusion. [
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We now present a number of illustrative examples.

Example 1.65. Let f € Z[X] be a non constant polynomial and n,k some posi-
tive integers. Then there exists a positive integer a such that each of the numbers
f(a),f(a+1),...,f(a+n—1) has at least k distinct prime divisors.

Solution. Let us consider an array of different prime numbers p;;, with
i,j =1,...,k such that for some positive integers x;; such that f(x;;) =0
(mod p;;). We know that this is possible from Schur’s Theorem. Now, using
the Chinese remainder theorem we can find a positive integer a such that
ai —1=x;; (mod p;;). It follows that each of the numbers f(a), f(a +1), ...,
f(a+n—1) has at least k distinct prime divisors.

Example 1.66. The polynomial P € Z[x] takes the values 1 at three different
integer points. Prove that it has no integer zeros.

Solution. Suppose to the contrary, that a,b,c,d are integers with P(a), P(b),
and P(c) are in the set {—1,1} and P(d) = 0. Then by Theorem 1.10 the
integersa —d, b — d and ¢ — d all divide 1, a contradiction.

Example 1.67. Let P(x) be a polynomial with integer coefficients. Prove that if
P(P(---P(x)---)) = x for some integer x (where P is iterated n times), then
P(P(x)) = x.

Solution. Consider the sequence given by xg = x and xj1 = P(x) for k > 0.
Assume x = xo. Asd; = xj1 — X; | P(xi11) — P(x;) = Xj12 — xj11 =djyq for
all i, which together with dy = dy implies |do| = |d1| = ... = |d|.

Suppose that d; = dy = d # 0. Then d, = d (otherwise x3 = x1 and x( will
never occur in the sequence again). Similarly, d3 = d etc, and hence x; =
xo + kd # xq for all k, a contradiction. It follows that d; = —d, so xp = xp.

Example 1.68. Consider a polynomial P with integer coefficients and some dis-
tinct integers ay,ay,...,ay. Prove that if there exists a permutation o of the set
{1,2,...,n} such that P(ay) = Ag(ky, k=1,2,...,n, then o o o is the identity.

Solution. The statement is true if ¢ is the identity permutation e. If not, as-
sume on the contrary that o o ¢ # e. Hence, there is a k > 3 and k distinct in-
tegers by, by, ..., by among ay,ay,...,a, such that P(b)) = by forl =1,2,...,k
(here and henceforth, the indices are taken modulo k).

By Theorem 1.10, if P is a polynomial with integer coefficients, and u,v
arbitrary distinct integers, then u — v divides P(u) — P(v). It follows that
b; — b, divides P(b;) — P(bj41) = bjyq — bjyp for 1 =1,2,...,k. Hence for
each! =1,2,...,k there is an integer g; such that

i1 — by = q1(by — biyp).

Multiplying the above equalities and simplifying, we get q;q2---qx = 1.
Thus q; = £1forl =1,2,...,k. Actually, no g; can be —1, since otherwise the
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above relation yields b; = b, and by, by, ..., by are distinct by hypothesis.

But g1 = g2 = ... = g leads to a contradiction either. Indeed, in this case
by —by=by—b3=...=b_1 — by =br— by,
and the sum of these equal numbers is 0. Then b; = by = ... = by, and this is

again impossible.

Example 1.69. Suppose that a positive integer m and a real polynomial R(x) =
anx" +a,_1x" "1+ - + ag are such that R(x) is an integer divisible by m when-
ever x is an integer. Prove that n'a, is divisible by m.

Solution. Apply Theorem 1.12 on the polynomial 1 R(x). The leading coef-
ficient of this polynomial equals ¢, + nc,_1 + --- + n!cog, and the property
follows.

Example 1.70. The polynomial f(x) = x" +ayx"~1 + -+ 4+ a,_1x + a, with in-
teger non-zero coefficients has n distinct integer roots. Prove that if the roots are
pairwise coprime, then a,_1 and a, are coprime.

Solution. Assume that ged(a,,—1,a,) # 1. then both a,,_1 and a, are divisi-
ble by some prime p. Let the roots of the polynomial be rq,7,...,7,,. Then
r1t2,...,tn = (—1)"a,. It follows that at least one of the roots, say 1, is divis-
ible by p. We also have

FF - Ty 1 1113 Ty g+ F1arz- 1y = (—=1)""1=0 (mod p).

All terms containing r; are divisible by p, hence r,r3- - -7, is divisible by p.
Hence ged(rq, 1213 - - - 1) is divisible by p contradicting the fact that the roots
are pairwise coprime, and the conclusion follows.

Example 1.71. Let fi, fo,..., fx be nonconstant polynomials with integer coeffi-
cients. Prove that for infinitely many n all numbers fi(n), fo(n),..., fr(n) are
composite.

Solution. Let fi, f2,.. ., fi be the corresponding polynomials. By Schur’s the-
orem, for any i there are infinitely many primes p that divide at least one of
the numbers f;(1), fi(2), .... Thus, there are distinct primes p1,41,. .., Pk, gk
and integers ai,by,...,ax, by such that fi(a;) =0 (mod p;) and f;(b;) =0
(mod g;). By the Chinese Remainder Theorem, there are infinitely many
n that satisfy n = a; (mod p;),n = b; (mod g;). For any such n we have
piqi | fi(n), so that f;(n) is composite for all i.

The following two problems are standard applications of the fact that
a—bdivides f(a) — f(b) if f € Z[X] and a,b € Z (see Theorem 1.10).

Example 1.72. Let f € Z[X] and let n > 3. Prove that there are no distinct integers
X1,X2,...,%n With f(x;) =x;_1,1=1,2,...,n (indices taken mod n).
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Solution. If such a polynomial f and integers x; existed, x; —x;_1 = f(x;41) —
f(x;) would be divisible by x;,1 — x;. In particular, |x; — x;_1| > |x;11 — x|

for all i. This forces the numbers |x; — x;_1| to be equal. This is however im-
possible. Indeed, if there is i such that x;,1 — x;, xj1p — x;;1 have different
signs, then x; = x;;,, which contradicts the hypothesis that x; are all distinct.

But such i has to exist, because Y ;(x;11 — x;) = 0. This finishes the proof.

Example 1.73. Let f € Z[X] be a polynomial of degree n > 2. Prove that the poly-
nomial f(f(X)) — X has at most n integer zeros.

Solution. Suppose that x; < xp < ... < x,41 are distinct integers such that
f(f(x;)) = x;. Then f(x;) are also pairwise distinct and f(x;) — f(x;) is a
multiple of x; — x;. But x; — x; = f(f(x;)) — f(f(xj)) is also a multiple of
f(x;) — f(x;). Thus, we must have | f(x;) — f(x;)| = [x; — x;|. But then

Flonen) - fxr) = émxim —f@)l,

which implies that all numbers f(x;1) — f(x;) have the same sign. Com-
bined with the equality | f(x;) — f(xi41)| = |x; — xi41]| this shows that either
all numbers f(x;) + x; are equal or that f(x;) — x; are all equal. This is how-
ever impossible, as f has degree n.

Remark. Recently, a very similar problem featured in the IMO 2006: let P(X)
be a polynomial of degree n > 1 with integer coefficients and let k be a posi-
tive integer. Consider the polynomial

Q(X) = P(P(-+- P(P(X)))).

k times

Prove that there are at most 1 integers such that Q(t) = t. It follows from
Example 1.73 that any integral solution of the equation Q(t) = f is a solution
of the equation P(P(t)) = t, so this new problem is actually equivalent to
the discussed one.

Example 1.74. Find all integers n > 1 for which there is a polynomial f € Z[X]
with the property: for any integer k one has f(k) =0 (mod n) or f(k) =1
(mod n) and both these equations have solutions.

Solution. The answer is: exactly the powers of a prime number. If n is a
prime power, by Euler’s theorem the polynomial X?(") is a solution.
Conversely, suppose there exists a polynomial f with the properties in the
statement and that n has at least two different prime factors p,q. Changing
f to f(X — a) for a suitable a, we may assume that f(0) =0 (mod 7). Thus
f(0) =0 (mod gq), which implies that for all b € Z we also have f(bg) =0
(mod ¢). So, we cannot have f(bg) =1 (mod n), hence f(bg) =0 (mod n).



46 1 Identities. Polynomials

In particular, f(bg) =0 (mod p). But then for all a € Z we also have
flap+bg) = f(bg) =0 (mod p) and so f(ap +bq) =0 (mod n). Since any
integer x € Z can be written ap + bq for suitable a, b, it follows that the equa-
tion f(x) =1 (mod n) has no solutions, a contradiction.

Example 1.75. Find all polynomials f with integer coefficients which satisfy the
property f(n) | 2" — 1 for all positive integer n.

Solution. Of course, if f is constant, then f has to be either 1 or —1 and these
are solutions. So, assume that f is nonconstant. We may assume that the
leading coefficient of f is positive. Take n such that f(n) > 1 and p a prime
factor of f(n). Then p | 2" — 1 whilealsop | f(n+p) and f(n+p) | 2P — 1.
But then p | 27 — 1, which is certainly impossible. So any such f is constant
and the solutions are 1, —1.

Here is a beautiful and rather tricky application which involves of ideas
present in the proof of Hensel’s lemma (see Lemma 3.1 in [80]).

Example 1.76. Let p be a prime and let f € Z[X] be a polynomial. If the values
£(0),f(1),..., f(p? — 1) give distinct remainders when divided by p?, prove that
£(0),f(1),..., f(p® — 1) give distinct remainders when divided by p>.

Solution. Assume that f(i) = f(j) (mod p>) for some i,j. Since f(i) = f(j)
(mod p?) and since f is injective mod p?, we deduce that i = j (mod p?),
say j =i + p’k. It is enough to prove that k =0 (mod p). Assume that this
is not the case. We have

FG@) = FG) = fli+kp?) = f(i) +kp* (i) (mod p%),
so p divides kf’(i). Thus p divides f’(i). But then
fli+kp) = f(i) +kpf'(i) = f(i) (mod p?),

which, combined with the hypothesis, yields i + kp =i (mod p?), a contra-
diction. Thus k=0 (mod p) and i =j (mod p?®). The conclusion follows.
We continue with a series of not so difficult problems.

Example 1.77. Let f € Z[X] be a nonconstant polynomial. Prove that the sequence
f(3") (mod n) is not bounded.

Solution. Changing f with its opposite, we may assume that the leading
coefficient of f is positive. So, given N, there exists m such that f(3") >
N. Choose a prime p > 2f(3™) and observe that f(37™) = f(3™) (mod p)
by Fermat's little theorem. In particular, if = f(3"F) (mod mp), then r =
f(3™) (mod p) and sor > f(3™) > N, finishing the proof.

Example 1.78. Is there a nonconstant polynomial f € Z[X| and an integer a > 1
such that the numbers f(a), f(a?), f(a®), ... are pairwise relatively prime?
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Solution. Assume that f is such a polynomial and a is as in the state-
ment. Let ¢ = ged(a, f(a¥)) = ged(a, £(0)). If ¢ > 1, then g is a common
factor of all f(a¥). Thus ¢ =1, so a and f(a') are relatively prime for all
i. Choose an i with |f(a’)| > 1 and choose j = i + ¢(|f(a')|), where ¢ is
Euler’s totient function. Then f(a’) divides @/ — a’ by Euler’s Theorem, so
f(a') divides f(a/) — f(a') and f(a')|f(a’). But this contradicts the fact that
ged(f(a'), f(a))) = 1 and shows that the answer to the problem is negative.

Example 1.79. Find all polynomials f with integer coefficients such that there ex-
ists k such that for all primes p, f(p) has at most k prime factors.

Solution 1. Note that all polynomials of the form aX™ work, for obvious
reasons. Let f be a solution of the problem and suppose f is not of this
form. So we can write f(X) = X"g(X) for some polynomial g with inte-
ger coefficients such that ¢(0) # 0 and g is not constant. By Schur’s theo-
rem, there are infinitely many primes dividing at least one of the numbers
2(1),2(2),.... In particular, we can choose p1,pa,...,Pks1 distinct primes
greater than |¢(0)| and we can choose positive integers a1,4y,...,a5.1 such
that g(a;) =0 (mod p;). Using the Chinese Remainder Theorem, we can
find an integer a such that a = 4; (mod p;) for all i.

Note that a is relatively prime to p1p2 - - - px+1 (otherwise some p; would
divide 4, so p; | a; and then p; | g(0), a contradiction). Thus, by Dirichlet’s
theorem, there exist infinitely many primes p =a (mod p1p2--- pry1)- In
particular, we can choose such a prime p with f(p) # 0. Since by construc-
tion f(p) is a multiple of pyp2 - - pxs1, it follows that f is not a solution of
the problem. The conclusion follows.

Solution 2. Note that all polynomials of the form f(X) = aX™ work. Sup-
pose f(X) = X"g(X) is such a polynomial which is not of this form. Then
¢(X) is also such a polynomial. Thus we may assume that f is nonconstant
and f(0) # 0. Let p be a prime not dividing f(0), hence p does not divide
f(p). By Dirichlet’s Theorem there are infinitely many primes g of the form
q=p +kf(p)?. Choose such a g with |f(q)| > |f(p)|. For such a g we have
f(q) = f(p) (mod f(p)?). Thus f(q) is divisible by every prime factor of
f(p), with exactly the same multiplicities, and at least one additional prime
factor. Iterating this construction, we can find a sequence of primes (p,) for
which f(py) has at least n prime factors. Thus the only solutions where the
ones already given.

Example 1.80. Find all polynomials f € Z[X] with the property that for any rela-
tively prime integers m,n, the numbers f(m), f(n) are also relatively prime.

Solution 1. The solutions are the polynomials +X¥ for d > 0. Trivially, these
are solutions of the problem. Consider now any nonconstant solution f and
without loss of generality (change f into —f) we may assume that the lead-
ing coefficient of f is positive. Suppose that p is a large prime for which p
does not divide f(p). Then p and p + f(p) are relatively prime and thus f(p)
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and f(p + f(p)) are relatively prime. However, f(p) divides f(p + f(p)).
Thus necessarily |f(p)| =1 or f(p) = 0. Since p was large, none of this hap-
pens (f is not constant). Thus, for p large enough we have p | f(p), forcing
p | f(0). This implies that f(0) = 0 and so we can write f(X) = Xg(X) for
some polynomial ¢ with integral coefficients. Of course, g satisfies the same
property as f and has smaller degree. Repeating the argument with g or per-
forming an obvious induction on the degree of f, we deduce that f is indeed
of the form X for some d. This solves the problem.

Solution 2. Another proof can be based on the following preliminary result.

Lemma 1.2. If f € Z[X] is not of the form £X", then there exist different primes
p,q such that q | f(p).

Proof of Lemma. Assuming the contrary, we may assume that the leading

coefficient of f is positive. So, for all large enough p, f(p) = p*» for some

log f(p)
logp

for all sufficiently large p and so f(p) = pdeg(f ) for all sufficiently large p.
The conclusion follows.

Coming back to the proof, choose a solution f of the problem and sup-
pose that f is not of the form £X". Pick primes p,q as in the lemma. Then
g divides f(p) and f(p + q) (since g divides f(p + g) — f(p)). But this is
impossible, since p, p + ¢ are relatively prime and so f(p) and f(p + q) are
relatively prime. The conclusion follows. O

integer k. Since k, =

converges to deg(f), it follows that k, = deg(f)

Example 1.81. Let f be a polynomial with integer coefficients and let ag = 0 and
ay, = f(ay_1) for all n > 1. Prove that (a,),>0 is a Mersenne sequence, that is
§cd(am, an) = Ageq(m,n) for all positive integers m and n.

Solution. Write f? for the composite of f with itself d times. Pick any pos-
itive integers m,n and write m = du,n = dv with ged(u,v) = 1 and observe
that a, = f"(0) = ¢%(0) and a,, = g"(0), where g = f¢. Moreover, a; = g(0).
So, it is enough to prove that for any g with integral coefficients and any
ged(u,v) =1 we have ged(g"(0),87(0)) = g(0). One may clearly notice that
for any polynomial & with integer coefficients and any k we have (0) | 1*(0).
Applying this to g already shows that ¢(0) divides ged(g*(0),£°(0)). Con-
versely, let x = gcd(g%(0),4°(0)). Applying the previous remark to h = g*
and h = g%, we obtain that for all A,B > 1 we have x | g¢%(0) and x | g%9(0).
Taking A,B such that Bv = Au + 1, we get x | g¢(¢*(0)) and x | g**(0).
Clearly, x divides g(0) and the conclusion follows.

Example 1.82. Find all integers k such that if a polynomial with integer coefficients
f satisfies
0<£(0),f(1),- flk+1) <k

then £(0) = (1) =--- = f(K) = f(k +1),
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Solution. If k < 2 we can easily find examples, for instance f(X) = X(2 — X)
fork=1and f(X) = X(3 — X) for k = 2. So, assume that k > 3 and let f be a
polynomial with integral coefficients such that 0 < f(0), f(1),..., f(k+1) <
k. As f(k+ 1) — f(0) is between —k and k and since it is a multiple of k + 1,
we must have f(0) = f(k+ 1), hence

f(X) = £(0) = X(X = (k+1))g(X),

for some polynomial g, which clearly has integral coefficients (note that X
divides f(X) — f(0) and X is relatively prime to X — (k+ 1)). Thus, we have
f(0)+i(i —k —1)g(i) is between 0 and k for all 0 < i < k + 1. In particular

k>i(k+1—1)|gi), 0<i<k+1

However, i(k+1—i) >k 2<i<k—1,hence g(i) =0for2<i<k—1.In
particular, we can write g(X) = (X —2)--- (X — k + 1)h(X), for some poly-
nomial /1, again with integral coefficients. But then

f(k) = £(0) = —k(k = 2)th(k), f(1) = f(0) = (1) Tk(k —2)!h(1).

This implies that k(k — 2)!|h(x)| < k for x € {1,k}, which clearly implies
that 11(1) = h(k) = 0, unless k = 3. Therefore, unless k = 3 we can definitely
conclude that f(0) = f(1) =...= f(k+1) and so all k > 4 are solutions of the
problem. For k = 3 we can actually have equality in all previous inequalities,
hence we have the polynomial f(X) = X(X —2)?(4 — X). Clearly, k = 3 is
not a solution and the problem is solved.

Example 1.83. Let n be a positive integer. What is the least degree of a monic poly-
nomial f with integer coefficients such that n | f (k) for any integer k?

Solution. This is immediate. Indeed, by Theorem 1.12 we can write

f(X) X(X—-1)--(X—d+1)

d! !

=ay+mX+---+ay

where d = deg(f). Considering the leading coefficients in this equality
shows that d! is a multiple of n. On the other hand, if 4! is a multiple of
n, then we can take f(X) = X(X +1)--- (X +d — 1). Thus the answer is: d
is the smallest integer such that d! is a multiple of 7.

Example 1.84. Let f be a polynomial with rational coefficients such that f(n) € Z
forall n € Z. Prove that for any integers m and n the number Icm[1,2,...,deg(f)] -

% is an integer.

Solution. Fix m # n integers and let d = m — n and g(X) = f(n + X). Then
¢ has rational coefficients, sends integers to integers and deg(f) = deg(g).
So, we need to prove that
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lem([1,2,...,deg(d)] - M
is an integer. Using the result of problem 13, if D = deg(g), then there exist
integers ay,...,ap such that

D 1) (X—i
g(X)ZEaiX(X 1) '(X —l—l).

i=0

i!

So, it is enough to prove that for any 1 <i < D we have

lem[1,2,...,D] - (d—l)(d—zglm(d—iﬂ) GZ'

But the last quantity can also be written as

(d—1)---(d—i+1) lem[L2,...,D]
(i—1)! i ’

making it clear that it is an integer. The conclusion follows.

Example 1.85. Let f be a polynomial of degree d such that f(Z) C Z and for which
f(n) — f(m) is a multiple of m — n for all 0 < m,n < d. Prove that f(m) — f(n)
is a multiple of m — n for all integers m,n with m # n.

Solution. The crucial point is the following consequence of the previous
problem: if Ly =1lem(1,2,...,k), then m — n divides Ly ((}) — (})) for all in-
tegers m # n. Now, we will prove that if m — n divides f(m) — f(n) for all
0<m#n<d=degf, then f is a linear combination with integer coeffi-
cients of the polynomials Ly (35 ) for 0 < k < d. By the previous key point, this
will be enough to conclude.

As f(Z) C Z, by Exercise 1.78 there exist integers 4y, a1, ..., a; such that

f(X)ZﬂoJrﬂl()l() +--~+ad(§>.

It remains to prove that 4; is a multiple of L; for all i. We prove this by induc-
tion, the case i = 0 being clear (by definition Ly = 1). Assume thatay,...,a;_1
are multiples of Lo, Ly,...,L;—1 and fix 0 < j < i. Then j — i divides

-0 = () - (1)) == e o))

By the lemma and the inductive hypothesis, each of the numbers a; (( ;() —( ,]())

with 0 <k < iis a multiple of i — j. We deduce that i — j divides 4; and since
j < iwas arbitrary, it follows that L; divides a;, which end the proof.



Chapter 2
Finite Sums and Products

2.1 How to use the sum symbol

In this section we discuss techniques of evaluating various special sums and
products. special sums and products. A sum is simply repeated addition,
and can be concisely expressed in sigma notation as follows:

n
Y ap=ar+ar+--+a
k=1
The expressions above and below the sigma are the bounds of the sum-
mation. Bounds can come in various forms; the only requirement is that the

specify some (possibly empty) set over which the summation occurs. For
example, the following are correct uses of sigma notation:

n

). i Y. i Y. @), ap

ij=1 1<i<j<n 1<i,j<100 p prime
ij=360

Some important properties of sums are as follows:
n

n n
Z ai + by) = <Z ak> + <Z bk> (distributivity over addition)
k=1 k=1

k=1

n n
Z (way) = (Z ak> (distributivity over multiplication by a constant)
k= =1

In the second example & must be a constant and cannot depend on k.

One important class of sums are telescoping sums. These are sums where
almost all of the terms will cancel each other. There are two flavors of tele-
scoping sums: direct and indirect telescoping sums.

51
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2.2 Telescopic sums

A direct telescoping sum is one where there exists some sequence {x; } such
n

that ay = xg11 — x¢ for k =1,2,...,n. In this case we may write ) a5 =
k=1

n
Y (e —xp) =(xa—x1) + (x3 —x2) + -+ (X401 — Xn) = X1 — X1

An indirect telescoping sum is one where there exists some sequence {x; }
n

such that ay = xy — x.q fork =1,2,...,n. In this case we may write }_ a5 =
k=1

n
kzl(xk = Xpp1) = (¥1 —x2) + (2 —x3) + -+ + (X0 — Xyq1) = X1 — Xyp1-

A common goal of manipulating sums is to find a closed form, that is an
expression equal to the sum that is free of sigma notation.

n

Example 2.1. Find a closed form for ) _ k(k+1).

k=1

Solution. We can expand k(k + 1) = k? + k and use formulas for sums of

powers to compute a general form. However, there is an alternate method.

We have (k)(k+1)(k+2) — (k—1)(k)(k+ 1) = 3(k)(k + 1), which gives
n 1 n

Y k(k+1) = 3 Y [(k)(k +1)(k +2) — (k — 1)(k) (k 4 1)]. This is a direct

k=1 k=1

n
telescoping series; letting x; = (k — 1) (k) (k + 1), we have ) (xj41 — x;) =
k=1

n - 1 5
Xp41 — X1 =n(n+1)(n+2) — 0. Hence Z k(k+1)= %
k=1
. . - n(n+1) ]
Remark. We can use this identity, coupled with Z k= 5 to find the
k=1

n

closed form for Z k2.
k=1

n

Example 2.2. Find a closed form for Y k(k+1)(k +2).
k=1

Solution. Writing
k(k+1)(k+2)=[(k)(k+1)(k+2)(k+3) — (k=1)(k)(k+1)(k+2)] /4,

we obtain a direct telescoping sum analogous to that in Example 1. Writing
xp=(k—1)(k)(k+1)(k+2), we have

i(karl —x;) /4= (Xpp1 —x1) /4= n<n+1)(”+2)(”+3)'

k=1 4




2.3 Thesums S,(n) =Y 1k, p=0,1,2,... 53

n
Example 2.3. Let S = ) k(k+1)---(k+ p). We have
k=1

k(k+1)---(k+p) = k(k+1)-(k+p+1) — (k—Dk---(k+ p)].

1
p+2
This is a telescopic series and we obtain

1

S:
p+2

nn+1)---(n+p)(n+p+1).

2.3 Thesums S,(n) =Y/ k7, p=0,1,2,...

n
We now consider sums of the form S, (n) = ) _ k¥, where p is a nonnegative

k=1
integer. The closed forms for small p are
n+1
So(m) =, §i(n) = "L,
nn+1)2n+1 n(n+1)\?
Sa(n) = ( )6( ), S3(n) = (( 5 )> .

We show a more general relation for S, () in our next result.

Theorem 2.1. The following relation holds:
<”Tl>sp<n) bt <p;_1)51(n) )P -1,
Proof. By the binomial theorem,

(k+ )P — kPl = (PTl)kPJr <P;1>k1’—1+---+ <p;1>k1+1.

Summing this as k ranges from 1 to n gives

i k+1 p+1 _ kp+1

1\ & 1 ¢ 1\ &
=<p41r >k21kp+(p; )ka_1+___+(r’; )Zkl—i-n.

k=1 =1
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The left-hand side of this sum reduces to (1 + 1)P™! — 1, while in the right-
hand side we may replace our sums of powers of k with S,(n), hence

(n41)P1 -1

:(Vj§s¢m+<P§§swam+~~+(P:§sA@+n,

which after a tiny bit of rearranging is exactly what we set out to prove.

Using this method we can prove the following relations:

n(n+1)(2n+1)(3n% +3n—1)

Sa(n) = 30 ,
n?(n+1)2(2n2 +2n -1

sy = P 1 )
n(n+1)(2n+1)(3n* + 61> —3n+1)

56(11) = ) .

g

Theorem 2.2. 1° For all integers p > 0, S,(n) is a polynomial of degree p + 1 in
n with rational coefficients and leading coefficient 1/(p + 1).
2° The coefficient of n? is %, hence it does not depend on p.

Proof. 1. We prove this by strong induction. We can verify that So(n) =n
satisfies the conditions above; this provides our base case. Suppose that for
some p > 1 that So(n),S51(n),...,S,-1(n) satisfy the conditions above. We
use the relation

(n41)+1 1 = <P11>sp(n)+---+ (p;1>sp(n)+n

proved in Example 3. We rearrange this to write

(n4+ 1P = (P38, () = = ("F)S1(n) —n —1
p+1 '

Sp(n) =

By our inductive hypotheses, the highest-degree term in the right-hand side
is the (n +1)P*! term. Hence S, (n) is of degree p + 1 in n. Similarly by our
inductive hypothesis, the right-hand side has rational coefficients. Finally,
as the only term of degree p + 1 on the right-hand side is (n + 1)7*1, which
expands to nP! plus lower-degree terms, the leading coefficient of S, (n)

must be 1/(pY1) =1/(p +1) as desired.

2. Let ap be the coefficient of n?. Identifying the coefficient of n” in the

recursive relation, it follows (1) = ("11)a, + (pgl)%, hence a, = 3. a
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2.4 The geometric sum

We will discuss now a very important class of sums.

Theorem 2.3. For every complex number a # 1, the following formula holds:

n 1— an+1

k_
Za - 1-—a

k=0

n
Proof. Let S = Z a*. Then we may write:

k=0
S=1+a+a®+-- +a"
—aS= —a—a*—---—a"—a""!
S—aS=1-aqa""
1— n+1
g 1-at
1—a

Remark. For every complex number a with |a| < 1, we have Y5>, a* =

n

Example 2.4. Find a closed form for Z ka* where a # 1.
k=0

n
Solution. Let S = Z ka*. We rewrite S as
k=0
a+a*+a+ - +a"=(a—a"")/(1-a)
a2+a3+”._|_an:(az_an+l)/(1_a)
P4 4a=(a®—a")/(1-0a)
a" = (a" —a") /(1 —a).
Adding up the right-hand sides we get our desired sum. We have
(a+a2+'__+an)_naﬂ+l
1—a
a— an+1 _ nan+1 + nan+2
(1—-a)?

a— (n+1)a"t! + na"t+2
(1-a)?

S:

55

O

1

1

—a°
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n
Example 2.5. Find a closed form for Z k?a* where a # 1.
k=0

n
Solution. Let S = Z k?ak. Then we may write
k=0
n n
S—aS= Z(kz— Z (2k — 1)a* — n%a"+1,
k=1 k=1

But this can be expressed in terms of sums we can already compute as

(1_a)522(a— (n+1)a”+1+na”+2> B <a—a”+1) 2

(1—a)? 1—a
We get
5 :2nan+2 _ <n+1)an+1 +a o a — gt +n2 a1 ’
(a—1)3 (a—1)2 a—1

2.5 Some interesting trigonometric sums

In this section we present a general trigonometric sum for which we pro-
vide three proofs, and a number of interesting consequences. The original
material was published in [32], inspired by a proposed problem in [31].

Theorem 2.4. For any real number a € R\ {—1,1} the following relation holds:

n_l 1 _ n(a"+1)
[=a*—2acosEr 11 (a2-1)(a" —1)

2.1)

Proof 1. Let P € R[X] be a polynomial of degree n — 1 with real coefficients
denoted by P =ap + a1 X + -+ + a1 X" 1 If & € Uy, is an nth root of unity,
then we have

PP = P(w)  P0) = Pla) - () = P(a) P

1
:(a0+a1a+---+an_1a )<a0+ +- +an1n1>

n—1 n—1 1
=ag et da ) A+ ) B
k=1 k=1 %
where the coefficients Ag, By, k =1,...,n — 1 are different from zero. Using
the relation (see [6, Proposition 3, page 46]) one gets
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Y zxk:{n’ ifn|k
0

wetl, , otherwise

we get the following formula

Y P@P=n(af+at+ - ady). (2.2)
acUy

In order to prove (2.1) we consider the polynomial

_ n—1 n—l_anxn_l
P=1+4+aX+ +a X = Tox_1
Applying formula (2.2) it follows that
2n __
PP =n(1+a®+- 420D — " 1. (2.3)
2
acly, as—1
On the other hand we have
2 2
Y 1P 2)[2 = a'a — 112 (a" —1) _ (a" —1)
i3 ax—1 | (aa—1)(a@a—1) a2—2Rea-a+1
and the desired result follows. OJ

Proof 2. By the Poisson kernel formula one obtains

1—12

T rcosi i = 2 rimlzm, where | r|<1 (2.4)

m=—oo

and z = cost + isint. Applying this formula in the current problem one gets

n—1 1—ﬂ

_ = |m| szk—”
,?jf)l—Zacoszm—i-az kg; (mZ_:ooa ‘ )
_ (“j(;afm)")

m=—0o k=0
mez jEZ

1—a?n 1+ a"

(1—an)? T

and the formula follows. O

Proof 3. Let P € C[X] be a polynomial whose factorization is given by the
formula P =TT;_, (X2 + a; X + b). We have the following relations
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7_& 2X + ay _liZXZJrakXer—b
= 1X2+akX+b X= X2+qX+b
1 n b 1
=Xy - 4 - _Zy_ -
k:Z:lX2+akX—|—b+X Xk:ZlXZJrakXer
X?—b & 1 n
- Z 2 + 5
X EX+gX+b X

from where we can derive the formula

XP' —nP “ 1

S N 2.
(X2-b)P ,;X2+akX+b @3
For the polynomial
n—1
P=(X"-12=]] (X2 ~ 2Xcos 2T +1>
k=0 n
we have P/ = 2nX" (X" — 1), hence
XP' —nP _2nX”*1(X”—1)—n(X”—1)2_n X" 41
(X2-1)P (X2—1) (X" — 1) X o) (X -1y
and the desired relation (2.4) follows from (2.5). (]

In the case n =7 and a € (—1,1) one recovers Problem 49 in the Longlisted
Problems of IMO 1988 (see [91, pp. 217]).

We now present four examples inspired by the main result. The following
problem was proposed in [31].

Example 2.6. Evaluate the sum

n—1 1
_— (2.6)
=01+ 8sin? (2)
Solution. Taking a = 2 in (2.4) one obtains
n—1
1 2" +1
- :”(n+ ) 2.7)
=h4—4cos®r +1  3(2"—1)
which can be written as
n—1
1 2" +1
_n@2+1) 2.8)

=0 1 + 8sin? (k”> 3(2"-1)

n
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Example 2.7. The following identity holds.

nl 1 _(m=1)(n+1) 29
Bai(m) 3 @9)

n

Solution. Indeed, the identity (2.1) can be written as

nl 1 n(a" +1) 1

-1 aZ—ZaCOSZkT"—I-l_ (@2 -1)(a"=1) (a—1)*

Taking the limit as @ — 1 on the right-hand side we get

lim n(a®+1) 1
a1 | (@ —=1)(a"=1)  (g—1)

1 ,m(n—l)a"“—(n+1)a”+(n+1)a—n+1

-1
21 a1 (a—1)°
1 lim (n+1)(n—1a" —n(n+1)a" 1+ (n+1)
C 2nas1 3(a—1)>
1 lim (n+1)(n—1)na"2(a—1) (n—1)(n+1)
C 2na 6(a—1) N 12 '
It follows that
n—1 —
lim : 1 _ _(n 1)(n+1),
a=1/= a? —2acos =7 +1 12
that is
n-l 1 (n—1)(n+1)

’; 4Si1’12 (kﬂ') 12 !

n
from where the conclusion follows.

Remark. 1° Using the symmetry

k —k
sinz—Tr :sinzu, k=1,...,n—1,
n n

by the identity (2.9) one obtains the following results.
If n =2m +1is odd, then

1 2m(2m+2) m(2m+2)

m
kz:lsinz( kn)_ 6 N 3

2m+1
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Writing 1 = sin + cos?, this is equivalent to

i krt m(2m —1)
2 —
k§:1ctg > 1= 3 . (2.10)

If n = 2m is even, then one obtains

-1

1 1<n2—1 > n*—4
= 1) = .
Lo () 203

°H

n

2° The identity (2.10) can also be proved by different means, as shown
in [4, Page 147]. There the authors consider the trigonometric equation
sin(2m + 1)x = 0, with the roots

7T 27 mrt
2m+1"2m+1""""2m+1°

Writing sin(2m + 1)x in terms of sinx and cos x, we obtain

2 1 2 1
sin(2m +1)x = < m1+ >cosmesinx— ( m3+ )coszmzxsin3x+

2 1 2 1
:sin2m+1x<< m1+ >ctg2’”x— ( m3—|— >ctg2m_2x+~--).

2m+1

Setting x = 27’;%, fork=1,...,m, and since sin x # 0 we obtain

<2m1+ 1>ctg 2mx o <2m3+ 1>ctg 2m72x 4. =0.

Substituting y = ctg 2x this equation becomes

<2m1+ 1>ym B (2m3—|— 1)]/”_1 S,

which has the roots

,Ctg2

ct 2 ct 2 i mn
& m+1"® w1 M1

By Vieta’s relation between coefficients and roots one obtains
2m+1
noo, ko (T57) . m(2m—1)

2 ct = =
= 2m+1 (2m1+1) 3

Theorem 2.4 can also be used to prove other interesting identities.
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Example 2.8. If n is odd and n > 3, then

7
-
SN——"
I
N

If nis even and n > 4, then

ISR

1 n?—4

G

Solution. In order to prove (2.11) note from (2.1) that we have

1
k=1 cos?

n_l 1 . n(a®+1)
2k = lim 2 1 n 1

k=02 +2cos=~ a—-l (a* = 1) (a" —1)

_n lim a"+1

T 44571 a4+1

=T

That is
n—1
1
ITIZ,

from where we obtain

From the symmetry

cos? (k7T>  cod? <(”_k)”> k=1,...n—1,
n n

one obtains the identity (2.11).

61

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

To prove (2.12) a few more steps are required. Again, by (2.1) one has
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n_1 1 . l n(a" +1) 1
1] (

= lim —
k:()’k#%2+2cos2k7" a——1| (@2 =1)(@"—-1) (a+1)

i nl(t—1)" +1] 1
T -2 [(t-1)" -1 £

1., n[t-1)" +1]t— (t=2)[(t—1)" —1]
2 -0 [(t—l) ]

nt [2—nt+ nn) t2+t3f(t)}
= ——lim
210 tz[ nt+ 20 g2y g3t )}
(t—2) (=t + 7 )tZ S R 0)
2 (—nt Dy t3h(t))

B _1 nz(g—l) . Zn(n—lg(n—Z) . n(nZ—l) B W21
2 —n 12

since f, g, h are polynomials in ¢, so f(0), g(0) and h(0) are finite. Hence,

”il 1 n?—1
2%k
k=0, 2 +2c0s 3

By the symmetry of cosine formula (2.16) the identity (2.12) follows.

Remark. A direct proof of (2.12) can be obtained from (2.9) by using the
symmetry relation

n
_ n_k
coszk—n = sin? (n — kﬂ) :sinzw = sin? M, k= 1,...,2
n 2 2n n 2
Example 2.9. If x € Rand |x| > 1, then
n
- 1 2n<x+\/x2—1>[(x—|—\/x2—1) —|—1}
Z S = - . (217)

o x —cos 2t [(Hm)z _1] [(x+va2 1)
Solution. Indeed, we have

n—1 1 _ 1 n—1 1
2k 2 :
f—0 4> —2acos=r +1 2a k:o%(a—i—%) cos 2kn

n

Letting x = % (a + %) ,one has a = x + vx2 — 1, and by identity (2.1) we get
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y 1 n(a"+1)

2a k:Ox_COSZkTN o (az—l)(a” —1)’

which can be reduced to (2.17).
In the particular case x = 2 one recovers the identity

ool o]
S1+2sin? (4)  (3+3v3) [(2+v3) - 1]

2.6 Finite products

We move now to the topic of products. A product is simply repeated multi-
plication, and can be concisely expressed in product notation (occasionally
called pi notation) as

n
Hak = ajaxaz---ay
k=1

The indices on products can be written in different ways, just as with the
indices on sums. (It is far less common to see unusual indices on products
than on sums.) Some important properties of products are as follows:

n n
H agby) = <H ak> (H bk> (distribution over multiplication)
k=1 k=1

n
H(txak) =a H ay (distribution over multiplication by a constant)
k=1 k=1

As with sums, an important class of products are telescoping products.
There are two flavors of telescoping products, as before - direct and indi-
rect telescoping products. A direct telescoping product is one where there
exists a sequence xy such that a; = x’;—:l fork=1,2,...,n, where we have

n

H[lk = @

k=1 X1

Analogously, an indirect telescoping product is one where there exists a
sequence xj such that a; = for k=1,2,...,n. In this case we may write

X1

=1 Xn+1
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Example 2.10. Compute the product

n k3_1
i k1

Proof. We may write

B-1 (k=1)K+k+1)

B+1  (k+1)(k2—k+1)

hence we obtain
1£[k3—1_ nok—1)(kK2+k+1)
k:2k3+1 k:Z(k+1)(k2—k+1)

_ﬁk—l_ﬁk%kﬂ

2 'ﬁk2+k+1
Con(n41) L5k —k+1

In order to compute the last product, observe the following relation

+k+1 K +k+1
R—k+1 (k—=1)2+(k-1)+1

therefore it is a direct telescopic product. Finally, we get

1£[k3—1_ 2 n+n+1  2(n>+n+1)
sk +1 n(n+1) 3 - 3n(n+1)

Example 2.11. 1° Prove that for every n > 2,

=ok+1)! n!

2° Prove that for every positive integer n > 3, n! can be written as sum of exact n
of its distinct divisors.

Solution. For the first part, note that for every k € N*, we have the identity

kK k+1-1 1 1

k+1)! (k+1)! kK (k+1)0

Using this, we get that
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=4 (o i)

The latter is a telescoping sum, where only the first and last terms survive.
The desired conclusion follows immediately.
For the second part, note that multiplying by n! the identity

1

S+l

and re-arranging, we get that 1 + Z )] +l k = n!. The conclusion follows

by observing that for each k € {1,2,. ..,n — 1}, the expressions =y k are

k+1
distinct divisors of n!.

Example 2.12. Prove the inequality:

g% 2n < 3
3 5 2n+1 " 2n+3

Solution. Regrettably, the product on the left side does not possess the prop-
erty of being telescoping. Nevertheless, as we are tasked with proving an
inequality rather than an equality, we may seek to identify a telescoping
product that strictly exceeds the left-hand side while remaining less than or
equal to the right-hand side.

Indeed, note that for every k € N* we have that 4k* + 4k + 1 < 4k? + 6k,
hence (2k + 1)? < 2k(2k + 3). This implies that

2k 2k +1

%+1 " 2%+3

Now, the left hand side of our inequality can be written as H T +1 , hence

using the inequality above we get

2n+1
2n+3°

2k no2k+1 3
5

< =
g2k+1 ,Elzk+3

The expression on the right is now a telescopmg product and by can-
celling terms we find that the product equals 5%~ +3, as desired.
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Chapter 3
Methods of Proof

3.1 Proof by contradiction

The method of argument by contradiction proves a statement in the follow-
ing way: First, the statement is assumed to be false. Then, a sequence of
logical deductions yields a conclusion that contradicts either the hypothe-
sis (indirect method), or a fact known to be true (reductio ad absurdum).
This contradiction implies that the original statement must be true. This is a
method that Euclid loved, and you can find it applied in some of the most
beautiful proofs from his Elements. Euclid’s most famous proof is that of the
infinitude of prime numbers.

Example 3.1 (Euclid). There are infinitely many prime numbers.

Solution. Assume, to the contrary, that only finitely many prime num-
bers exist. List them as p; = 2,p» = 3,p3 = 5,---,pn. Then the number
N = p1p2---pn + 1is divisible by a prime p, yet is coprime to p1,p2,..., pn.
Therefore, p does not belong to our list of all prime numbers, a contradic-
tion. Hence the initial assumption was false, proving that there are infinitely
many primes.

Example 3.2. The number /2 is irrational.

Solution. Assume that v/2 is rational, thatis v/2 = %, where m, n are positive
integers. We may suppose that gcd(m,n) = 1. By squaring, one obtains that
2n? = m?, hence 2 | n?, hence n = 2n1, for some positive integer 1. Replacing
in 2n? = m?, we get n = 2m?, implying the numbers m, n are both divisible
by 2, contradiction to ged(m,n) = 1.

Similarly, one can prove that if d € IN* is not a perfect n-th power, then
{/d is not a rational number.

67



68 3 Methods of Proof

Example 3.3. Let n be an odd positive integer and let ay,az,a3,...,a, be a rear-
rangement of the numbers 1,2,3,...,n. Show that

2| (a1 —1)(ax —2)(ag —3)---(a, — n).

Solution. Assume, by contradiction, that (a1 —1)(ay —2)(az —3) --- (ap — n)
is odd. Then all factors a; — 1,a, — 2,a3 — 3,...,a4,, — n must be odd. Because
n is odd, it follows their sum (a1 — 1) + (4 —2) + (a3 —3) + -+ + (ay, — n)
is also odd. But, clearly, the sum is 0, a contradiction.

We continue with an example of Euler.

Example 3.4 (Euler). Prove that there is no polynomial of degree at least 1 de-
fined by P(x) = ayx"™ +a,_1x" 1 + - -+ + ag with integer coefficients and with the
property that P(0),P(1),P(2),..., are all prime numbers.

Solution. Assume the contrary and let P(0) = p where, p is a prime. Then
ag = p and P(kp) is divisible by p for all k > 1. Because we assumed that all
these numbers are prime, it follows that P(kp) = p for every k > 1. Hence,
P(x) takes the same value infinitely many times, a contradiction.

Example 3.5. Suppose that a,b,c are rational numbers with a + b~/2 + cv/4 = 0.
Show thata =b=c=0.

First solution. If, for example, a = 0, then we get that b + cv/2 = 0 and since
/2 is irrational, we must have ¢ = b = 0. One can similarly raech the same
conclusion if b = 0 or ¢ = 0. Suppose now that a, b, ¢ are non-zero. Without
loosing generality we can assume that a,b,c € Z are such that ged(a,b,¢) = 1.

We know that
a+bV2+cvV4=0,

hence multiplying by v/2 we get
av/2+bV4+ 2 =0.

Eliminating V4, one obtains
V2(b* — ac) + ab — 2c* = 0.

As /2 is not rational, we must have b?> — ac = 0 and ab — 2c? = 0. Multiply-
ing the last equality by c we get that abc — 2¢® = 0, from where b® — 2¢3 =0,
which implies that V2 = %, a contradiction to the irrationality of /2. There-
fore, the only possibility isa = b =c = 0.
Second solution. If one of 4, b or c is zero, then all of them must be zero.
Suppose that abc # 0. One can scale the such that a,b,c € Z* are such
that ged(a,b,c) = 1. Denote by x =a,y = b¥/2 and z = cv/2. From the given
hypothesis, we have that x + y + z = 0. Moreover, using the identity (1.2)
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B+ —Bayz=(x+y+z) (P + 2 +22 —xy—yz —2x) =0,
and, replacing the substitutions,
a® +2b% + 4¢3 =32 abc.

We observe that a must be even, so 2abc is divisible by 4, hence as 4 | ad + 473
we deduce that b must be even. As, a,b are both even we know that 8 | 2abc
and as 8 | a® 4 2b%, we must have 8 | 4¢3, hence c is even. We obtained that 2
divides a, b and ¢, a contradiction with ged(a,b,c) = 1.

3.2 The pigeonhole principle (or Dirichlet’s box principle)

This principle is usually applied to problems in combinatorial set theory,
combinatorial geometry, and number theory. In its intuitive form, it can be
stated as follows.

Pigeonhole principle. If kn + 1 objects, where k > 1 is an integer, are distributed
among n boxes, one of the boxes will contain at least k + 1 objects.

This is merely an observation, and it was Dirichlet who first used it to
prove nontrivial mathematical results.

Example 3.6. Consider a square of side-length 1 and 5 points inside. Prove that at
least two points are situated at a distance < /2/2.

Solution. Divide the square into four congruent squares by parallel lines
to the sides, having each the length of sides 1/2. At least two points are
situated in the in a such square. But the maximum of possible distances in
this small square is given by the diagonal, and it is v/2/2.

Example 3.7. From the set containing n arbitrary positive integers {ay1,a,...,an }
we can select a subset in which the sum of all elements is divisible by n.

Solution. Let us consider # subsets :

{m},{m,a2},...,{a1,02,...,a,}.

First, calculate the sum of the elements in each subset and then the remain-
ders after division by n. If some of these remainders is 0, we are done.
If none, then according to the pigeonhole principle, among these n sub-
sets there are at least two with equal remainders. Let {ay,ay,...,4,} and
{ay,ay,...,as}, v < s, be two of such subsets. Then

mAa+--+as— (g +a+--+a)=ap 1+ a0+ +as

is divisible by n, and {a,1,4r42,...,as} is a subset we seek.
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Example 3.8. Prove that every set of 10 two-digit integer numbers has two disjoint
subsets with the same sum of elements.

Solution. Let S be the set of 10 numbers. It has 2! — 2 = 1022 subsets that
differ from both S and the empty set. If A C S, the sum of elements of A can-
not exceed 91 + 92 + - - - + 99 = 855. The numbers between 1 and 855, which
are all possible sums, are the boxes. Since the number of objects exceeds the
number of boxes, there will be two sums in the same box. Specifically, there
will be two subsets with the same sum of elements. Deleting the common
elements, we obtain two disjoint sets with the same sum of elements.

3.3 Mathematical induction

Mathematical induction is a technique used to prove that an infinite se-
quence of statements that can be indexed by the natural numbers is true. The
importance of this phrase is paramount; induction can only be used when
the statements to be proven correspond to the integers {1,2,3,...}. Formally,
mathematical induction is used to show that a sequence of statements

P11P2/P3/'-‘/

hold for all n > ng, where ny is a positive integer. P, can be any statement
depending on n: for example, ‘n is prime’, ‘n is bigger than 1’, and ‘I possess
n cows’ are all valid statements P,,. However, it would be rather strange
were we able to successfully use induction on any but the second statement.

Mathematical induction comes in three flavors: weak induction, weak in-
duction with step size s, and strong induction. Each has pros and cons:

e Standard weak induction is the simplest to use, but may not be strong
enough;

e Weak induction with step size s is a slight extension of standard weak
induction, useful for more complex problems.

e Strong induction is more complex than either weak induction, but is of-
ten hardest to apply.

All three types of induction arguments are split into two basic parts: the
base case (or cases), and the inductive step. The base case is often a simple com-
putation, whereas the theoretical arguments usually occur in the inductive
step. In addition, the term inductive hypothesis appears in some texts. This
may refer to two concepts. First, it may refer to the assumption we make
that some P; (i < k) holds in our proof that Py, 1 holds. Second, it may refer
to the statement Py ; itself - using this meaning, when we finish proving our
inductive step, we may write that we have proven the inductive hypothesis.
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Mathematical Induction - Weak Form:

Let P, be a sequence of statements, and let 1 be an integer. Suppose that
the following hold:

1. Py, is true;
2. For k > ng, Py is true implies that Py, is true.

Then we may conclude that Py is true for all k > n.
This is mathematical induction in its purest form. A simple example of
the usefulness of this argument follows.

Example 3.9. Show that for n > 1, we have

Solution. Clearly, when n =1, we have 1 = @ As ng = 1, this is our base
case P;. Suppose that P, holds. We want to show that

1+2+---+n+(n+1)=—(n+1)2(n+2)-

Using our inductive hypothesis, we can write

n(n+1
1+2+---+n+(n+1):(1+2+--~+n)+n+1:¥

+n+1
Dividing through by n + 1, we obtain % + 1 = “42, which is true. This
completes our inductive step.

Let us now give an example which can be easily explained by the theory
in the next chapter. Here we explain it using induction.

Example 3.10. Show that if n people attend a party and each person shakes hands
with every other person exactly once, then the total number of handshakes is @

Solution. Now suppose that the statement is true for any party of k people,
where 2 < k < n. We need to show that the statement is true for any party
of n + 1 people. When the (1 4 1)-th person arrives to the party, they will
shake hands with each of the n people who are already at the party.

By the inductive hypothesis, the n people who are already at the party
have already shaken hands with each other a total of @ times. Therefore,
the (n + 1)th person shakes hands with n people, adding n handshakes to
the total. This gives a total of

nn=1 n(n+1)

handshakes, completing the induction.
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Example 3.11. 1° Prove that for any positive integer n,

n—1 k 1
L=t
= (k+1)! n!
2° Show that for all integers n > 3 the equation
1 1 1
X1 X X

is solvable in distinct positive integers.

Solution. 1°. Let P, be the following statement:

n—1 k 1
Y =1-—.
=1 (k—|— 1! n!

We prove that the statement P, is true for all n € IN* using (the weak form of)
induction on n. P; holds trivially, as on the left we have the empty sum and
on the right 1 — & = 0. Similarly, it is easy to check that P, holds. Suppose
Py, is true. We are trying to prove P, 1. Using the validity of P, we get that
the sum appearing in P, 1 is equal to

ok gL m gy omilem 1
S+ T om T (m41) (m+1) (m+1)

Hence P,,41 is true and the induction is complete.

2°. From the first part, we know that
1, &k
— + [ — 1,
n! kgll (k+1)!

so for every n > 3 one can choose x1 =2!, x, = % =3,x3= % =8,..., X1 =
n”—_ll and x, = n!. The terms x1, x3, ..., X, are in strictly increasing order.
Mathematical Induction with Step Size s.

Let P, be a sequence of statements, let 1y be an integer, and let s > 2 be
an integer. Suppose that the following hold:

1. Pnolpno-l—l/PnOJrZ/ T /Pno-',-s—l are true;
2. For k > nyg, Py is true implies that P, is true.

Then we may conclude that Py is true for all k > ny.

Mathematical induction with step size s is used in a variety of problems; a
common example is to show that an expression is an integer for all values of
n (or divisibility, which is nearly equivalent). Many other interesting prob-
lems also require induction with step size s, as the three presented below.
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Example 3.12. Show that a square may be divided into n > 6 smaller squares.

Solution. We will use ny = 6 and s = 3. We first prove our base cases.

We first divide a square into 9 smaller squares, then merge 4 of them to
obtain a division into 6 squares, proving Ds.

We divide a square into 4 smaller squares, dividing one of them into 4
still smaller squares to obtain a division into 7 squares. This proves P;.

We then divide a square into 16 smaller squares, then merge 9 of them to
obtain a division into 8 squares, effectively proving Ps.

Using the base cases Ps, P7, Ps, we show the inductive step P, implies Py 3.

Let k > 6, and suppose we may divide a square into k smaller squares.
Let S be one of these squares. If we divide S into 4 smaller squares, then we
deleted 1 square, and added 4 squares, for a net increase of 3 squares. Hence
we have a division of the square into k 4 3 smaller squares. This completes
our inductive step. We may conclude that Py holds for all k > 6.

Example 3.13. Show that any n > 8 can be written as a sum of 3’s and 5's.

Solution. We will use 1y = 8 and s = 3. We first prove our base cases.
We may write 8 =3 45,9 =3 + 3 4 3,10 = 5 + 5. These establish our base
cases Pg, Py, P1g. We proceed to the inductive step, that P, implies Py 3.
Suppose that kK may be written as a sum of 3’s and 5’s. Then by adding
another 3 to this summation, we may obtain a sequence of 3’s and 5’s which
sum to k + 3. Hence k + 3 can be written as a sum of 3’s and 5’s. This com-
pletes our inductive step. We may thus conclude that P, holds for all k > 8.

Example 3.14 (Erd6s-Surdnyi). Show that for all n > 1, there is a k such that
n=+1>4+22+... £k

for some choice of signs.

Solution. We use np = 1 and s = 4 and verify the base cases Py, P, Ps, P;.
Asl=+122=-12-22 -3 +42,3=—-12+2%, 4= —12 — 22 4 32 this

proves our base cases; we proceed to the inductive step, namely showing

that Py is true implies Py 4 is true. We claim that for all integers m, we have

m? — (m+1)* = (m+2)% + (m +3)* = 4.
We may note that
m? — (m? +2m+1) — (m> +4m+4) + (m> + 6m+9) = 0m> + 0m +4 = 4.

Now suppose that P, holds; that is, we have n = +12 +22 4 ... + k2 for
some k. Then we may write

(£12422 4+ 2K 4+ (k+1)2 = (k+2)> — (k+3)% + (k+4)* =
n+(k+1)* — (k+2)% — (k+3)°

+
=
+
B
e
|
2
+
S
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Hence 7 + 4 may be written in the desired form, so P, 4 is true. This com-
pletes our inductive step, hence P, holds for all n > 1.

1
Example 3.15. Let « be any real number such that o + " is an integer. Prove that

1
o+ o is an integer for all n € Z.

1
Solution. We may assume that n > 0. Let E,, = 2" + o We want to prove

1
that E,;, is an integer for any n > 0. Wenote that Eg =2 € Z, E; = a + x €Z,

2
1 1
Ey =02+ P (tx + 0{) — 2 € Z. The following relation holds:

1
Eni2= (0‘ + “> Eyi1—Ey, Vn>0.

Using induction with step s = 2, we get that E, is an integer, for any n > 0.

Mathematical Induction - Strong Form
Let P, be a sequence of statements, and let 1y be an integer. Suppose that
the following hold:

1. Py, is true;
2. For k > ng, Py, being true for ny < m < k implies Py is true.

Then we may conclude that Py is true for all k > n.

Weak induction is often simpler and more intuitive, but sometimes a
statement can only be proven by strong induction. As we saw in induction
with step s, sometimes the inductive step requires more than just the previ-
ous case. If the inductive step length required is not known, strong induction
can be used to assume that all the previous cases are true.

A classical and illustrative example is the following.

Example 3.16. Prove that every positive integer can be expressed as a sum of dis-
tinct powers of 2.

Solution. We will prove this statement by strong induction on the positive
integer n. For the base case, n = 1, we see that 1 can be expressed as 2°.

Now suppose that the statement is true for all positive integers less than
or equal to 1. We need to show that the statement is true for n + 1. Let 2% be
the largest power of 2 that is less than or equal ton + 1. Then, n + 1 — 2kisa
positive integer less than or equal to k.

By the inductive hypothesis, 7 + 1 — 2¥ can be expressed as a sum of dis-
tinct powers of 2. Then, adding 2* to this expression gives a representation
of n + 1 as a sum of distinct powers of 2. Therefore, the statement is true for
n + 1, and the proof is complete.
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Oftentimes strong induction is useful not because it is the only way to
solve a problem, but because it makes a solution very elegant. This is the
case in the following problem.

Example 3.17. Show that for all k > 3, and for any convex k-gon, we may draw
segments that connect two vertices which do not lie on the same edge and obtain a
division of the polygon into triangles whose vertices are among those of the polygon.
(this is called a triangulation of a polygon.)

Solution. We have 1y = 3. P; is obviously true; we do not need to draw any
segments to triangulate a triangle. We proceed to our inductive step.

Let k > 3, and suppose that P, Py, - - -, P, are true. Draw some (k + 1)-gon
P and some segment S between two vertices of P that do not lie on the
same edge. This edge divides P into two polygons Q; and Q5. As the total
number of vertices in Q; and 95 is k 4+ 3 (both of the endpoints of S are
shared by Q; and Q), but as both have at least 3 vertices, it follows that
both Q7 and 9, have at most k vertices. Hence by our inductive hypothesis,
they can both be triangulated. But then constructing the triangulations of
Q1 and 95, together with the segment S, provides a triangulation of P. This
proves our inductive step. It follows that Py is true for all k > 3.

The final list of examples is a selection of competition problems from the
wonderful book [9]. We recommend this resource to the reader interested in
learning about the use of induction in many areas of mathematics, including
topics that are not discussed in an competition problems-oriented book.

Example 3.18. Let n be a positive integer. Does n*> have more positive divisors of
the form 4k — 1 or of the form 4k + 1?

Solution. Let A(n) be the number of divisors of n?> which are of the form
4k — 1 and let B(n) be the number of divisors of the form 4k + 1.

After exploring a few values of A(n), B(n) for n =1, 2, 3, we decide to
prove by strong induction that A(n) < B(n).

First note that if n = 2 is a power of 2, then we have A(n) =0 < B(n) = 1.

If p is a prime such that p {n and p = 4m + 1, then every divisor of
(p*n)? = p*n? of the form 4k — 1 is a power of p times a divisor of n?
of the same form. Hence A(p"n) = (2a + 1)A(n). By the same reason-
ing, B(p"n) = (2a + 1)B(n). So, in this case, A(n) < B(n) if and only if
A(p®n) < B(p"n).

Now, let p { n be a prime of the form p = 4m — 1. Then every divisor of
(p*n)? = p*'n? of the form 4k — 1 is either p?* times a divisor of n? of the
form4t —1, or th —1 imes a divisor of n? of the form 4k + 1. More precisely,
A(p"n) = (a+1)A(n) + aB(n). With a similar argument, one can show that
B(p"n) = (a+1)B(n) +aA(n). Now, if A(n) < B(n) then, A(p"n) < B(p"n).

Let us now proceed to the proof. Using strong induction, assume that
A(k) < B(k) forall 1 <k <n — 1. We are trying to prove that A(n) < B(n). If
n is a power of 2, then the conclusion holds by the remark at the beginning.
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Otherwise, let p be an odd prime factor of 7 and let a be the highest power
of p that divides n. Using the (strong) induction hypothesis, we have that
A(n/p") < B(n/p*). As p 1 (n/p?), the inequalities in the previous para-
graph imply that A(n) < B(n) and the induction is complete.

The result below is commonly known as the Cauchy-Davenport theorem.

Example 3.19. Let p > 3 be a prime number and denote by ¥, the field with p
elements. Show that for any two non-empty subsets A, B C IF), we have

|A+ B| = min(|A[ + [B] - 1,p),
where A+ B={a+b|ac Abec B}.

Solution. The proof we present uses strong induction on |[A|. When |A| =1,
note that |A + B| = | B, so there is nothing to prove.

Suppose the inequality holds for any set A’ with at most k — 1 elements,
where k > 2. Suppose now that |A| =k > 1. Without loosing generality, we
can assume that 0 € A. This is because we can translate the set A with —a, if
a is some fixed element in A. Such a translation keeps both |A| and |A + B]
unchanged, hence it does not affect the statement of the problem.

As k > 2, let x # 0 be an element from A. Note that if B= @ or B = Fy
there is nothing to prove, so we can assume that g < |B| < p. Thus, there is
n € IF, such that nx € B but (n + 1)x ¢ B. Translating B with —nx, we get
that 0 € Bbut x ¢ B.

First, we notice that AU B + AN B C A + B holds trivially. This gives the
inequality |A+ B| > |AUB+ ANB].

Now A N B is a strict subset of A, because 0 € AN Bbutx € A\ B. Hence,
we can use the induction hypothesis to deduce that

|AUB+ ANB|>min(|]ANB|+|AUB| —1,p).
It is easy to prove that |A| + |B| = |A U B| + |A N B|, from where we get
|A+B|>|AUB+ ANB|>min(|A| + |B| - 1,p),
completing the induction.

Example 3.20. Show that for every integer n > 2, we can choose distinct numbers
ay,ay,...,an € {1,2,...,n} such that none of the numbers ay, a1 + ap, ..., a1 +
ay + ...+ a,_1 is a perfect square.

Solution. If n = 2, we can choose a; = 2, a, = 1. For n = 3 we choose a1 = 3,
ap = 2, az — 1.

We are going prove that the assertion is true using strong induction on n.
Assume that the assertion holds for any n < k, for some k > 4. We are going
to show that the assertion also holds for k.
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If 1+2+...4 (k—1) is not a perfect square, then form the induc-
tion hypothesis we know that there is a suitable choice ay,ay,...,a5_1 from
{1,2,...,k — 1}. Using these numbers, we set a; = k and note that a1, a, ...,
ax_1, ar = k is a k-tuple that satisfies the required condition.

fl1+2+...+(k-1) = @ is a perfect square, then the expression
142+...4 (k—2) + k is not. By the induction hypothesis, we can choose
distinct ay, ay, ..., ap_, from {1,2,...,k — 2} satisfying the condition in the
problem. Their sum

(k—2)(k—1)

ag+ay+...+apr,=14+2+---+k—2= 2

is also not a square. To justify the last claim, suppose the contrary. Then,
we can find A, B € N* such that (k —2)(k — 1) = 24% and (k — 1)k = 2B2.
Multiplying the two equalities we can deduce that (k — 2)k must be a square.
But this is a contradiction with the inequality (k —2)? < (k — 2)k < (k — 1)2.
In this case, we choose ay, a4, ..., 4x_», a,_1 =k, a = k — 1 and note that the
k-tuple satisfies the requested condition. The induction is now complete

The following example appeared on shortlist of the International Mathe-
matical Olympiad in 2006.

Example 3.21. The sequence of real numbers ag,ay,ay, ... is defined recursively by

n

a,_
ag= —1, Zki’i:o, for n>1.

Show that a, > 0 forn > 1.

Solution. We prove the statement by induction on n > 1. For the base case,
we note thatay =1/2.

Now assume that ay,...,4,_1 > 0 for some n > 2. We note that a;, is pos-
itive if and only if } !, ‘;(”J;{‘ is negative. Now, since ay,...,4,_1 are all posi-
tive, we know

N ‘<_ﬂ70) Zanlk
n+1 n+1 n n+1 k+1

Zk+1 Ay_1_ kinizanflfk
‘k+2 k+1 = k+27

The inequality above implies that

Ap—k [ Ay _1-—k ap ap
_ _ _ =0,
Zk+1 n+1 Zk+1 n+1 Z k12 “ntl n+td

which completes the induction.






Chapter 4
Counting Strategies

Enumerative combinatorics is an area of combinatorics that deals with the
number of ways that certain patterns can be formed. In enumerative combi-
natorics, a typical problem involves efficiently counting the size of a set of
objects possessing certain properties.

4.1 Review on sets and functions

We will consider a set naively as a collection of objects called elements. We
use the boldface letters IN to denote the natural numbers (nonnegative in-
tegers) and Z to denote the integers. The boldface letters IR and C shall re-
spectively denote the real numbers and the complex numbers.

If S is a set and the element x is in the set, then we say that x belongs to
S and we write this as x € S. If x does not belong to S we write x ¢ S. For
example if S = {n € N | nis the square of an integer}, then4 € Sbut2 ¢ S.
We denote by | A| the cardinality of A, that is, the number of elements that
|A| has. If a set A is totally contained in another set B, then we say that A is
a subset of B and we write this as A C B or A C B if we are sure that A # B.
For example, if S = {squares of integers}, then A = {1,4,9,16} is a subset of
S.If x € A and x ¢ B for some x, then A is not a subset of B, which we write
as A Z B. Two sets A and B are equal if A C Band B C A.

Example 4.1. Find all the subsets of {a,b,c}.
Example 4.2. Find all the subsets of {a,b,c,d}.
Example 4.3. Consider the set A= {a|a €N, 1<n <2009, 3|a}. Find |A|.

Solution. If 4 € A is an element of A, than a is of the form a = 3k for some
positive integer k. Since a < 2009, it follows that 3k < 2009, that is k < 669.
We can write A = {3k | k=1,2,...,669}, hence |A| = 1003.

79
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Example 4.4. Consider the set

A = {x | x is a positive integer and 345 < 3x < 3210}.
Find |A|.

Solution. From inequalities 345 < 3x < 3210 we get 115 < x < 1070, hence
116 < x < 1069. The cardinal number of A is |A| = 1069 — 115 = 954.

The union of two sets A and B, is the set
AUB={x|x€ A or xe€B}

This is read A union B.

The intersection of two sets A and B, is
ANB={x|x€A and xe€B}.

This is read A intersection B.

The difference of two sets A and B, is
A\B={x|x€ A and x ¢ B}.
The symmetric difference of two sets A and B, is the set
AAB=(A\B)U(B\ A).

The complement of A with respect to a set X such that A C Xis A= X\ A.
Observe that A is all that which is outside A. Usually we assume that A is a
subset of some universal set U which is tacitly understood. The complement
A represents the event that A does not occur.

Example 4.5. Let U = {0,1,2,3,4,5,6,7,8,9} be the universal set of the decimal
digits and let A ={0,2,4,6,8} C U be the set of even digits. Then A= {1,3,5,7,9}
is the set of odd digits.

Observe that
ANA=79,

where @ is the empty set.

De Morgan Laws: If A and B share the same universal set, we have

We will now prove one of the De Morgan Rules.
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Example 4.6. Prove the first De Morgan Law.

Solution. Letx € AUB.Thenx ¢ AUB.Thus x ¢ Aand x ¢ B, thatis, x € A
and x € B. This is the same as x € A N B. Therefore we have the inclusion
AUBCANB.

Now, let x € AN B. Then x € A and x € B. This means that x ¢ A and x ¢ B
or what is the same x ¢ A U B. But this last statement asserts that x € A U B.
Hence A N B C A U B. Since we have shown that the two sets contain each
other, it must be the case that they are equal.

A partition of the set S is a collection of non-empty, pairwise disjoint subsets
of S whose union is S.

Example 4.7. Let 2Z = {---,—6,—4,—2,0,2,4,6,- - - } be the set of even integers
andlet2Z +1={...,—5,-3,—1,1,3,5,...} be the set of odd integers. Then 2Z U
22+1=27Z,2Z)N(2Z +1) =, and so {2Z,2Z + 1} is a partition of Z.

Example 4.8. Let 3Z = {--- —9,—6,—3,0,3,6,9,- - - } be the integral multiples
of 3, let 3Z +1={...,—8,—5,-2,1,4,7,...} be the integers leaving remainder
1 upon division by 3, and let 3Z +2 = {---,—7,—4,—1,2,5,8,...} be integers
leaving remainder 2 upon division by 3. Then (3Z)U (3Z + 1)U (3Z +2) =
7,3Z)N(3Z+1)=®,(3Z)N(3Z+2)=d,(3Z+1)N (3Z+2) = D, and
so {3Z,3Z + 1,3Z + 2} is a partition of Z.

The Cartesian product of two sets A and B is the set
AxB={(ab)|ac A and b € B}.

The elements of A X B are called ordered pairs.

The Cartesian product of m sets A1, ..., Ay, is defined as the set
Ay X X A ={(ay,...,am) | a1 € Aq,...,am € Ap}.

The elements of Ay X --- x Ay, are called ordered m-uples.

Suppose A and B are sets. A function f from A to B (denoted as f : A — B)
is a relation associating to each a € A a unique element b € B. The statement
“associating” is abbreviated f(a) = b.

For a function f : A — B, the set A is called the domain of f. (Think of
the domain as the set of possible input values for f). The set B is called the
codomain of f. The range of f is the set {f(a) | a € A}. (Think of the range
as the set of all possible output values for f. Think of the codomain as a sort
of target for the outputs). The set

Gr={(af(a))[ac A}
is called the graph of function f : A — B. Clearly, we have Gy C A X B.
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The identity function of the set Ais 14 : A — A, where for every a € A
we have 14(a) =a.

Two functions f: A — B and ¢g:C — D are equal if A=C,B= D and
f(a) =g(a) for every a € A.

A function f: A — Bis:

1. injective (or one-to-one) if for every x,y € A,x # y implies f(x) # f(y);
surjective (or onto) if for every b € B thereis ana € A with f(a) =b
3. bijective if f is both injective and surjective.

N

7

Let f: A — B, g: B— C be two functions. The composition of ¢ and f is
a functiongo f: A — C, given by (go f)(a) =g(f(a)),(¥)a € A. We have:

1. Associativity: ho (go f) = (hog)o f;
2. folgy=fandlgof=f;
3. If f and g are invertible, then g o f is invertibleand (go f) ™' = flog™ L

f: A — Bisinjective < there exists g: B— Asuchthatgo f =14.
f : A — Bis surjective < there exists g : B — A such that f o g =1p.

If a function f : A — B is bijective, then it has an inverse function denoted
by f~1: B — A, satisfying the relations f 1o f =14 and fo f~! =15.

Example 4.9. The function f : R — R defined as f(x) = x> + 1 is bijective. For
finding its inverse we write y = x> + 1. Solving for x produces x = 3/y — 1, hence
the inverse is the function f~1 : R — R, where f~(y) = 3/y — 1.

4.2 Simple counting principles

We begin by stating some simple counting principles that will allow us to
solve a great wealth of combinatorics problems.

Addition Principle. If event A can occur in a ways and event B can occur in b
other ways, then the event of either A or B can occur in a + b ways.

The principle can be extended and applied for two or more events. The
addition principle can be stated in terms of sets. Let S be a finite set, and let
51,52,...,5, be apartition of S. Thatis, S US,U...US,;, =S, and 5; N Sj =@
when i # j. Then

S| = |S1] + [S2| + -+ + |Snl,

where | X| denotes the number of elements in the set X.

Multiplication Principle. Let A1, Ay, ..., Ay be n independent events, and sup-
pose that event A; can occur in a; different ways. The total number of ways that
event Ay, followed by event A,, ..., followed by event A, can occur is ajaz - - - ay.
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We can also state the multiplication principle in terms of sets, that is, if
we consider the finite sets 51, 5,,...,5, and

S5=851 X5y x -+ X% Sn:{(51152/~--15n) \siGSi,lgign},
then |S| = |Sl| . |Sz| |Sn|

Example 4.10. A code for a safe is a five-digit number that can have 0 in the first
place as well in any other place. How many codes are there whose digits form an
increasing sequence?

Solution. We must consider only codes composed of different digits. With-
out the increasing order restriction we have 10-9 -8 -7 - 6 = 30240 possibil-
ities. But, only one of each of these possibilities has its digits in increasing
order. It follows that, the desired number is

30240 30240 10
5.4.3.2.1 120 227 (5)

Using the multiplication principle, we can prove the following, which is
often convenient when dealing with combinations and permutations.

Division Principle. If a list of length n contains every element of a set S exactly
m times, then |S| = 1.

This principle is usually applied to problems in combinatorial set theory,
combinatorial geometry, and number theory. It can be stated as follows.

Let S be a finite set, partitioned into k parts such that each part contains
the same number of objects. Then the number of parts in the partition is

S|
number of objects in a part’

While this may seem trivial, this principle has profound applications.

4.3 Permutations of sets

Numerous counting problems can be classified as one of the following types:

1. Count the ordered arrangements or ordered selections of objects

a. without repeating any object
b. with repetition of objects permitted (but perhaps limited).

2. Count the unordered arrangements or unordered selections of objects

a. without repeating any object
b. with repetition of objects permitted (but perhaps limited).
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Instead of distinguishing between non-repetition and repetition of ob-
jects, we will distinguish between selections from a set and a multiset.

A multiset is like a set except that its members need not be distinct. For
example, the sets {a,b} and {a,a,b} are the same, but the multisets {a,b}
and {a,a,b} are not the same. Suppose a multiset M has three a’s, one b,
two ¢’s and four d’s. We will indicate the multiset by {3-4,1-01,2-c,4-d}.
The numbers 3;1;2;4 are called the repetition numbers of the multiset M.
Clearly, a set is a multiset with all repetition numbers equal to 1. We can
also allow infinite repetition numbers. Arrangements that take order into
consideration are generally called permutations and arrangements where
order is irrelevant are generally called combinations. So the four types of
counting problems can be summarized as

1. permutations of sets
2. permutations of multisets
3. combinations of sets
4. combinations of multisets

Permutations of sets

Let r be a positive integer. By an r-permutation of a set S of n elements,
we mean an ordered arrangement of r of the n elements.

For example, if S = {a,b, c}, we have three 1-permutations: a; b; c. We have
six 2-permutations: ab; ac; ba; bc; ca; cb and six 3-permutations: abc; acb; bac;
bea; cab; cba. There are no 4-permutations because the set has fewer than
four elements.

The number of r-permutations of an n element set is denoted by P(#;r).
If r > n, then P(n;r) =0, while P(n;1) = n for every positive integer n. An
n-permutation of an n element set will be called a permutation of the set.

Theorem 4.1. For n and r positive integers with r < n the following formula holds
Pm;r)=nn—1)---(n—r+1).

Proof. There are n ways to choose the first item, n — 1 ways to choose the
second item, and so on until there are n — (r — 1) =n —r + 1 ways to choose
the 7" item. Thus we have the result. O

For a nonnegative integer 7, the factorial is defined by
nl=nn-1)---2-1.

We use the convention that 0! = 1. We can now write
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For n > 0, define P(n;0) = 1 (the number of ways to choose no items from
a set of n elements, i.e. the empty set), which agrees with the formula. The
number of permutations of a set of size n is

n!
0!

Theorem 4.2. Let A= {ay,...,ax} and B={by,..., by} be finite sets, k < n. Then

1. The number of injective functions f : A — B is P(n;k).
2. The number of bijective functions f : A — Ais k!.

P(n;n)=— =nl

Proof. There are n ways to choose f(a1), n — 1 ways to choose f(a;), and so
on until there are n — (k — 1) = n — k + 1 ways to choose the f(ay). Thus we
haven(n —1)---(n —k+1) = P(n;k) functions. O

For example, the number of words constructed with k distinct letters of
an alphabet containing  letters is P(n;k). Similarly, the number of ways to
cover a rectangle of dimension 1 x k by squares 1 x 1 of different colors from
n colors is P(n;k).

Circular permutations

The previous discussion thinks of objects as being in a line and are hence
referred to as linear permutations. We can also arrange items in a circle
(called, not surprisingly, circular permutations). The following serves as a
good motivating example for this notion.

Suppose six children are marching in a circle. In how many different ways
can they form their circle? Since the children are moving, what matters are
their positions relative to each other and not to their environment. Thus, it
is natural to regard two circular permutations as being the same provided
one can be brought to the other by a rotation. There are six linear permuta-
tions for each circular permutation. For example, the circular permutation
(126354) arises from each of the linear permutations

123456, 234561, 345612, 456123, 561234, 612345,

by regarding the last digit as coming before the first digit. Thus there is a
6-to-1 correspondence between the linear permutations of 6 children and
the circular permutations of 6 children. Therefore, the number of circular
permutations is 6!/6 = 5!.

Theorem 4.3. The number of circular r-permutations of n elements is given by

P(m;r)  n!

7 r(n—r)!

In particular, the number of circular permutations of n elements is (n — 1)!.
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Proof. The set of linear r-permutations can be partitioned into parts such
that two linear r-permutations correspond to the same circular r-permutation
if and only if they are in the same part. The number of circular r-permutations
equals the number of parts. Since each part contains r linear r-permutations,
we apply the division principle to arrive at the result. O

An alternate way of thinking about circular permutations: If we again
consider the circular permutations of 6 children. Since we are free to rotate
the children, think of the circle as a table and child 1 is at the “head” of the
table. With that position fixed, the circular permutations of the six children
can be identified with the linear permutations of children 2 through 5. There
are 5! linear permutations of the thee remaining children and hence 5! circu-
lar permutations of six children.

4.4 Combinations (subsets) of sets. Binomial expansion

Let S be a set of n elements. A combination of S is an unordered selection
of the elements of S. The result of such a selection is a subset of S. Let 7 be a
nonnegative integer. An unordered selection of r elements of S of n elements
is called an r-combination of S, also called an r-subset of S. The number of
r-subsets of an 1 element set is denoted (7). Observe the following

0, ifr>n+1
" 0, ifn=0andr>1,
(): 1, ifr=0,
r n, ifr=1,

1, ifr=n.

Theorem 4.4. For 0 < r < n the following formula holds

P(n;r) =r! (7:),

hence (1:) = r'(nnlr)'

Proof. Let S be an n element set. Each r-permutation of S is found by se-
lecting r elements from S and ordering them. The number of ways to select
r elements from S is (7). The number of ways to order the r elements that
have been selected is r!. By the multiplication principle, we have

P(n;r) =r! <1:>
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Using the formula for P(n;r), we get

<1:> - P(:l!;r) - r!(nni )’

and we are done. (]

Corollary 4.1. For 0 < r < n, the following formula holds

()=(")

Example 4.11. Twenty five points are chosen in the plane so that no three of them
are collinear. How many distinct straight lines do they form ? How many distinct
triangles do they form?

Solution. Given 25 points in the plane, no tree of them collinear, the number
of distinct straight lines that can be formed by joining any two of them is
given by the number of subsets of cardinality 2 chosen from a subset of
cardinality 25, namely (3) = 252 = 300.

Each 3 distinct points determine a triangle, so to count the number of dis-
tinct triangles that can be formed by these 25 points, we can use the formula

= 2300.

25\ 25!  25.24.23
3) 31(25-3)!  3-2-1

Hence, we have 300 distinct straight lines and 2300 distinct triangles that
can be formed from 25 planar points, if no three of them are collinear.

Example 4.12. How many eight letter “words” can be constructed by using the 26
letters of the alphabet if each word contains 3, 4, or 5 vowels? It is understood that
there is no restriction on the number of times a letter can be used in a word.

Solution. We can solve this problem by breaking it down into cases based
on the number of vowels in the word.

Case 1: The word contains 3 vowels. In this case, there are (g) ways to
choose the positions of the vowels in the word, and for each vowel position,
there are 5 choices for the vowel and 21 choices for the consonant. Therefore,
the total number of 8-letter words with 3 vowels is (g) .5%.215,

Case 2: Similarly, when the word contains 4 vowels, we get (i) -5%. 214,

Case 3: When the word contains 5 vowels, we get (§) - 5° - 213,
Therefore, the total number of 8-letter words with 3, 4, or 5 vowels is the
sum of the results from each case:

8\ 3 515, (8\ 4 14, (8) =5 443
-52.21 -5%.21 -5°.21°.
(3) +<4> s
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Theorem 4.5 (Pascal’s Formula). For all integers n, k with1 <k <n — 1, we get

n\ (n-—1 n—1
(1) =)+ (G5)

Proof. One could prove this theorem using the formula in Theorem 1. How-
ever, we will give a combinatorial proof. Let S be a set of n elements. Choose
one specific element of S called x. Let S \ {x} be the set obtained from S by
removing x. Partition the set X of k-subsets of S into two parts, A and B. Part
A will contain all k-subsets of S that do not contain x. Part B will contain all
k-subsets of S that contain x. The size of X is () by definition. By the addi-
tion principle, we also have |X| = |A| + |B|. The k-subsets in A are exactly
the k-subsets of the set S\ {x} of n — 1 elements, so the size of A is

a=(%)

A k-subset in B can be found by finding a k — 1- subset of the set S \ {x} of
n — 1 elements and appending an x, so the size of B is

o= (i)

Combining the facts, we have
n\ (n-—1 n n—1
k) \ k k—1)°
Theorem 4.6. For n > 0

)+ () ()=

Proof. Let S be an n element set. Every subset of S is an r-subset of S for
r=20,1,...,n. Since (’11) is the number of r-subsets of S, it follows that

)

is the number of subsets of S.

We can also count the number of subsets of S by considering each element
of S in turn. For each element we have 2 options: either the element is in a
subset or it is not. So there are 2" subsets of S. The two formulas count the
same thing, so they must be equal and we have our result. O
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The numbers (}) count the number of k-subsets of a set of 1 elements.
They are called binomial coefficients and feature in the binomial theorem.
These numbers satisfy a number of identities and have interesting properties
that are useful in the analysis of algorithms.

The following properties hold:
n
2

2. (Symmetry) (Z) = <n i k>'

3. (Pascal’s formula) (Z) = <n ; 1) + <Z : i), 1<k<n-1.

4. (Recursive formulas)

n nin—1
) = <k<mn-1.
a <k> k(k—l)' 1<k<n-1
n k+1/n+1
. L <k<n.
b <k> n+1<k+1>’ Osksn

By Pascal’s formula and () =1 and (];) = 1, we can derive the binomial
coefficients without using the third formula above. The results are often dis-
played in an infinite array called Pascal’s triangle.

1. Fork < [ }, <Z> is a polynomial in variable n of degree k.

Theorem 4.7 (Binomial expansion). Let n be a positive integer. Then for all x
and y, the following formula holds:

n
wror = (D)t
a homogeneous symmetric polynomial in x and y of degree n with n + 1 terms.

Proof 1. (By counting the terms) Write (x + y)" as the product

(x+y)(x+y) - (x+y)

of n factors of x 4 y. Fully expand this product using the distributive law
and group terms alike. For each factor x 4+ y we can choose either x or y in
(x +y)", so there are 2" terms. Each can be arranged in the form x" ¥y for
some k=0,1,...,n. We obtain term x”*kyk by choosing y in k of the n factors
and x in the remaining n — k factors. Thus, the term x”_kyk occurs () times
in the expanded product. Hence we have our result.

Proof 2. (By induction) Our base case n =1 cleary holds:
1w (1 k. k
(x+y) =), <k>x” vy =x+y.

k=0

Assuming that the theorem holds for n, we show it holds for n 4- 1. Write
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(x+y)" = +y)(x+y)",

which, by the induction hypothesis (the binomial theorem for 7), becomes
n

()t = (L ()3

k=0

N it (1 astkk e (N ik ke n\ 41
—<O>x +¥<k>x y+2 kx Y + ny .

k=0

Replace the index k by k — 1 and adjust the limits in the second summation
in the last line to obtain

nil <”> ARy = i ( n >xn+lkyk'
=0 \k i \k—1

Thus we have
(x + )" ="t 4 i YL Ak gyt
= L\k k—1 !

which by Pascal’s formula can be rewritten as
n n+1
1 ot n+1\ i1k k 1 n+1\ ik k
(x +y)" T =x" +k_21< ) >x” v+ y" —%( iy xR,
and we have our result. O

The generic term in this expansion is Ty, = (Z)a”*kbk and it is situated
in position k + 1. The recursive formula for the generic term is

n—k b

Tiro = P 7 D1

For x = y = 1 in the binomial expansion we get

<g>+<?)+"‘+<nf1>+<z> Y

For x =1,y = —1 in the binomial expansion we get



4.5 Extended binomial expansion 91

(- oo

hence we have

4.5 Extended binomial expansion

Now we extend the definition of (}) to allow 7 to be any real number and
k any integer. Let « be a real number and let k be an integer. Define the
extended binomial coefficient as

a(a—1)---(a—k+1) if k>1

N Kl
<k> =<1 if k=0 . @.1)
0 if k<—1

Remark. In the case k > 1, () is a polynomial in a of degree k with the
leading coefficient 4.

Example 4.13. Compute (122)

Solution. Using the definition we have

<1/2) _1/2(1/2-1) _ 1

2 2! )

Theorem 4.8 (Extended Pascal’s Formula). For all real numbers « and all inte-

gers k, we have
a\  (a—1 4 a—1
k) k k—1)

Proof. If k < —1 the relation is clear. If k = 0 this reduces toa = (« — 1) + 1,
also clear. If k > 1, after simplification, the relation is equivalent to
_a—k

44
=% tL

which is obvious. (]

Isaac Newton generalized the binomial theorem to obtain an expansion
for (x 4+ y)* where a is any real number. In general, the expansion becomes
an infinite series and questions of convergence need to be considered. We
will restrict ourselves to a statement of the theorem and some special cases.
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Theorem 4.9 (Extended binomial expansion). Let a be a real number. Then for
all x and y, with 0 < |x| < |y|, the following formula holds:

v = 5 ()

k=0

Proof. The formula is equivalent to
X o [e] a X k
=) =RW6)
( y kzzo k) \y

(1+6)* = i (i)tk,

where t = 3 < 1. Consider the function f : (—1,1) = R, defined by the for-
mula f(t) = (1 + #)*. By Taylor’s expansion formula, we have

that is

f() f(0)+f/(0) fNZ( )t2_|_ R if(k)(o)tk.

In our case we have
fOM) =a(w—1) (a —k+1)(t+1)*%,
hence
fOO) =a(e=1) (a—k+1),
and the formula is proved. g

In practice, the following particular form of the formula is often used:

Corollary 4.2.
§ _ [« k
(1+1)*=)" <k>t :
The generic term of the expansion is

44
T = <k> t,

and it is situated at the position k + 1.

Example 4.14. If |t| < 1 and n a positive integer, prove the relation
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1

o)

Solution. Take « = —n and obtain

(i) _ (—kn) _ (=m)(=n— 1)1.{!-.(—;1 —k+1)

nn+1)---(n+k—1) n+k—1
= (1)t . =",

Now, from the extended binomial expansion we get

o= E ()=

k=0

Replace t by —t and obtain

(-0 = Yo (T o

k=0
:°° INTIEPN 1L AW
e (")

and we are done.

4.6 Permutations of multisets

Recall that a multiset is like a set except that its members need not be dis-
tinct. For example, the sets {a;b} and {a;a;b} are the same, but the multisets
{a;b} and {a;a;b} are not the same. Suppose a multiset M has three a’s, one
b, two ¢’s and four d’s. We will indicate the multiset by {3.4;1.b;2.c;4.d}. The
numbers 3;1;2;4 are called the repetition numbers of the multiset M. A set
is a multiset with all repetition numbers equal to 1. We can also allow infinite
repetition numbers. In this case we will use co to indicate that the repetition
number is infinite.

If S is a multiset, an r-permutation of S is an ordered arrangement of r of
the objects of S. If the total number of objects in S is 1 (counting repetitions),
then an n-permutation of S will simply be called a permutation of S.

We note that for S = {3.4;2.b;1.c}, then abcab, baaab are 5-permutations
of S and abcaba is a permutation of S. The multiset S has no 7-permutations
since 7 > 3 4 2 + 1 = 6, the number of objects of S.
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Theorem 4.10. Let S be a multiset with objects of k different types, where each
object has an infinite repetition number. The number of r-permutations of S is k”.

Proof. In constructing any r-permutation of S, we can choose the first item
to be an object of any one of the k types. Similarly, the second item can be
an object of any one of the k types. Since the repetition numbers are infinite,
there are k ways to choose each item. By the multiplication principle there
are k" ways to choose the r items. O

Note that the conclusion of the theorem remains true if the repetition
numbers of the k different types of objects of S are all at least r (that is we
can’t run out of items of any type).

Theorem 4.11. Let S be a multiset with objects of k different types with finite repe-
tition numbers ni;ny; - - - ; Ny, respectively. If the size of Sisn =ny +np + - - - + 1y,
then the number of permutations of S is

n!
1’11!712! : -~nk!'

Proof 1. Suppose S has objects of k types, say a1,ay,...,a, with repetition
numbers ny;ny;---;ny for a total of n = ny + ny + --- + ny objects. To de-
termine the number of n-permutations, we have to put exactly one of the
objects of S in each of n places. First decide which places will by occupied
by a1’s. There are 17 objects of type a; in S, so there are (n”1 ) ways to place
the a;’s. Next decide where to put the ay’s. There are 1, objects of type a;
in S and n — n; places remaining, so there are (";2”1) ways to place the a;’s.
Continuing this, we see the number of n-permutations of S is

n n—nmnq n—ny—np n—mp—mny —- -+ —MNg_1
n np ns Ny

which can be expressed as

n! (n—mnp)! (n—mny—nyg—--—ng_q)!
nm!(n—mny)! nal(n—mny—nx)!  md(n—mny—ng—-- —n)!
| !
This simplifies to T = T . O

111!7’12! o -ﬂk!O! N 1’11!1/12! e -nk!

Proof 2. If S has n elements, then the number of permutations of S is n!. But
for a fixed permutations, we have n1! permutations of 4;’s that give the same
permutation of the multiset S. Also, we have n,! permutations of a,’s giving
the same permutation of the multiset S, and so on, n;! permutations of a;’s

that give the same permutation of the multiset S. By the division principle,
n!
the number of all permutation of the multiset S is ————. O
1’11!712! . '”k!
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Remark. From Theorem (4.11), it follows that the number
n!
is an integer, that is n1!ny! - - - ny! divides (11 +ny + -+ 4 ng)!.
Example 4.15. Find the number of permutations of the letters of the word
ADDRESSES.

Solution. The multiset is {1.A4;2.D;2.E;1.R;3.5}. The repetition numbers are
ny = 1;np = 2;n3 = 2;n4 = 1;n5 = 3, and the total number of objects is given
byn=mny+---+n5=1+4+2+2+1+3=09. By the formula in Theorem 4.11,
the number of permutations is

n! 9!

= = 15120.
nilnplnglnglns! 1121211131 5120

Theorem 4.12. Let n be a positive integer and let ny;ny; - - - ;ny be positive integers
withn =ny 4+ ny + - - - + ny. The number of ways to partition a set of n objects into
k labeled boxes in which Box 1 contains ny objects, Box 2 contains ny objects and so
on is "

Tl]!?’lz!"-nk!.

If boxes are not labeled and ny = ny = - - - = ny, then the number of partitions is

n!
k!n1!n2! ce le!

Proof. First choose 11 objects for the first box. This can be done (:1) ways.

Next, choose n, of the remaining n — 1y objects for the second box. This
can be done in (”;2”1) ways. Continue in this way and by the multiplication
principle, the number of ways to partition the items is

n n—rm n—mny—np n—mny—ny —--—Nk_q
ny nop ns ny ’

which we saw in the proof of Theorem 4.11

n!
nilng!---m!”

If the boxes are not labeled and 11 = ny = --- = ny, for each of way of al-
locating the objects into the k unlabeled boxes, there are k! ways to attach

the labels. Thus by the division principle, the number of ways to partition n

. . . n!
objects equally into k unlabeled boxes is Kl g
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4.7 Combinations of multisets

If S is a multiset, an r-combination of S is an unordered arrangement of r of
the objects of S. If the total number of objects in S is n (counting repetitions),
then an n-combination of S will simply be S.

Example 4.16. If S = {3.4;2.b;1.c}, then the 3-combinations of S are
{3.a};{2.0;1.b};{2.a;1.c};{1.a;2.b};{1.a;1.b;1.c};{2.b; 1.c}.
There are no 7-combinations as 7 > 3 + 2 + 1 = 6, the number of objects of S.
Theorem 4.13 (De Moivre). Let v be a positive integer. The equation
X1+x+- -+ x=7r
has (}]) positive integer solutions.

Proof. We write r asr =141+ --- + 14 1, where there are r copies of 1s
and r — 1 signs +. To decompose r in k summands we only need to choose
k — 1 pluses from the r — 1, which proves the theorem. O

Corollary 4.3. Let r be a positive integer. The equation

Vit ye=r

n+r—1 Lo .
has o non-negative integer solutions.

Proof. Denoting Xj— 1= Yjs j=1,2,...,k onehas x> 1. Then the equation

xp—1+x—1+---+x—1=risequivalenttox; +xp+ -+ x =7 +k,

which from Theorem 1, has (Hk'le) solutions. O

Theorem 4.14. Let S be a multiset with objects of k different types, where each
object has an infinite repetition number. Then the number of r-combinations of S is

<r+k—l) _ <r+k—l>

r k=1 )°

Proof. Let the k types of objects of S be ay,4ay,...,a; so that
S = {00.a1;00.a7; -+ ;00.a1 }.

Any r-combination of S is of the form

{xl.al,‘xz.az;- .. ;xk.ak},

where x1,x9,...,x; are nonnegative integers with x; +xp + -~ + x =7.
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Conversely, every sequence x1,X,...,X; of nonnegative integers with
X1+ X2 + - -+ + x; = r corresponds to an r-combination of S.

Thus there is a one-to-one correspondence between the number of r-
combinations of S and the number of solutions of the equation

b=, (42)

where x1, Xy, ..., X are nonnegative integers. So the number of ¥-combinations
of S is equal to the number of solutions to the equation (2), where x1,x2, ..., Xk

are nonnegative integers. According to the previous Corollary this number
r+k—1) — (H—k—l) 0
. .

is equal to ( 1

Remark. 1°. We can give a direct combinatorial argument for the formula in
the Corollary, that is to count the number of solutions to equation (2). In this
respect, let us consider the multiset

M= {r.1;(k—1).0}.

The k — 1 0’s divided the r 1’s into k groups as follows. Let there be x; 1’s to
the left of the first 0, x, 1’s between the first and second 0, and so on, with x;
1’s to the right of the last 0. Then x1,x3,..., X} are nonnegative integers with
X1+ x3 + -+ + x, = r. Conversely, given nonnegative integers x1,xy,..., Xk
with xy + xp + -+ + xx = r, we can construct a permutation of the multi-
set M. Thus there is a one-to-one correspondence between the number of
r-permutations of the multiset M and the number of solutions to the equa-
tion (4.2) with x1,x7,...,x, nonnegative, that is we have a one-to-one corre-
spondence between the number of r-permutations of M and the number of
r-combinations of S. So the number of r-combinations of S is equal to the
number of r-permutations of M which, by Theorem 4.1 is

(:!J(rkk—_liz)! - (rH;_ 1)'

2°. Note that the conclusion of the theorem remains true if the repetition
numbers of the k different types of objects of S are all at least 7 (i.e. we can’t
run out of items of any type).

3°. There is no general formula for finding the number of r-combinations
of an n element multiset S = {ny.ay;nz.4;- - ;n.a;}, r < n. The number of
r-combinations of S is equal to the number of integral solutions of x; +
Xg+ -+ xg=r, where 0 < x1 <ny,0 <xp <ny,...,0 < xp < ny. The up-
per bounds cannot be handled the same way we treated the lower bounds.
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4.8 Multinomial expansion

We can generalize the binomial theorem to find a formula for the n-th power
of the sum of k real numbers:

(x1+x7_+'--+xk)".

In general, the role of the binomial coefficients is taken over by numbers
called multinomial coefficients, defined as

< n > n!
- 7
ny, Ny, ..., Ny nylng!- - my!

where n9,ny,..., 1y are nonnegative integers with ny +np + -+ + 1y =n.
Recall that this number represents the number of permutations of a mul-

tiset of n objects of k different types with repetition numbers ny,n,,...,ny,

respectively. The binomial coefficients are just multinomial coefficients with

k =2, which gives
()= Gt
j jon=j)’

and represent the number of permutations of a multiset of 1 objects of 2
types with repetition numbers j and n — j, respectively.

Theorem 4.15 (Pascal’s formula for multinomials). For the positive integers
n, ny, ny,..., ng with ny +ny + - - - + ny = n, the following formula holds:

n n—1 n—1
ni,My,..., Mg n —1,ny,...,1 ny,no, ..., n —1

Proof. Just replace the formula of the multinomial coefficients and, after
simplification we get the equivalent form

n 1 1
Nnqhy - N Ny« Ny Ny« Np_q

which is clearly true. O

Theorem 4.16 (Multinomial expansion). Let n be a positive integer. For all
X1,X2,...,Xx the following formula holds:

n

(X1+XZ+"'+X]<)”:Z<

nynp o Mg
>x1 X X,

where the summation extends over all nonnegative integral solutions ny,ny, ..., ny
of the equation ny +mny +--- +ng=n.

ny,nyp,..., Ny
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Proof. Write (x1 + x2 + -+ + x;)" as a product of 1 factors, each equal to
(x1 +x2 + -+ - + xx). Completely expand the product, using the distributive
law and collect like terms. For each of the n factors, we choose one of the
k numbers xq,xy,...,x; and form their product. There are k" terms that re-
sult this way, and each can be arranged in the form x"1x"2...x", where
ni,Mny,..., N are nonnegative integers summing to n. We obtain the term

x;llxgz - ~xZ" by choosing x1 in 1y of the n factors, x, in 1 of the remain-

ing n — ny factors, on down to xj in ny of the remaining n —ny — -+ — ny_q.
By the multiplication principle, the number of times the term x'x5? - - -x;"
is given by

n n—nmn n—mnp—np n—mny—mny —- -+ —Ng_q1

1 1o 13 g ’
which we know from the proof of Theorem 4.11, is equal to

n! - n
nilno!--om! \ny,ng,...n )’
O

Remark. The number of terms in the multinomial expansion is the number
of solutions in nonnegative integers of the equation ny +np + -+ + ny = n.
According to Corollary 4.3, this is given by

1)

In case k = 2, by the previous formula we obtain

(n+2—1> _ <n+1) —_—
n n

i.e. the number of terms in the classical binomial expansion (x1 + x2)".

For example, consider the multinomial with k = 3 and n = 3, that is
(x1+x2 + X3)3.

3+3—1)

After expansion we will find < 3

= <§> =10 terms. These are

x:f + xg + xg + 3x%x2 + lex% + 3x§xs + 3x2x§ + Sx%xg + 3x1x§ + 6x1X2X3.
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4.9 Inclusion-exclusion principle

We saw that if A; and A; are disjoint finite sets, then |A; U Ay| = |A1| + | Az].
If Aj and A; intersect, then |A1| + |Az| counts the number of elements in
A1 N Ay twice, so we must subtract off the number of elements in A; N A»,
hence we have the formula :

Inclusion-exclusion principle for two sets. If A;, A; are two finite sets, then
|A1U Ag| = [A1| + [A2| = [A1 N Ag.
Example 4.17. How many integers from 1 to 500 are divisible by 3 or by 7?

Solution. Let A be the set consisting in all integers from 1 to 500 which are
divisible by 3. Consider B, the set of all integers from 1 to 500, divisible by
7. We have to find |A U B|. We write A and B as follows:

A ={3k|1<3k <500},

B={71]1<71<500}.
In order to calculate |A| we need to find the largest k such that 3k < 500. This
is 166, hence |A| = 166. In similar way, for |B| we need to find the largest

integer [ with 7 < 500 and we get |B| =71.
Applying the inclusion-exclusion principle for two sets we have

|AUB|=|A|+|B|—-|ANB|=166+71—|ANB|=237—-|ANB].

The set A N B consists in all integers from 1 to 500 which are divisible by 3
and by 7, hence we can write

ANB={21s|1<21s <500}

The largest s with property 21s < 500 is 23, that is |A N B| = 23. Finally, it
follows |A U B| =237 — |A N B| = 237 — 23 = 214.

Inclusion-exclusion principle for three sets. If A1, Ay, A3 are finite sets, then

‘A1 UAzUAg,‘ = ’A1’ + ’A2| + |A3‘ — ‘Al ﬂAz’ — ’A] mAg,‘ — ‘Az ﬂA3’
+ |A1 ﬂAzﬂA3|.

Example 4.18. How many integers from 1 to 2009 are divisible by 5 or by 7 or by
9?

Solution. Let A be the set of integers from 1 to 2009 which are divisible by 5,
B which are divisible by 7 and C which are divisible by 9. We have 5k <2009
is equivalent to k < 401, hence |A| = 401. Also, 7k < 2009 is equivalent to
k <287, so |B| =281. From 9k < 2009, we get k < 223, that is |C| = 223.
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In order to find |A N BJ, observe that 35k < 2009 is equivalent to k < 57.
Also, 45k <2009, gives k < 44, and 63k < 2009, gives k < 31. In this way we
obtain |[ANB| =57, |ANC|=44and |[BNC|=31.

In order to find |A N BN C|, observe that 5 -7 - 9k <2009 is equivalent to
k <6,hence [ ANBNC|=6.

Applying the inclusion-exclusion principle for three sets we get

[ANBNC|=|A|+|B|+|C|—|ANB|—|]ANC|—|BNC|+|]ANBNC|
=401 + 281 +223 — 57 — 44 — 31 + 6 = 769.

Theorem 4.17 (Inclusion-exclusion, general form). If A}, Ay,..., Ay, are fi-
nite sets, then the following formula holds:

[ATUA U UAgl= ) Al = ) AN A4
1<i<m 1<i<j<m
+ Z \AiﬂA]-ﬂAk\+-~
1<i<j<k<m

+(=1)MAI NAy NN Ayl

Proof. Proceed by induction on m. For m = 2 and m = 3 the formula was
proved in the previous particular cases. For the the induction step, just write

AlUAzU"'UAmUAm+1:(A1UA2U"'UAm)UAm+1:AUAm+1,

where A = A; U A U --- U Ay, From inclusion-exclusion principle for two
sets we obtain

‘AlUAZU"‘UAmUAm+1| = ‘AUAm+1| = ‘A|+|Am+1’ - ’AmAm—k—l‘/

thenuse ANAp1=(A1NAu1)U(ANAyp) U U(AnNAys1) and
apply the induction hypothesis. Finally group the resulting terms. O

Euler’s totient function. For any positive integer n denote by ¢(#) the num-
ber of integers m such that m < n and gcd(m,n) = 1.

The arithmetic function ¢ is called Euler’s totient function. Clearly,
¢(1) =1 and for any prime p we have ¢(p) = p — 1. Moreover, if 1 is a
positive integer such that ¢(n) = n — 1, then n is a prime.

X102

Itn=p'p,

. pgk , then we have the formula

[ )

For the proof we employ the inclusion-exclusion principle. For each index
i=1,...,k consider the set

T;={d|d <nand p;|d}.
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It follows that
T1U---UTy={m|m<nand ged(m,n) >1}.
Hence, we obtain

p(n)=n—|TyU--- UT

k
=n=Y_|Ti{+ Y ITNT|— -+ (=D Tin---NT

i=1 1>i<j<k

On the other hand, we have

n n
ITi|=—, |T;NTj|l= , e TIN N T = .
pi pibj P1-- Pk

Finally,

k n n n
pn)=n—} -+ 3 = (21)f

iZ1Pi 1>icj<k PiPj P1- Pr

+(-2) (-8

and formula is proved.

The number of surjective functions. Let M and N be finite sets, and
m = |M| and n = |N| their cardinalities. Counting the functions of the form
f | M — N is easy. Each x € M has n choices for its image, the choices are in-
dependent, and therefore the number of functions is #n"”". How many of these
functions are surjective ? To answer this question, let N = {y1,y2,...,y, } and
let A; be the set of functions in which y; is not the image of any element in
M. Writing A for the set of all functions and S for the set of all surjective
functions, we have

S=A—-(A1U---UA,y,).

We already know |A|. Similarly, |A;| = (n — 1)™ . Furthermore, the size of
the intersection of k of the A, is

[Ajy NN Ay | = (n— k)™,

We can now use inclusion-exclusion principle to get the number of functions
in the union, namely,

|Aj U U Ay| = f(—nkﬂ (’;) (n— k)™,

k=1
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To get the number of surjective functions, we subtract the size of the union
from the total number of functions

Swn = || = i(—nk(Z) (n— k)™

k=0

For m < n , this number should be 0, and for m = n , it should be n!.
Finally, we can write

Yio(=D ) (n—k)™ if m>n
Smpn=<nlif m=n (4.3)
Oif m<mn

Derangements. Since the actual nature of the objects does not matter, we
may take X to be the set {1,2,---,n} in which the location of each of the
integers is that specified by its position in the sequence 1,2,...,1n.

A derangement of {1,2,...,n} is a permutation iyip---i, of {1,2,...,n}
with iy #1,ip #2,...,in #n,1e., a derangement of {1,2,...,n} is a permuta-
tion iyip - - -in of {1,2,...,n} in which no integer occupies its natural position.

We denote the numbers of derangements of {1,2,...,n} by D,,. Forn =1,
there is no derangement. For n = 2, there is only one derangement: 21. For
n = 3, there are two derangements: 231 and 312. The derangements for n = 4
are 2143 ; 3142 ; 4123 ; 2341 ; 3412 ; 4312 ; 2413 ; 3421 ; 4321. Thus we have 9
derangements in this case. These examples show that

D1:0; Dzzl,' D3:2; D4:9.

For n > 1, the following formula holds true

n
Dn—n!<1—11!+21!—;!+~'+(n1!)>. (4.4
In order to prove formula (4.4), consider S to be the set of all n! permutations
of {1,2,...,n}.Forj=1,2,...,n,let P; be the property that, in a permutation,
j is in its natural position. A permutation of {1,2,...,n} is a derangement
if it has none of properties P;,P,,...,P,;. Denote by A; the set of permuta-
tions of {1,2,...,n} with P;,j=1,2,...,n. The derangements of {1,2,...,n}
are precisely those permutations in S\ (A1 U Ay --- U A,). Hence

Dn:|5’—’A1UA2'-'UAn|:n!—’AlUAz"'UAn|.

We now calculate |A; U Ay - -- U A, | by using inclusion-exclusion formula.
The permutations in A; have the form 1iy - - -i,, where i3 - - - i, is a permu-
tation of the set {2,...,n}. Thus |A1| = (n — 1)L
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In the same way, we have
Aj] = (n—1)L.

The permutations in A; N A, are of the form 12i3---i,, where i3---i, is a
permutation of {2,...,n}. Thus |A; N Az| = (n — 2)!. Similarly,

|AiNAjl = (n—2)! for i#].

The permutations in A1 N Ay N --- N Ay have the form 12 - - - kig, 1 - - - i, where
iky1---1n is a permutation of { fiyq,...,n}. Thus |[A; N Ay--- Ag| = (n — k).
A similar argument shows that

‘AilﬂAizﬂ"-ﬂAik|:(7’l—k)!

for any k-subset {iy,is,...,i} of {1,2,...,n}. Since there are () k-subsets of
{1,2,...,n}, by the inclusion-exclusion principle, we have

Dy =n! — (T)(n—l)!—i— <;>(n—2)!—|—--~+(—1)”<Z>(n—n)!

| | ! !
:n!—i—kg—i—k-“(—l) nﬁ

1,1 a1

So we have

1 1 1 1
71— —_ . e .
e TR TR TR

Therefore, for a fixed n, the probability to extract a derangement out of
the n! permutation is

D, 1 1 1 1 1
el gt D

Notice that % — % for n — oo.

The following recursive formulas for the number of derangements hold:

Dy =nDy_q+ (-1)"
D,=(n—-1)(Dy—2+Dy_1), n=34,5,...
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4.10 Counting by a bijection

This is a basic method of counting which is very useful in many concrete
problems. We first revisit some results given earlier in Section 4.1.

Let A and B be two sets. A function f : A — B is called:

e one-to-one or injective if for all a,b € A we have f(a) = f(b) = a=1.
e onto or surjective if for all b € B there exists an a € A such that f(a) =b.
e Dbijective if the function is one-to-one and onto.

The following properties of injective, surjective and bijective functions
are relevant for counting problems:

e If there is an injective function f : A — B, then |A| < |B].
e If there is a surjective function f : A — B, then |A| > |B|.
e If there is a bijective function f : A — B, then |A| = |B|.

The key point of the last property is that whenever counting the number
of objects in a given set A presents a challenge, an alternative is to establish
a bijection between A and another set B whose cardinal is easier to find.

If a bijection f : A — B exists, then there is also a bijection g : B — A. Here

we provide some classical examples of counting with bijections.

Example 4.19. Let m,n be positive integers. How many increasing functions f :
{1,2,...,n} = {1,2,...,m} can one define?

Solution. Denote the following sets of functions:

A={f:{12,...,n} = {1,2,...,m}, fisincreasing}
B={g¢:{1,2,...,n} =+ {1,2,...,m}, gis strictly increasing}.

The function h : A — B defined by h(f(i)) = f(i)+i—1=g(i),i=1,...,n
is a bijection between A and B, and clearly, |B| = ("7 1).

Example 4.20. In a single-elimination tournament there are n people competing.
How many matches are needed to decide the champion?

Solution. There is a bijection between the set of eliminated players and the
set of matches played. To decide the single winner, n — 1 players must be
eliminated, therefore n — 1 are required for deciding the champion.

Example 4.21. A set S of integers is called fat if each of its elements is greater or
equal to |S|. For example, the empty set, or the set {5,6,7,8} are fat, while the
set {1,2,3} is not. Establish a recursion for the sequence (f,)5_,, where fy is the
number of fat subsets of {1,...,n}.
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Solution. We split the subsets of {1,2,...,n + 1} into those which contain
n + 1, and those who do not (whose number is actually f;, as they are in fact
fat subsets of {1,...,n}.)

The number of fat subsets containing n + 1 are in a bijective corre-
spondence with the fat subsets of {1,2,...,n — 1}, through the mapping
{x1,x0,...,xp,n+1} = {x; —1L,xp—1...,x, — 1}, where x; < xp < --- < xp.
It follows that there are f,,_ fat subsets of {1,...,n 4+ 1} which containn + 1,
hence the desired recurrence relation is

fn+1 :fn +fn71/ n>2,

where f; = 2 (fat sets: @ and {1}) and f, = 3 (fat sets: @, {1} and {2}).
Clearly, the fat sets for n = 3 are @, {1}, {2}, {3} and {2,3}, hence f3 =5.
Notice that f, = F, 42, n > 1, where (F,),>0 is the Fibonacci sequence.

Example 4.22. Let m, n be positive integers, and consider an m X n rectangular
grid. How many paths are there from (0,0) to (m,n), following the grid lines and
only moving up or right?

Solution. Each path from (0,0) to (m,n) following the grid lines and only
moving up or right consists of exactly n + m segments, being uniquely de-
fined by the position of n vertical steps (the other m being horizontal steps).
Hence, the set of such paths is in a bijective correspondence with the subsets
of {1,2,...,m + n} with n elements, so the answer is (n —Z m) = <n j’;m> .
Example 4.23 (Catalan numbers). Prove that the number of lattice paths from
the point (0,0) to (n,n) following the grid lines, located lower than, or on the bi-
i —xisCo— 1 (2n

sector liney = x1s C,, = T <n)

These numbers recover the Catalan sequence (Cy,),>0 (A000108 in OEIS [190]),
and starting with 1,1,2,5,14,42,132,429,1430,4862,16796,58786, ... ..

Solution. First, notice that each path going from (0,0) to (1,1) contains n
steps to the right, and n steps upwards. For each such path going above the
diagonal we associate another path, as follows:

1) keep all steps until going above the diagonal for the first time unchanged;
2) swap all remaining steps (right become up, up become right).

If the first point reached above the diagonal is (k,k 4 1), then the initial path
contained k + (n — k) = n steps to the right, and (k+ 1)+ (n —k—1) =n
steps upwards. The new path will then have k + (n —k — 1) = n — 1 steps
to the right and (k + 1) 4 (n — k) = n + 1 steps upwards, hence it will end
at (n —1,n + 1). This mapping is well defined and bijective, so the number
of lattice paths from (0,0) to (n,n) not going above the diagonal, is actually
equal to the total number of paths from (0,0) to (n — 1,1 + 1). Therefore

- (2)- (7))



4.10 Counting by a bijection 107

Example 4.24. A triangular grid is obtained by tiling an equilateral triangle of side
length n by n? equilateral triangles of side length 1, whose sides are parallel to the
big triangle. Determine the number of

1) rhombi of side length 1.
2) parallelograms.

Solution. 1) Each short lattice segment within the triangle, can be the diag-
onal of exactly one rhombus (so there is a bijection between the two sets),
hence the answer is

-1
3(1+---+n—1):3$,
as each of the sides of the big triangles has n segments of length 1, which are
discounted from the total count.

2) A parallelogram has the sides parallel to the sides of the original trian-
gle. One may notice that extending the sides of the parallelogram, they in-
tersect the a line parallel to the third side and having n 4 1 segments (hence
n + 2 points) in 4 points. This shift of one position is to allow one to count
the parallelograms having one vertex on the non-parallel line. The set of
parallelograms and the set of quadruples selected from amongst these n + 2
points on the line are in bijective correspondence, so the number of parallel-
ograms (accounting for each of the 3 orientations) is 3("12).

Example 4.25. Here we have other examples related to the Catalan sequence.

1) Prove that the number of expressions containing n pairs of correctly matched
brackets is Cy,. For n = 3, the correctly matched brackets are

000, 00), (MO, O0), (0)-

2) Prove that the number of increasing functions f : {1,...,n} — {1,...,n} with
the property f(x) <x,x=1,...,nis Cy.

3) Show that the number of sequences (ay, . ..,a,+1) with nonnegative terms such
that a1 = agy 1 =0and |a; —a; 1| =1fori=1,...,2nis C,.

4) Prove that C, satisfies the recurrence relation

Chn=C1C+Cp2Cr 4+ -+ C1Cy1 + CoCpy_1q.

Solution. 1) The valid bracket combinations can be put in bijective corre-
spondence with the paths in Example 4.23, associating the “(” brackets with
steps to the right, and the “)” brackets with steps upwards.

2) We associate each function f: {1,...,n} — {1,...,n} satisfying f(x) <«x
for x =1,...,n with the Catalan path having the highest point in column i — 1
equalto (i —1,f(i) —1),i=2,...,n.
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3) The paths in Example 4.23, can be put in a bijective correspondence
with a sequence, by associating a number a;, i > 2 with a step to the right if
a;_1 < a; and with a step upwards otherwise.

4) One can count the Catalan paths based on the first point reached on
the diagonal, after (0,0). If the first point of the path on the diagonal is (k,k),
k=1,...,n, then the number of paths from (0,0) to (k,k) with this property
is the number of Catalan paths from (1,0) to (k,k — 1) (as the first segment
is horizontal, while the last one is vertical), that is C,_;, with Cy = 1. Once
(k,k) is reached, the number of Catalan paths from (k,k) to (n,n) is C,_g,
hence we have exactly Cy_1C,_ paths hitting the diagonal first time at the
point (k,k),k=1,...,n. Summing over k =1,...,n we obtain the formula.

Example 4.26. Consider the permutations (x1,Xy,...,%2,) of set {1,2,...,2n}.
Determine if the number of permutations having the property |x; — x; 1| = n for
at least one value i € {1,...,2n — 1}, is greater then the number of permutations
which do not have this property.

Solution. Let us call two numbers x,y € {1,2,...,2n} twins if |[x —y| = n,
and a permutation (x1,xy,...,X2,) of this set will be called of type Ty if there
are exactly k pairs of twins, i.e., there are exactly k indices i with the prop-
erty |x; — x;41| = n. Let us define the mapping f : Tp — T; as follows. If
(x1,x2,...,%2,) € Tp and x, k > 2 is the twin of x1, then

f(xl,xZ,...,xZn) = (xg,...,xk,l,xl,xk,...,xzy,).

Notice that the mapping is injective but not surjective, hence the number of
permutations with at least one pair of neighbouring twins is greater than the
number of permutations without pairs of neighboring twins.

Example 4.27. Prove that the number of subsets with k elements of {1,...,n}, in
which no numbers are consecutive is (”j’i*l).

Solution. We associate the subsets of S C {1,...,n} with binary words
aiay ...a, for which a; =1 whenever i € S and a; = 0 otherwise. A set S hav-
ing no consecutive integers is represented by a binary word with no consec-
utive 1’s, hence there is a bijection between them and the number of words
having k values equal to 1, n — k values equal to 0, and no consecutive 1’s.
To compute the cardinal of this set, we label the n — k digits equal to 0 from
1 to n — k. Between them we have to add k digits 1, avoiding consecutive 1’s.
Hence, each digit 1 is preceded by a 0 digit, indicated by it’s label 0, ...,n — k
(this can be 0 as well, when the word starts with 1). This can be done in
exactly ("_IIEH) ways, which ends the proof.

Example 4.28. Three people A, B, C play the following game: for a fixed positive
integer k < 2022, a subset of {1,2,...,2022} with k elements is randomly chosen,
with an equal probability of each choice. The winner is decided based on the reminder
of the sum of the chosen numbers when divided by 3: A for 0, B for 1 and C for 2.
For which values k is the game fair, and who has the best odds when it is not?
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Solution. Let us split the set {1,2,...,2022} into sets X; = {3j — 2,3j — 1,3j},
j=1,...,674. Denote by F the family of all subsets Y C {1,2,...,2022} with
k elements with the property |Y N X;| =1 or |[Y N X;| = 2 for some j.

Let jo be the smallest such j, and define Y’ as the set with k elements
obtained by replacing in Y the elements in Y’ N X;; with the ones following
cyclically inside X;; (i.e., shifting to the right adds 1 to the sum in the first
case, or 2 in the second case). Applying this process to Y’, we obtain the set
Y", and applying again to Y we get Y”. Denoting by s(Y) the modulo 3
sum of the elements in set Y, one can check that s(Y), s(Y') and s(Y") are
distinct, while Y = Y. Thus, this operator’ gives a bijective correspondence
between the three families Py, P1, P, C F for with the property s(Py) = 0 for
Py € Py, s(Py) =1for P; € P1,and s(P,) =2 for P, € Ps.

When k (mod 3) = 0, then the elements not belonging to F are those
formed of unions of several triads. As the sum of elements in each such
triad is divisible by 3, then player A has the advantage. For k (mod 3) # 0,
each set B with k elements belongs to F, hence the game is fair.

Example 4.29. Let k and n be positive integers. Denote by A the set of all sequences
a = (ay,...,a;) whose integer entries satisfy 0 < a; <mn,i=1,..., k. If m(a) =
min{ay,ay,...,a;} and M(a) = max{ay,ay, ..., a;}, show that

Z (m(a) + M(a)) :n(n+1)k.

aeA

Solution. Clearly, |A| = (n + 1)*. To each sequence a = (ay,as,...,a;) we can
associate the sequence a'=(n—ay,n—ap..n—a), through a bijective
correspondence between A and A. Since M(a’) = n — m(a), one obtains

Y (m(a) +M(a)) =} m(a)+ ) M(d)

acA acA a'eA
=) m(a)+ ) [n—m(a)]
acA a€A

=n|Al =n(n+1)~.

Example 4.30. Let 1 < k < n be positive integers. For each subset of {1,2,...,n}
with k elements, we consider the minimal element. Prove that the arithmetic mean
of these minima is %

Solution. The set A of {1,2,...,n} with k elements indexed as (ay,...,a;)
with 1 <ay <ap <--- <a; <n are in bijective correspondence with the set B
containing the sets (by,...,bx;1) with k 4+ 1 elements, having the sum n + 1.

This bijection can be defined by the formula

(al,...,ak) — (ﬂl,az —ai,..., 0 — A_1,n + 1— ak).
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The problem reduces to computing the aritmetic mean of by, over all config-
urations (by,...,b; 1) having the sum n + 1. Notice that the elements in this
(k + 1)-tuple can be permuted, hence the arithmetic mean of by is also equal
to the arithmetic mean of b]-, j=1,...,k+ 1. One obtains

1
B,

1,...,bk+1)€B

(n+1)|B] n+1
k+1)|B]  k+1

(b1 + -+ +bry1)

4.11 Counting in two ways

This is a specific method in combinatorics. Here are a few examples.

Example 4.31. Prove the following identities:

v (D)= ()

2) <“ : by = é (i) (n i k) (Vandermonde).

3 (1) () = () (e o). wheren = koo tegers.
0 005 R

Solution. 1) Let us label a set of n objects by O1,0,,...,0,. Clearly, (Z) is
the number of ways of selecting k objects out of n. For each value of k, we
have two mutually exclusive possibilities. Either O, is taken, in which case
the remaining k — 1 objects can be chosen in (’;j) ways, or Oy, is not taken,
when the k objects can be chosen in (”;1) ways. This confirms the identity.

2) Let A and B be two disjoint sets with cardinals |A| = a2 and |B| = b. With
these notations, the expression on the left represents the ways of choosing a
subset X C A U B having n elements. We are now summing over all possible
intersections X N A and X N B. The intersection X N A may have k =0,...,n
elements, and since the sets A, B are disjoint, one must have [X N B| =n — k.
For each value of k =0,...,n, there will be (}) ways to select the set X N A,
and (nﬁ ) ways to select the elements in X N B. We notice that in certain
cases, some of terms in the right-hand side will may be equal to zero.

3) We first notice that unless m < k < n, the identity holds trivially with
both side equal to zero. Let A be a set with n elements. For given integers
m < k <n, the left-hand side corresponds to the number of choices for a pair
of subsets (B, C) with the properties |B| =k, |C| =mand C C B C A. Clearly,
B can be chosen in (}) ways, while C can be chosen in (1’;) distinct ways.
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The right-hand side also counts the pair of subsets (B,C) with the prop-
erties |B| =k, |C| =m and C C B C A, but now first choosing the set C C A,
possible in (,;). Apart from the m elements from C, the set B\ C has other
k — m other elements, which are selected from the remaining n — m elements
of A\ C, for a total of () choices.

4) To count the right-hand side one may consider two disjoint sets A and
B with cardinals |A| = m and |B| = n.

For a fixed positive integer k, the number of pairs of sets (X,Y) having
cardinals |X| = k and |Y| = m, satisfying X C A and Y C BU X is given by
%) (”V#) Summing over all k = 0,...,m the left-hand side expression repre-
sents the number of pairs (X, Y) satisfying X C Aand Y CBU X and |Y| =m.

These pairs can be placed in bijective correspondence with the triples
(YNB,YNA,X\Y), satisfying X C A and Y C BUX and |Y| = m. These
can be counted by first choosing Y N B, then Y N A and finally X. When
|Y N B| = k there are (}) choices for Y N B, (,",) choices for Y N A and 2*
choices for Y \ X (as each of the k elements in A \ Y may belong, or not to
X). Summing over all values of k we obtain the desired result.

Example 4.32. Let n be a positive integer. Prove that

(1) +72)+ - +71(n) = ﬁJ + gJ +t+ EJ

where T(k) represents the number of divisors of the positive integer k.

Solution. Both sums represent the number of pairs (a,b) of positive integers
satisfying a | b and b < n. When fixing a first one obtains the right-hand side,
while fixing b first, the left-hand side is obtained.

Example 4.33. Let S be a set of n persons such that:

1. each person has exactly k friends in S;
2. any two friends have exactly | common friends in S;
3. any two persons who are not friends, have exactly m common friends.

Prove that m(n — k) —k(k—1) +k —m=0.

Solution. Consider an arbitrary person P in S. By property 1., P has k friends
(denote this set by A) and n — k — 1 it does not know (we denote this set
by B). We are now counting the pairs (P;,P,) with P; € A and P, € B for
which P; and P, are friends. As a person P, € B is not a friend of P, the
persons P; and P have m common friends (by 3.). Clearly, all these common
friends belong to A, because P has no friends in B, P, is friends with exactly
m persons in A. Since P, can be selected in exactly n — k — 1 ways, we have
(n —k —1)m pairs (Py, P,) with P; € A, P, € B in which P; and P, are friends.

Similarly, a person P; € A who is friend with P has I common friends with
P (by 2.), all belonging to A. Since P; has a total of k friends (including P),
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he has exactly k — I — 1 friends in B. Therefore, the number of pairs (P, P,)
with P; € A, P, € B in which P; and P, are friends is exactly k(k — I —1).
We conclude that m (n —k — 1) = k(k — 1 — 1), which ends the proof.

Example 4.34. Prove the following identities:

0 EQOO-0)0)
2 £l )OET)-0)0)

Solution. 1) The right-hand side is the number of subsets Y of a set X with
n elements (as each of the n elements of X may belong to Y or not). The left-
hand side counts the same sets, but splitting them by cardinal, where we
have: () sets with exactly k elements, where k =0,...,n

2) Notice that this identity is equivalent to

n n—1
() =G=e)
On the left we have the number of ways to select a group of k people out
of n, and then designate one with a special role (i.e., the boss). On the right

side we count the same thing, but first selecting the boss (in n ways), then
its other k — 1 companions, out of the n — 1 persons left in the group.

3) First notice that for n < m both sides vanish. Consider a set X with n
elements. Both sides count the number of pairs of subsets (Y, Z) such that
Z CY C X with |Y| = m fixed, in two ways. Notice that the set Z can have
k=0,...,m elements. On the left, for every k =0,...,m, the set Z can be
chosen in (}) ways, while the other elements in Y \ Z can be selected in
( :ylz:',‘() ways. On the other hand, on the right-hand one can first choose the
set Y in (::Z) ways, which has 2" subsets Z of cardinal k =0,...,m.



4.11 Counting in two ways 113

4) For the right-hand side one may use two disjoint sets A and B with
the same cardinal #n. Then, the number of ways of choosing an element
x € A and then 1 — 1 other elements from (AU B) \ {x} is exactly n(*" ).
Hence, on the right-hand side we counted the number of pairs (x, X) with
the property x € A, X C (AUB) \ {x} and | X| = n — 1. These pairs are in bi-
jective correspondence with the triples (x,Y,Z), wherex€ Y C A, Z C Band
|Y U Z| = n. To count them we first choose the set Y of cardinal k =0, ...,n,
then x, and finally Z, to obtain k(})(,," ) acceptable configurations. The total

number is then } k(%) (," ), which ends the proof.
5) First, the number of subsets X = {x1,...,x¢} with x; < xp- -+ < x; with

k elements taken from a set with 1 elements is (}). Since the values taken by
Xk_p arein therangek —2,...,n —2,foreachj=k —2,...,n — 2, the number
of choices for the set {x1,...,x¢_3} is ({{:;) while the number of choices for
the set {xx_q,x¢} is (”;j ). The identity is obtained by summing over the
values j =k —2,...,n — 2 and then setting p = j — 1.

6) Consider two disjoint sets A and B of cardinals |A| = p and |B| = 4.
On the left-hand side we count the triples (X,Y,Z) such that X C A, Y C B,
Z C B\ Y with |Z]| =j and |X U Y| = 4. To obtain the identity we sum over
k=0,...,p +q and use (qik) = (). Notice that these triples are in bijective

correspondence with the pairs (T,U) satisfying U C B, T C (AUB) \ U,
|U| =jand |T| = p + g — j, whose number is clearly (L]])(pt?—j).

7) Let A be a set with |A| = n. The number of pairs of sets (X,Y) C A x A
such that |[X| =pand |Y| =qis (Z)(Z) These pairs are in a bijective corre-
spondence with the triples (T, U, V) with the property TC A, UC T,V C U,
Ul =gand |[VU (T \U)| = p, through the map (X,Y) — (XUY,Y,XNY).
One can now count these triples by summing over all cardinals of |V| = j.

Example 4.35. Compute the following sums:

1° ii(Zk——1)<Z).

k=0
n
2° Eij(”>.
k=0 k

Solution. 1° We have shown that } () = 2" and now we compute

n
L)
k=0 k
Notice that this is the number of ways of choosing a subset Y from of a set

X with n persons, having a special element (the “boss”). This is the number
of ordered pairs (y,Y), where y € Y C X. Clearly, this number is n2"1 as y
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can be chosen in n ways, and each of the remaining n — 1 elements in X may
belong to Y, or not. The desired number is then 2 - n2"~1 — 2" = (n — 1)2".

2° One may easily notice that

k}:)kz <Z> - k):)k(k —1) <Z) + kfak(Z)

Reasoning as above, consider a set X with n elements of which y1, y, have
special role. To compute Y ' k(k — 1)(}) we may notice that this is the sum
of ordered pairs (y1,12,Y) such that y1,y2 € Y C X, y1 # y2. This number is
n(n —1)2"72, hence the desired sum is n(n — 1)2"~2 4 n2"~1,

Example 4.36. Let p and q be relatively prime positive integers. Prove that

R R e el VIR 3 R e

Solution. Both sums represent the number of points with integer coordi-
nates within the triangle determined by the lines y = 0, x = g and py = gqx.
On the left-hand side, the points are counted horizontally, while on the right-
hand side vertically.

Example 4.37. Let m, nand a1 < apy < --- <a, = m be positive integers. Denoting
by by the number of elements a; such that a; > k, show that

aptay+--+ap=by+by+- + by

Solution. Imagine the following diagram: n lines of points, and on the line
i consider put 4; points. Counting the points horizontally (first count the
points on each line, then add the results), one gets a; + --- + a,. Second,
counting the points vertically (first count the points on a column and then
adding the results), one obtains the desired relation.

Example 4.38. Let n be a positive integer. Prove that

o st = 3] 23] o).

where o (k) represents the sum of divisors of the positive integer k.

Solution. Both sums represent the number of triples (a,b,c) of positive inte-
gers satisfying a < b b | c and ¢ < n. Fixing b first one obtains the right-hand
side, while fixing c first, the left-hand side is obtained.

Example 4.39. Let n be a positive integer. Prove that

P2i2 4. g2 (ﬂ—2|-1>+2<n43—1> :n(n+1)6(2n+1).
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Solution. 12 + 22 + - - - + n? is the number of triples (x,y,z) of positive inte-
gers satisfying x < z, y < z and z < n + 1. We now count these in two dif-
ferent ways. First, the number of such triples for which x < z is (”erl) (one
can choose 2 integers {1,...,1n + 1} and select x = y as the smaller one, and z
the bigger one), and the number of triples for which x # z is 2(”;1) (for each
triple (a,b,c) with the property 1 <a <b < ¢ < n + 1 there are two triples
(x,y,z), given by (a,b,c) and (b,a,c)).

Example 4.40. In a finite sequence of real numbers, the sum of any seven consec-
utive terms is negative and the sum of any eleven terms is positive. What is the
maximum number of terms in the sequence?

Solution. There can be a maximum of 16 numbers in the sequence. Other-
wise, arranging the first 17 numbers in the sequence below:

al u2 .. a7
ap asz --- dag

a1l 412 -0 417
by adding the numbers first by rows and then by columns, we get a contra-
diction. A numerical example for 16 is the following;:

7,7, -18,7,7,7,-18,7,7,7, =18,7,7,7, —18, 7.

Example 4.41. Prove the following identities:
n 2
o 2\ B 2n—2 2n—1
1 I;)k (k) =n(n 1)(n—2>+n<n—1 .
! —k 2n+1
7 52 () = ()
570 ) = U

Solution. 1° Clearly, } ', kz(@2 =Yi ok(k—1) ('IZ)Z + Z,’(lzok(Z)z, while

ék(k ~1) (Z)z - ]:Zok(k ~1) (Z) <n " k).

If A and B are two teams of n players each, then the sum above represents
the number of ways in which one can choose n members out of these teams,
in such a way that both the leader and deputy are from Team A. For every
k=0,...,n, there are (}) ways to choose k players from Team A, k(k — 1)
ways to designate the leadership, and (,," ;) to choose the other n — k players
from Team B. If the count is made overall, then there are n(n — 1) ways to
first choose the leaders from Team A, while the other n — 2 members can be

selected in (2;:22) ways. This confirms the relation



116 4 Counting Strategies

ék(k —1) (Z)Z _ ék(k _1) (’;) (n " k) —n(n—1) <2n”__22>.

Similarly, if a single captain has to be selected from Team A, then one obtains

to\? & (n n 2n—1
L) =500 = 05)
2° The right-hand side is the number of ways in which n players can be
selected from a team with 2n + 1 players.
We now relate this to the left-hand side. First, divide the players into n
groups of 2, with 1 player unpaired. For a given k = 0,...,n, there are (})
ways to choose k pairs from where exactly one player is selected, with 2¢

n—k
—k

such configurations possible, and (L” J) ways to select |“% | pairs from

the n — k pairs from which both players are taken. The unpaired element
will not be chosen if n — k is even (as all other elements come in pairs), or it
will be chosen if n — k is odd. This ends the proof.

Example 4.42. Let k and n be positive integers, and consider a set X of n points in
the plane with the properties:

1) no three points in X are collinear
2) for every given point M € X, there are at least k other points in X located at the
same distance from M.

Prove that k < % ++2n —1.

Solution. If A, B € X, then by 1) there can be at most two points C € X such
that [AC] = [BC] (as these are located on the bisector of the segment [AB],
and no more than two points in X are collinear). Hence, the number K of
triplets (A, B,C) such that [AC] = [BC] satisfies K < 2(3). By 2) one also has

K> n(’é), as for each of the n points in X there are at least ('5) sets {A,B}
located at the same distance. Combining these two inequalities one obtains

K —k<2(n-1),

from where

1\ ., 1 .5
k_i =k —k+1<k —k+1<2n—-1.

Taking square roots the desired inequality follows.
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4.12 Hall’s theorem (the marriage theorem)

In this section we present a theoretical result which provides necessary and
sufficient conditions for the solubility of the real-life problem below.

Suppose that in a town there are n families m > n houses. Each family
has preferences over the houses, liking some and disliking others. Establish
necessary and sufficient conditions, based on the families” preferences, that
would allow for the allocation of a house to each family such that every
family receives a house that is to their liking.

Clearly, a necessary condition for the assignment is that every family likes
at least one house. However, this condition is not sufficient. Mere fulfillment
of this condition does not exclude the possibility that two families like exclu-
sively the same single house. This observation allows us to derive another
necessary condition: given any pair of distinct families, the set of houses
liked by at least one of them must have at least two elements. Similarly, we
deduce that for any set of three families, the set of houses liked by at least
one of them must have at least three elements.

Let us denote by F and H the set of families and the set of houses, respec-
tively. We know that |F| = n and |H| = m, where m > n. For every subset
X C F, we denote by H(X) C H the subset of houses liked by at least one
family in X. Generalising the previous idea, it is easy to deduce that in order
to have a successful allocation of houses, the following necessary condition
must hold: for every subset X C F, the cardinality of the set H(X) C H we
must have |H(X)| > |X|.

The following celebrated theorem of the british mathematician Philip
Hall asserts that the condition above is sufficient for the solubility of the
problem described above.

Theorem 4.18 (Hall, 1935). Let F and H be as above. If for every set X C F, we
have |H(X)| > | X|, then there exists an allocation of houses such that each family
receives a house that they like.

Hall’s theorem has become commonly known as the Marriage theorem,
because instead of the families and houses analogy, the theorem is often
motivated by asking if it possible to pair two disjoint sets of persons in mar-
riages in a way that all persons from one set are satisfied with their assigned
partner?

This problem can be represented using a bipartite graph, where the set
of vertices is the disjoint union F U H. Each edge in the graph represents a
possible pairing between a family f € F and a house / € H. The goal is to
find a matching, which is a set of edges that do not share any vertices. In an
effort of keeping the book self-contained, we do not use the theory of graphs
in our presentation. We recommend the books by Bumbdcea [71] and [224]
for detailed accounts of this theorem using graph theory.
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Proof. As we remarked above, the condition in the hypothesis is necessary.
We prove the sufficiency by strong induction on |F| = n. For n = 1, the con-
clusion follows trivially. Assume that the condition is sufficient for |F| < n
and we will prove that it is also sufficient for n + 1. There are two possible
cases: either for every subset X C F we have |H(X)| > | X| + 1 or, there exists
a subset X with 1 < |X| =k < such that |H(X)| = |X| =k.

In the first case, we choose any family f € F and we pair it with a house
h € H({f}) € H. Now, the remaining sets F \ {f} and H \ {h} satisfy the
condition of the theorem. We can therefore finish by applying the induction
hypothesis.

In the second case, applying the induction hypothesis to X and H(X), we
can match the k families with the k houses they like. We are left to prove that
we can match the remaining families F \ X with the remaining set of houses
H\ H(X). For any set Y C F \ X, from the necessary condition and the fact
that Y and X are disjoint, we deduce that |[H(Y U X)| > |Y| + | X| = |Y| + k.
But since the k families in X like exactly k houses, it follows that [H(Y)| >
|Y|, i.e. the houses in Y like at least | Y| houses. Since Y was chosen arbitrary
from F \ X and |F \ X| < |X| =n + 1, we can apply induction hypothesis to
F\ X to deduce that the remaining families can be paired to the remaining
n + 1 — k houses, completing the induction. g

Hall’s theorem is a powerful tool and has been applied in many different
fields to solve diverse problems. In short, it provides a minimal set of con-
ditions in order to assure a set of preferences can be satisfied in a particular
allocation problem. The versatility of Hall’s theorem lies in its ability to pro-
vide a framework for solving problems that, at first glance, seem unrelated.
We illustrate below a list of example problems.

Example 4.43. An n x n table is filled with 0’s and 1’s so that if we chose randomly
n cells (no two of them in the same row or column) then at least one of these cells
contains 1. Prove that we can find i rows and j columns so that i +j > n+ 1 and
their intersection contains only 1’s.

Solution. Let us consider a set of families F = {fi, f2,..., f»} and a set of
houses H = {hy,h,...,hy} such that the family f; likes the house h; if and
only if the entry on the position (7,]) in our table is 0.

If for every subset X C F, we have |H(X)| > |X|, then by Hall’s theorem
there is an allocation of houses such that each family receives a house they
like. In our context, this means that there exists n cells from different rows
and columns such that all of them contain 0, a contradiction to the hypothe-
sis. Therefore, the condition in Hall’s theorem must not be satisfied.

In other words, there exists a non-empty subset X C F with the property
|H(X)| < |X|.Letk = |X]| and | = |H(X)|. Without losing generality, we may
change the ordering of families and houses such that X = {f1, f»,..., f¢} and
also H(X) = {hy,hy,...,h; }. Looking back to our problem, this means that in
the table, the re-labeled lines 1,2,...k and columns [ +1,...,n have only 1’s
in their intersection.
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We have therefore found at least k rows and n — I columns such that
k+n—-1>k+n—-k+1=n+1

such that their intersection contains only 1’s, which is what we had to prove.
We will now provide an example that can be approached in a manner
akin to the one described above.

Example 4.44. The entries of a n x n table are non-negative reals such that the
numbers in each row and column add up to s > 0. Prove that one can pick n numbers
from distinct rows and columns which are positive.

Solution. We first note that by scaling the entries in table, one can assume
that s = 1. Let us consider a set of families F = {f1, f2,..., fu} and a set of
houses H = {hy,h,...,hy} such that the family f; likes the house #; if and
only if the entry on the position (i,j) in our table is different from 0.

If the hypothesis of Hall’s theorem holds for F and H, then since there
exists a successfully allocation of houses to the n families, each family f; will
correspond to a positive entry (i, ), for different j’s, yielding the conclusion.

Let us now prove that the hypothesis of Hall’s theorem holds indeed.
First let X C F be any non-empty subset. Remark that the sum of all the
numbers on the lines corresponding to families in X is | X|. If H(X) <|X| -1,
there are positive numbers on at most | X| — 1 of the intersection of columns

with the lines corresponding to families in X, the sum of the numbers on
1X]

X[—1 > 1, a contradiction with the

one of these columns would be at least

hypothesis of our problem.
Therefore, for any subset X, we have |H(X)| > | X|, completing the proof.

Example 4.45. Some pieces are placed on an 8 x 8 chessboard. There are exactly 4
pieces in each row and each column of the board. Show that there are 8 pieces among
those pieces that no two of them are in the same row or column.

Solution. Similarly to the first two problems, let us consider a set of families
F={f1,f2...,fs} and a set of houses H = {hy,hy,...,hg} such that the fam-
ily f; likes the house #; if and only if there is a piece in the cell (i,]) of the
chessboard. We will show that the hypothesis of Hall’s theorem is satisfied.

Indeed, for any subset X C F with k > 2 elements, we note that these like
together 4k houses (not necessarily distinct). In other words, |H(X)| < 4k. If
among these 4k houses, at most k — 1 are distinct, then there exists a house
which is liked by at least % > 4 families.

Translated to the setting of our problem, this means that on the column
corresponding to this house, there are more than 4 pieces, contradicting the
hypothesis. Therefore, for any X C F, we have |H(X)| > | X|. The conclusion
now follows easily.
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Example 4.46. Let X be a finite set and let

be two disjoint decompositions with all sets X; and Y; having the same size. Prove
that there are distinct elements x1,xy,...,x, € X which are in different sets in both
decompositions.

Solution. Consider the families F = {X7,Xj,...,X,;} and the houses H =
{Y1,Y2,...,Yn}. We say that the family X; likes the house Y; if and only if
XiNY; # @. Note that the conclusion follows if we prove that there is a
successful allocation of houses to families.

Now, let k = |X;| = |Y]-| forall 1 <i,j <n.As X;’s are disjoint, the union
of any t sets X; has exactly kt elements. By the same argument, the union
of any f — 1 sets Y; has exactly (¢t — 1)k elements. As Yj’ s cover the whole

set X, the tk elements belong to at least t sets Y;. Looking at Hall’s theorem,
we just proved that for any A C F, we have |[H(A)| > | A|. The proof is now
complete.

Example 4.47. Let P C IN be a set consisting of 2005 distinct prime numbers. Let
A be the set of all possible products of 1002 elements from P and let B be the set of all
products of 1003 elements from P. Prove that there is a one-to-one correspondence
f + A — B such that for every a € A, we have that a divides f(a).

Solution. Consider a set F = {f1, f2,..., fu} of n = (%88;) families and a set

H={hy,hy,...,hy} of n = (‘12883) houses, each of them associated to one of
the products with 1002 and 1003 factors, respectively. We say that a family
likes a house if the family’s number divides the number of the house.

Now, construct a n x 1 table in which on the position (i,j) we have 5 if
the family f; likes the house /; and 0 otherwise, it is easy to see that on each
line and on each column we have non-negative numbers that sum up to 1.
From Example 4.44, we deduce that one can pick n numbers from distinct
rows and distinct columns which are all positive. That means, there is a suc-
cessfully allocation of houses to families. This allocation gives the desired
one-to-one correspondence f.

Example 4.48. An m x n array is filled with the numbers 1,2,...,n each used ex-
actly m times. Show that one can always permute the numbers within columns to
arrange that each row contains every number 1,2,...,n exactly once.

Solution. We claim that one can permute the numbers within columns to
arrange that on the first row we have {1,2,...,n} orded in some way.
Consider an n x n table such that in each entry (i, j) we record the number
of times i appears on the column j in the original m x n array. Note that in
this n x n table, the sum of the numbers on each line is m, since each number
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appears m times in the initial array. The sum of the numbers on each column
is also m, because each column in the initial array contains m entries.

Now, from Example 4.44 we deduce that we can pick #n numbers from
distinct rows and distinct columns which are all positive. This means that
there are n distinct entries in the original m x n array, lying on different
rows and different columns. By permuting elements on each column, these
entries can be brought to the first row.

Using the claim, the conclusion follows by an easy induction argument
on the number of rows m.

Example 4.49. A group of students went on a trip to the beach. There were provided
n busses of equal capacity for both the trip to the beach and the ride home, one
student in each seat. There were not enough seats in n — 1 buses to fit each student.
Every student who left in a bus came back in a bus, but not necessarily the same
one. Prove that there are n students such that any two were on different buses on
both rides.

Solution. Let X; be the set of students in the i-th bus on the trip to the beach
and Y] be the set of the students in the j-th bus on the ride home (1 <i,j <
n). Denote by m the number of students that can be seated in a bus. The
hypothesis tells us that there are at least (n — 1)m + 1 students in total, as
they cannot be seated in n — 1 busses. We note a striking resemblance to the
solution of Example 4.46.

Let F = {Xy,...,X,} be the set of families and H = {Y3,...,Y;} be the
set of houses. We say that the family X; likes the house Y; if and only if
XiNYj # @. The problem reduces to showing that there exists a successful
allocation of houses to families. Any group of k families contain at least ki —
(m —1) =k(m — 1) students (otherwise a bus can be discarded). Therefore,
these students belong to at least k different busses on the ride home. This
means that k families like at least k different houses altogether. Now the
conclusion follows from Hall’s theorem.






Chapter 5
Generating Functions

Generating functions play an important role in the study of sequences of
numbers, functions and polynomials (see, e.g., [152, 170, 180, 216, 232]). In
this chapter we present key properties, operations and examples involving
ordinary generating functions (Section 5.1), or exponential generating func-
tions (Section 5.2). There we give the ordinary and exponential generating
functions for some classical polynomials and integer sequences. Section 5.3
contains applications of the Cauchy integral formula in the derivation of
integral representations for classical number sequences.

5.1 Ordinary generating functions and examples

The generating function of an infinite sequence
ag, a1, .-, an, - .-,
is the infinite series
F(z)=ag+mz+apz> 4+ +ayz" +---. (5.1)

The identification principle. Let F(z) =) > ,a,2" and G(z) =Y, bnz" be
two generating functions. Then, F(z) = G(z) if and only if a, = b,, n > 0.

The following operations hold.
1. Addition.

(o] (o] (o]
Z ayz" + Z a,z" = E cuz", wherec, =a, +b,.
n=0 n=0 n=0
2. Multiplication by a constant. If « € C a scalar, then

o0 [ee)
a) apz" =Y cpz",  wherec, = aay.
n=0 n=0

123
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3. Formal differentiation.

d

d . n _ - n—
dz (F(z)) = a4z (;goﬂnz ) —r;)”ﬂnz !

4. Formal integration.

/F(z dz—/Zanz”dz— +1 Z"L

5. Multiplication.

F(z)G(z) (Zanz > (ibﬂ”) = icnz”,
n=0 n=0

where ¢, = Y arb,_.

6. Hadamard multiplication.

F(z)oG(z (Zanz ) <i}bnz”> = i}cnz”,

where ¢,, = a,b,,.

7. Composition. If a9 = 0, we have

n=0 n=0 ]l_l,__l,_]k:n
Jirerfe21

8. Division. If by # 0, then we have

F(z) _ Ya—omz" _ & _u
= ) = CnZ
G(z) Yo obnz" E) "

1 n
Cn = b a, — k:Zlbkcn_k .

9. Inverse. The power series F(z) and G(z) are inverse if F(z)G(z) = 1,
which implies agby = 1 and

=—— Eﬂkbn o forn>1.
ﬂ()k

We now present some illustrative examples of generating functions.
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Example 5.1 (Finite sequences). For example, a finite sequence

ap,a1,...,0n,
can be seen as the infinite sequence

ap,aq,...,44,0,0,...,
whose generating function is the polynomial
F(z) =ag + a1z + az® + -+ + a,z". (5.2)

Example 5.2 (Constant sequence). The generating function of the sequence

1,1,...,1,...

is the function

1
F(Z)=1+Z+ZZ+"'+Zn+"':E’ |z| < 1.

Example 5.3 (Binomial coefficients). For an integer n > 1, the generating func-
tion for the binomial coefficients

0O O

i<z>zk:(1—|—z)”.

k=0

is the function

Example 5.4 (Generalized binomial coefficients). Recall that for a real num-
ber a and an integer n > 0, the generalized binomial coefficient is defined by

(oc) a(w—1)---(a —n+1)

n n!

The generating function for the generalized binomial coefficients

() () (5 (5)

is given by
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Example 5.5. Let k be a positive integer and let ay,ay, ..., ay,..., be the infinite
sequence whose general term ay is the number of non-negative integer solutions of
the linear Diophantine equation xog 4+ xq + -+ + x, = n.

Solution. The generating function of the sequence (x,),>0 is

(£ Yo 5 ur

n=0j1++jp=n

(v (va) . (ya)=_1
B <j1202] ) (;’202] ) (jkzosz> - (=2f
> —k 2 (m+k—1
— Z(—l)"( ; )z” = n;)( +n )z”.
Example 5.6. Let a,, be the number of integer solutions of the equation
X1+ x2+x3=mn,

where 0 < a1 <4,2 <ap <3and az > 3. Find the generating function.
Solution. The generating function of this sequence is

F(z) = <1+z+zz+z3+z4> <ZZ+Z3) <z3+z4+~'>

2(14+z+22+284+24) (1+2)
1-z )

Example 5.7. Find the generating function for the number of n-combinations of
red, green, blue and yellow balls, with the properties: the number of red balls is
0,1,2 or 3, the number of green balls is at least 5, the number of blue balls is odd,
while the number of yellow balls is even.

Solution. The generating function of this sequence is

- (59) () (5 (£)

(-2 (1-22)?
- 1-z7

Example 5.8. Let k be a positive integer and let ag, ay, ...,ay, ..., be the infinite
sequence whose general term ay, is the number of non-negative integer solutions of
the linear Diophantine equation

X1+ Xp+ -+ X =M.

Solution. The generating function of the sequence (x,),>¢ is
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S D oRIERS i

0 \ji++jx=n n=0j;+---+jr=n

(BN (Bt
0 =0
1)”( k) " zg(wr:_l)z”.

Example 5.9. Let k be a positive integer and let xy. ,, be the number of integer solu-
tions (j1,..., jx) of the equation

Mz

n

HMS <

a+ay+---+a,=mn,

such that the numbers jy, ..., j are odd positive integers.

The generating function of the sequence (x, x),>0 is

00 00 k
zZ) = ZZ +1 e Zz.+1 — 27
) (]Z(:) ] ) <]Z(:) ] ) (1-22)F

oy (k=T on g (R =T gk
=z nZ—O< . =3 ; Z2Tk

n=0

Example 5.10. Find the terms a,, n > 1 representing the number of nonnegative
integer solutions of the equation

3x1 +4xy + x3 4+ 5x4 =n.

Solution. The generating function of the sequence (a,),>¢ is

o= (B (54) () ()

1
TA-AHA-HA-2(1-2)

More generally, if for an integer k > 1 and given integers ay,...,4x, then
the number of integer solutions (x1,...,xx) of the equation

a1X1 + asxo + -+ + apXx =1,
is given by the formula

1

F(z) = (1—zn)(1—2z%2)---(1—z%)

Note that we also have the following useful identities:
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k=0
1 g —n k oo(n—l—k—l)kk 1
— = —az)" = a*zc, |z| < —.
A=) k_ZO(k)( =y 2l < g

These formulae help to find the generating functions for many sequences.

Example 5.11. Show that the generating function of the sequence
0,1,2%...,n% ...,
is given by the formula

F(z) = filfzjg.

1 o0
Solution. Indeed, we have 15— Z zk, hence

k=0

1 d < 1 > i d /g

==\ — |z
(1-2)2 dz\1-z//=dz ( )

= ikzkil.
k=0
Multiplying both sides by z we obtain a ZZ)Z = Y kz¥, which by differen-
n k=0

tiation with respect to z gives

1+Z s 2 k=1
— = kez" .
i &

The desired result is obtained by multiplication with z.

Similarly one can obtain the generating functions for the sequence
0,1,25 ..., 1k ..,
where k > 2 is a fixed integer.
The sequence (Cy),>0 given by
1 (2n
Cn= ,
"Tn41 < n >

is known as the Catalan sequence, which has numerous interpretations and
practical applications.
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Example 5.12 (Catalan sequence). Consider the Catalan sequence given by

Cpi1= chcn k Co=1
k=0

Prove that C,, = L <2n>'
n+1\n

Solution. Using the generating function F(z) = Y_;> ,C,z", we have
F(z)F(z) (Z Cnz" > (Z an”> Z (Z CiC,_ k) z"
n=0 0
1
Z,

hence the following identity holds zF(z)? — F(z) + 1 =0.
Solving for F(z) we obtain

1++1—4z
Fe) =—%—

Since we have

o0 1 0
VIi—dz=1+) (-1)" (2)4’&” =1+ ) a,z",

n=1 n=1

ap = (—=1)" B (;—1)~-<;—n+1>] 127': on

(=D(=3)---(=2(n=1) +1)

with

= (-1)" - "
_ 135-Qn-1)-1) _,  (2>n—1))
N n! 2 zn!(n—l)!'

It follows that
/1_ 2_1_22 (27’1) n+1,

hence
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Remark. One can prove by induction that C, is the number of ways to add
brackets to evaluate the matrix product

A1A2- : 'An+1/ n>0.

The number of ways to evaluate the product A1 Ay -+ A, 47 is determined
by multiplying two matrices at the end, which is given exactly by n + 1, i.e.,

A1Ay- Ao = (A1 Ag) (Agr - Angr), 0<k<n.

This suggests that the following recurrence relation holds:
n
Cns1= Y CCor,
k=0

which produces Catalan’s sequence.

5.2 Exponential generating functions and examples

The method of ordinary generating functions helped finding sequence terms,
especially when these were linked to binomial coefficients. However, in
other applications, generating functions with different properties must be
considered. Such examples are the exponential generating functions.

For the sequence (a,),>0, the exponential generating function is the series

e}

— n _n
E(z) = L e (5.3)
he identificati "lLF-OOl "and G —00117”
The identification principle. Let F(z) = ) Az’ an (z)=) —ibnz

n=0""" n=0
be two generating functions. Then, F(z) = G(z) if and only if a, = b, n > 0.

The following operations hold.

1. Addition.
o0 1 " (o] 1 " o0 1 "
E —a,z" + E —auzt = 2 —cuz", wherec, =a, + b,.
n! n! n!
n=0 n=0 n=0

2. Multiplication by a constant. If « € C a scalar, then

() oo
1 1
« Z —auz" = Z —c,z", where ¢, = aa,.
0 n! 0 n!
n—= n=
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3. Formal differentiation.

d d (&1 =1 _ 21
i (F(z)) = i (Z n!anz”> =) ananz" =y manﬂz”.

z

4. Formal integration.

ay
/F(z)dz = / 2 —anz”dz = n' " 12”+1 = Z:laan_lz”.
n=

4. Multiplication.

" (n
Cp = Z <k> akbn,k.

k=0

5. Hadamard multiplication.

F(z)oG(z) = (i nl!anz”> (i Lbﬂ”) = i %cnz”,

n=0

1
where ¢;, = —'anbn.
n!

6. Composition. If 5y = 0, we have

1 0 a a
G(F@) =Y balF@I" =Y yibe | L 42 |2
n=0""" n=0 it tje=nt1 Jk
n '/jkzl
[e) 1 1 "
:Zﬁbn 2 n'<' > A z"
n=0""" jitetje=n J1r-rJk
Juek21

F(z) Yoomaz® &1 1 "
el T L et o L M (S LEE R

1
ano mbnzn n=0""" 0 _

8. Inverse. The power series F(z) and G(z) are inverse if agby = 1 and

b= Ly (") ab forn > 1
n — {10: k kYn—ks (V) -t
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The following exponential generating functions are immediate

e 1, =1,n > 0 (constant sequence)

e If 0 <k < n be positive integers and P(n,k) = (7127;()' is the number of ar-

rangements of k objects out of 1, then the exponential generating function
of the sequence P(n,0), P(n,1), P(n,2),..., P(n,n),0,...,is given by

E(z) = i P(Z"k) ZF = i (Z)zk = (1+2)k

Theorem 5.1 (n-permutations of multisets). Let M = {nyay,noap, ..., npag}
be a multiset over the set S = {ay, a2, .., & }, where n; is multiplicity of the element
aj, j =1,...,k. Denoting by a, the number of n-permutations of the multiset M,
the exponential generating function of the sequence (an)y>0 is

w0 (£3)(£7)(£5) 54
=07 \j=0/* =07’

Proof. Notice that for n > ny + --- + ny, we have a, = 0, hence E(z) is a
polynomial. Notice also that the right side of (5.4) can be expanded as

ny,ny,..., Nk Zj1+j2"'+jk _ n1+n2ii"+nk ZTl Z n!
I n! , , PP
J1sj2se0jk=0 142 Jk n=0 1tk J1°]2 Jk

0<j1<ny,..., 0 <ny

The number of permutations of M with exactly jia}s, jpa5s, ..., jx&;s such
that j; +jo + - - + jx = n is the multinomial coefficient

( n >_ n!
g2k Jiljale !

. - . n!

This shows that a, is indeed given by a, = E — U
. ‘ jiljale - gx!
itk

0<j1 <ny,..., 05 <ny
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Example 5.13. Determine the number of ways to colour the squares of a 1-by-
n chessboard using black, white, green and red, if an even number of squares if
coloured in black.

Solution. Denoting the numbers of colourings by a,, we have a; = 0. Each
such colouring can be seen as a permutation of three objects b (black), w
(white), g (green) and r (red), with repetitions allowed, where b appears an
even number of times. This is given by the exponential generating function
expressed by the formula

(=) Z271 =) 1 3
o= (5 o) (5 7)

_ e“te” 3z 1 4z 2z
-2 =5 (¢ +e)

1 (& 4" & 2" 1& ., o 2"
_2<nz_0 - n;on!>:2nz_0(4 +2") - =

This shows that a, =2"~1(2" +1),n > 1.

Example 5.14. Determine the number a,, of n digit (in base 10) numbers with each
digit even, where the digits 0, 2 and 4 occur an even number of times.

Solution. Denoting this number by 4, and setting a; = 0, this is the num-
ber of n-permutations of the multiset M = {000,002,004,006,008} (having in-
finitely many copies of each element), in which 0, 2 and 4 occur an even
number of times. The exponential generating function is

o= (5 o) (B3) (557

1
:g(e—z+3ez+3832+852>

1(& (—1)"z" 2, z" = 3z & 5
= +3Y =43 -

1 s n n n Zn
=2 (BT (-1)")

8.7 n!

This shows that

543"+ 14 (—1)"
= 5 ,
Example 5.15. Find the number of ways to colour the squares of a 1-by-n board
with red, blue, green and white, where the number of red squares is odd, the number
of blue squares is even, and at least one square is white.

an

n>0.
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Solution. The exponential generating function is

) Z2n+1 o 21 2, z" o 2"
E(z) = (ZO@H)> (n_o <zn>!> (Zo> <21>

_ 1 1 o n n n "
i@ DICHE AR Gl R
n=0
This shows that g 1y
an_ — +(_ ) 7 7’121/
4
and ay = 0.

5.3 A useful version of the Cauchy integral formula

The Cauchy integral formula is a fundamental result in complex analysis,
with a long history and applications in areas like complex analysis, combi-
natorics, discrete mathematics, or number theory.

Here we will use a version of Cauchy’s formula derived in [16], to derive
integral representations for the terms of some classical integer sequences.
Recently, this approach was used to compute exact integral formulae for the
coefficients of cyclotomic [20], Gaussian and multinomial [17], polygonal
[18], and other general classes of polynomials [19].

Recall that a function  : () — C is said to be meromorphic at a point zg € (),
if h can be written as a quotient of two analytic functions f, g in a neighbour-
hood U C Q) of zg )

z
VzeU\ {zo} : h(z) @)

In this case we also have the expansion

h(z)=Y cu(z—z20)", (5.5)

n>—m

for all z # zj in a disk centered at zj. If m is the largest number for which
c—m # 0in (5.5), then zj is called a pole of order m. The coefficient c_1 of (z —
z0) ! in (5.5) is denoted by Res(,z), and called the residue of h at the point
zo. Cauchy’s Residue theorem relates global properties of a meromorphic
function and its integral along closed curves, to local characteristics, i.e., the
residues at poles.
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Theorem 5.2 (Residue theorem). Let /i : () — C be a meromorphic function in a
domain ), and A be a simple loop in Q) along which the function is analytic. Then

1
27T

//\h(z) dz =) Res(h(z),z=s),

where the sum is over all poles s of h enclosed by A.

Through this formula one can obtain a unitary formula for the coefficients
of an analytic function [112].

Theorem 5.3 (Cauchy integral formula). Let f(z) = Y,~cnz" be an analytic
function in a disk centered at 0, and let T be a curve in the interior of this disk, which
winds around the origin exactly once in positive orientation, that is the winding
number with respect to 0 is equal to 1. Then we have

_ 1 1 f@ _
e =5 | arrdz n=01,.. (5.6)

Letting I be the circle of radius R > 0 centred at 0 and z = R (cost + isint),
with t € [0,277], we have dz = R(—sint + icost)dt = iR(cost + isint)dt.
Then, formula (5.6) can be written as

¢ — L /2” iR(cost +isint)f (R(cost +isint)) &
27ti Jo R+ (cost + isint)ntl
1 27 f (R(cost +isint))
27tR" Jo cosnt + isinnt !
therefore
1 27
Cn = W/o (cosnt —isinnt) f (R(cost +isint))dt, n=0,1,.... (5.7)

If the coefficients ¢, are real numbers, then from (5.7), for n =0,1,... we
obtain

1

= /Ozn Re[(cosnt —isinnt)f (R(cost +isint))] dt. (5.8)

Cn

In addition, in this case the following formula can be deduced

27
/ Im[(cosnt — isinnt)f (R(cost +isint))]dt =0, n=0,1,....
0

Remark. When f is a polynomial, we can give a direct proof to formula (5.7).
Indeed, assuming that f(z) =Y ;" cxz¥, we obtain

m
2z "f(z) =cn+ ezt
k=0,k#n
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Letz=R(cost+isint), t € [0,271], and consider the integral over the interval
[0,277]. Clearly, the integral of zK~" vanishes for k # 1, hence

27
/ R(cost +isint) ™" f (R(cost +isint)) dt =2mc,, n=0,1,..., (5.9)
0

so (5.7) follows. The above argument also works for Laurent polynomials.
Example 5.16. Let with 0 < R <1 and consider the geometric series ) ,~oz".
Clearly, we have f(z) = 1L and

. 1 1 — R(cost —isint)
R(cost t)) = - '
f (R(cost +isint)) 1 — R(cost + isint) 14 R2 — 2Rcost

By formula (5.7) it follows that for every n > 0, we have

dt

1 /2” (cosnt —isinnt)[1 — R(cost — isint)]
0 1+ R2 — 2Rcost

1 /2” cosnt — Rcos(n + 1)t — i[sinnt — Rsin(n + 1)¢]
0

= dt.
27tR" 1+ R? —2Rcost

Because the coefficients c,, are real numbers, from (5.8) we obtain

1= 1 /2” cosnt — Rcos(n + 1)t
- 27mR" Jo 1+ R2 —2Rcost ’
and
0 1 /2” sinnt — Rsin(n + 1)t
- 27@R" Jo 1+ R2 —2Rcost



Chapter 6
Recursive Processes

Many mathematical patterns can be described using the idea of recursion.
Recursion is a process in which each step of a pattern is dependent on the
step or steps that come before it. In this chapter we will present recursive
processes of first order, second order, and also higher-order.

In this process we will also investigate the Fibonacci numbers and related
sequences, for which we give exact formulae for the general terms, as well
as various properties, formulae and interpretations.

We begin with an illustrative example.
Recall the number D, of derangements of a set with n elements is

This formula is not useful if we want to compute D, for some concrete
values of n. Two formulas connecting D, with D,,_1, or with D,,_; and D,,_»,
are given in the following examples.

Example 6.1 (The first recursive formula for D,). The following formula holds:
Dpp1=(n+1)Dy+ (=1)"", n=1,23,....
Solution. Just write

_ n
nD, 1+ (=1)"=nD, 1+ n!( D)

n!
1 1 1 L1 (—1)"
— I o= 4. (—=1)] I
TR TR TR St A pri s TR
1 1 1 1
:Tl'(]. 1'+E—§+ (—1) E):Dn

Finally, replace n by n + 1.

137
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Example 6.2 (Another recursive formula for D,). The following formula holds:
Dyip=(m+1)(Dyy1+Dy), n=123,...

Solution. Using twice the first recursion formula, we have

(” + 1)(Dn+1 + Dﬂ) = (” + 1)Dn+1 + (n + 1)Dn
= (n+1)Dyy1 + Dyyq — (=1)" !
= (n+2)Dpy1 + (_1>n+2 = Dy+2.
Let k > 1 be a fixed integer, and let (f,),>0 be a sequence of functions in

k variables. A recursive sequence defined by (f,;),>1 is a sequence (a,),>0
of numbers satisfying

Ak = frrk(@nik—1,0n1k—2,--,n)

for any n > 0, i.e., the (1 + k)" entry of the sequence is uniquely determined
by the k entries before it. The above relation is called a recursive relation
of order k. If the first k terms of the sequence (ay),>0 are given, then the
sequence is perfectly determined by the recursive relation.

Properties of the sequence of functions (f,),>0 will define various classes
of recursive relations. In Example 6.1, the sequence of functions (f,),>0 , is
defined by the formula f, 1(x) = (n +1)x + (=1)"*!, n=1,2,...; Then, in
Example 6.2, the sequence of functions (f;),>1, is defined by the formula
foi2(x)=m+1)(x+y),n=12,....

6.1 First order recursions

Let «,a,b be given real numbers. In many situations one must find the for-
mula for x,,, where (x,),>0 is a sequence defined by xp = « and

Xpe1=ax,+b, n=0,1,2,.... (6.1)

The sequence of functions (fy,),>0 is defined f,(x) =ax +b,n=0,1,...
The following special cases are clear.

o Ifa=1,b#0,then (x,),>0 is an arithmetic sequence and
X, = & + nb.

e Ifa =0, then (x,),>0 is the constant sequence x, =b,n =1,2,....
e Ifa=1,b=0, then (x,),>0 is a geometric sequence and

xp=aa™ 1, n=12,....
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In the generic case a # 1, a # 0 and b # 0 we proceed as follows. In the
first step we find a real number x such that x, 1 +x=a(x, +x),n=0,1,....

For n =0, we get x1 +x = a(xp + x) and x1 = axp + b, hence x = %.
For the second step, introduce the sequence (V,)n>0, Yn = Xn + x. We obtain
Yn+1 =ayy, n=0,1,..., hence (yn)nzo is a geometric sequence.

It follows that v, = a"yo, n =0,1,2,...,s0

xn:ﬂn <ﬂé+ab> —%, Tl:0,1,2,.... (62)

Example 6.3. Consider the sequence (x,),>o defined by xo = 0 and x,.1 =
—%xn +1,n=0,1,2,.... Find a formula for x,,.

Solution. Applying formula (6.2) for « = 0,a = —3%, b = 1, we obtain

() () s
()

(_1)n+1
:W‘i—g, Tl:O,].,z,...

Example 6.4. Let (x,),>0 be the sequence defined by xo = « and x,, 11 = x, + 1,
n=20,12,.... Find X2023-

Solution. Note that in this case the recursion defining the sequence (x;),>0
is not of type (6.1), hence we cannot apply the method above to find x,. In
this case we write the recursion relation for n =0,1,2,... and get

X1*X0:0
Xp—x1=1
X3—XQ:2

Xp—Xp_1=n—1.
Summing up all these relations we obtain

(n—l)n‘

Xp—Xo=1+2+--+n—-1= 5

Therefore, x, = « + w and
2022 - 2023

X2023 = & 5
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6.2 Second order linear recursions

Let (x4 ),>0 be the sequence defined by xo = ag, x1 = a1, and
Xpi2 =axyy1 +bx,, n=0,1,2,..., (6.3)

where wg,a1,a,b are given real numbers.

One can define the sequence of functions (f,),>0 given by the formula
fn(x,y) =ax+by,n=0,1,..., where we have k = 2 and all the functions in
the sequence are linear. These properties motivate the name of the recursion.

In the search for solutions of the equation (6.3), one may try expressions
of the form x,, = t". By substitution in the original equation

t”(tz—at—b):o.

A trivial solution is obtained for t = 0, so we shall assume for now that ¢ # 0.
The characteristic equation of sequence (x, ), >0, is defined by

2 —at—b=0. (6.4)

Depending on whether the two roots t1,t, of the characteristic equation
(6.4) are distinct or equal, one may identify two cases.

Case 1. Distinct roots. If the roots t1,¢, of (6.4) are distinct (real or complex),
then the sequences (}),>0 and (t}),>o are both solutions of (6.3).
The general formula is given by the linear combination

Xy =c1t] +c2ty, n=0,12,..., (6.5)

where coefficients c; and ¢, are determined by the system of linear equations

1+ =g
{ c1ty + ety = aq. (6.6)

Case 2. Equal roots. If t; = f,, then the solution of (6.3) is given by
xp=(c1+cn)tf, n=0,12,..., (6.7)

where coefficients c¢; and c; are determined by the system

{ €1 =g
(Cl + Cz) tr = aq.

The relations (6.5) and (6.7) are often called Binet-type formulae. Initially
formulated by Binet in 1843 in the context of the Fibonacci sequence, nu-
merous Binet-type formulae exist for similar sequences, including the case
of recurrent sequences of higher order.
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We now present a matrix formula which allows the calculation of the
terms of the sequence (x,),>0 given by (6.3). We start with two identities.

Remark. For a,b,c,d real numbers, the following identity holds

01\ (ab) (01 dc 01\ ' /01
(Vo) (£2) (o) = (os) (5) =(%5)  »
Theorem 6.1. The following formulae hold
lE)C)TED e
Xn Xn4+1 ba X1 X2
e Xn4+1 Xn — ab - X2 X1 (6 10)
Xn Xp_1 10 X1 x9) " ’
wheren =1,2,....

Proof. 1° Note that the following matrix relation holds for n > 2

Xn—1 Xn — 01 Xp—2 Xp—1
Xn Xn+1 ba X1 Xn )’

hence, we can write
Xp—1 Xn |\ _ (01 -l X0 X1
Xp Xu41) \ba xX1x2)°
2° By the remark we obtain
01\ _(01\ [ab) 01\ [01\ fab) 01\ "
ba) \10/\10/\10) \10/\10/)\10 !
o1\* /01\ fab) /01"
ba) —\10/\10 10 ’
Therefore, it follows that
Xp41 Xn \ _ (01 (x,-1 xu 01
Xn Xu—1) \10 Xn Xps1) \10
01\ [x0x1) (01
ba x1 X/ \10
01\ (ab\" " (01 [xx1) (01
10/\10 10/ \x1 xp 10
1
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6.2.1 Fibonacci, Lucas, Pell and Pell-Lucas numbers

Here we present the definitions some famous second-order linear sequences.

Fibonacci numbers: (F)n>0: 0,1,1,2,3,5,8,13,21,34,55,89, ....
Lucas numbers: (Lu)u>o0: 2,1,3,4,7,11,18,29,47,76,123, ....
Pell numbers: (Pu)n>0: 0,1,2,5,12,29,70,169,408,985,2378, ....
Pell-Lucas numbers: (Qu)y>0: 2,2,6,14,34,82,198,478,1154,2786, ...,

indexed as A000045, A000032, A000129, and A002203, in the OEIS [190]. Be-
low we present some explicit formulae for the terms of these sequences.

Theorem 6.2. 1° (Fibonacci numbers) Let F, be given by Fy =0, F; =1 and
Fiyo=F41+E, n=012....

The formula of the general term is given by
1

1+v5)  [1-v5)"
LAY (5] e

2° (Lucas numbers) Let L, be given by Lo =2, L1 = 1 and

Fy

Lyio=Lys1+Ly, n=01,2,....

The formula of the general term is given by

L,= <1+2ﬁ> + (1 _2‘@> . (6.12)

3° (Pell numbers) Let Py, be given by Py =0, Py =1 and

Pyip=2Py 1+ P, n=0,1,2,....

The formula of the general term is given by

P, 14 \ﬁ)" . (1 . fz)"} . 6.13)

1
ol
4° (Pell-Lucas numbers) Let Qy be given by Qo =2, Q1 =2 and

Qﬂ+2 — 2Qn+1 + Qn/ n= 011/2/ e

The formula of the general term is given by

Qn:(1+xﬁ)n+(1—\f2)”. (6.14)
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Proof. 1° The associated characteristic equation is

P —t—1=0,
1 5 1—+5
having the distinct roots t; = +2\[ and t, = 2\[. Solving the system
c1+c=0
cit1 +oatr =1,
we getc; = = = b and the desired formula follows
getcy NG 2 /5 .

2° The proof is similar to that used at 1° for Fibonacci numbers, but now the
starting points are instead Lo =2, L1 = 1.

3° The associated characteristic equation is
2 —2t—1=0,
having the distinct roots t; =1 + V2 and th=1-— V/2, while from the initial

conditions Py = 0, P; = 1 one obtains the formula.

4° The proof follows the same ideas as for Pell numbers, but here we have
the starting points Qo =2, Q = 2. O

These formulae can be extended naturally to negative integers, where
they yield the identities

Fopu=(-1)""1F, Ly=(=1)"Ly, Py = (=1)" 1Py, Q- = (—=1)"Qu,
valid for all n.

By formula (6.9), one can obtain expressions for the general terms of Fi-
bonacci, Lucas, Pell, and Pell-Lucas sequences, which involve powers of
some special matrices.

Theorem 6.3. The following formulae hold for all integers n > 1

Fiq Fo ) _ (01 =101 _(01)" (6.15)
Fy Foi 11 11 11) ° :

L,1 Ly \ _ (01 21
< Lnl Ln+1) B <1 1) <1 3>, (6.16)
Pn— Pn 01 n—1 01 01 n

( Pnl pn+1> - <1 z> (1 2> = (1 2) , (6.17)
Qn-1 Qn . 01 -l 22

< in Qn+1> B <1 2> <2 6)- (6.18)
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Remark. Using formula (6.10) it follows that for n > 1 we have

Fop Fo ) [11\"
F, F,1) \10) "
Lysi Lo\ (11\"'/31\
L, L,.1)  \10 12)’
P.1 P\ [21\"
P, P,1)  \10)
(B ar)-G) (33)
Qn Qn 10 22)°

Taking determinants the identities presented in Theorem 6.3, one can ob-

tain the Cassini identities for these sequences.

Theorem 6.4. The following formulae hold for n > 1

Fr% —F1F= (—1)7171

Ly — Ly—1Lyt1 =5(-1)"

P; — Py 1Py = (-1)"!
Q7 — Qu-1Qus1 =8(—1)".

(6.19)
(6.20)
(6.21)
(6.22)

Some history and related generalisations of these results are discussed by
Melham in [179], or by Fairgrieve and Gould in [101]. For example, the rela-

tion (6.19) was apparently proved by Simson in 1753.

We give below an application of the classical Cassini identity.

1
Example 6.5. Compute ), ; %, where (Fy)n>0 is the Fibonacci sequence.

Solution. Indeed, by the Cassini relation
Fr=F, 1B + ()",

the sum of the first n terms is given by

=1 bk k=2 kEk+1
:1_i<Fk1_ Fy >: Fu
i\ Fe Fea Fnia

Taking limits, the sum of the series is given by

n+1 2 \/5_1

= lim
,E Fopa ”_>°° 1 + f 2
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One may consult [3, 132, 154] for more results on reciprocal sums.
Theorem 6.5. 1° (Golden ratio) The sequence of ratios of Fibonacci numbers

K R F Fui

F1/F2/F3/---/ Fn ARV

has the limit ¢ = 15/5 ~ 1.6180339887 - - -, called the golden ratio.
2° The sequence of ratios of Lucas numbers

Ly Lz Ly Lyiq

LIy L L,

S

also has the limit ¢ = &
3° The sequence of ratios of Pell numbers

Py Py P P
P1/P2/P3r---/ Pn JARRY

has the limit 1 + /2, referred to as the silver ratio.
4° The sequence of ratios of Pell-Lucas numbers

Q2 Qs Q4 Quni1

Q' Q"Q" T QT

has the limit 1 + /2.
Proof. 1° From the Binet formula (6.11), we have

1

Fo=—=[¢" = (=1)"""].

S

5

One can check that forn >0

Fn+1 B ¢7’l+l _ (_1)Vl+l¢—7’l—1

T
Clearly, as ¢ > 1 the limit of this expression is ¢.

2° From the Binet-type formula (6.12), we have
Lo=¢"+ (-9,
hence

Ln+l _ (Pn+1 4 (_1)n+1¢—n—1
Ly 9"+ (1)

and the solution follows.
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3° Similarly, from the Binet-type formula (6.13), we have

p, = 2\1@ W' — (—1)"a"],

where &« = 1 + /2. Therefore,

lxn+1 _ (_1)n+1“7n71

Pn+1 _
P, at — (=1)ra—m 7

hence the limitis a = 1 + /2.
4° By the Binet-type formula (6.14) we have
Qu=a"+(-1)""",
where & = 1 + /2. We obtain

Qn+1 B lxn+1 + (_1)n+1a—n—1
Qi @t (D

and the conclusion follows. O

Remark. The golden ratio is linked to the proportions between parts of the
human body, musical notes and various patterns in nature. Many of these
occurrences are presented in the monograph of Koshy [149].

Example 6.6. Let (a,),>0 be the sequence defined by ag =0, a; =1, and
ayiq —3ap+a, 1=2(-1)", n=12,....

Prove that ay, is a perfect square for all n > 0.

Solution. Note thata, =1,a3 =4,a4 =9, a5 =25,s0ag = Fg, a = Flz, ap = Fzz,
a3 = F2, ay = F}, a5 = F2, where (F,) > is the Fibonacci sequence. We prove
thata,, = F,% for all n > 0. Assume that g, = sz for all k < n. Hence

an=F2, a, 1=F>_,, a, o=F,. (6.23)
From the given relation we obtain 4,11 — 3a, +a,_1 =2(—1)", and
Ay —3ay_1 4+ a,_p=2(-1)""1, n>2.

Summing up these equalities yields a,,41 —2a, —2a,_1 +a,-2 =0, n > 2.
Using this relation and (6.23) we obtain

Ay41=2F2+2F2 | —F2 ,=(F,+F,_ 1)+ (F,—F,_1)* — F2_,

_ 12 2 2 2
- n+1+Fn—2_Fn—2_Fn+1'
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6.2.2 Reduction of order

As shown in [26] and [27], second order linear recurrent sequences can be
written as first-order non-linear recurrent sequences.

Theorem 6.6. The recurrence sequence (6.3) satisfies

X2 —axpx,_ 1 —bx3: | = (=1)""W"" a2 —angay — ba3), n=1,2,....

(6.24)

Proof. Taking determinants in both sides in formula (6.9) (or in the relation
(6.10)), we obtain the relation

Xn—1Xn4+1 — xr21 = (_b)nil <x0x2 - x%) ’
which by the recurrence formula (6.3) gives
X1 (axn + bx, 1) — 2, = (=b)" [xo(ﬂxl +bxo) — Xﬂ ,

which represents the relation (6.24). (]

From Theorem 6.4, or by applying Theorem 6.6 in the particular case of
Fibonacci, Lucas, Pell and Pell-Lucas numbers, one can obtain some other
classical results, which connect the sequence terms to just the previous term,
but now through a non-linear identity.

Theorem 6.7 (Cassini-type identities). The following formulae hold for n > 1

Ff—FyFyq—Fpy = (—=1)"! (6.25)
L= LuLy 1 — Li_y =5(=1)" (6.26)
Py —2P,Py 1 — Py = (—1)"! (6.27)

Q= QuQu-1—Qr =8(-1)". (6.28)

Solving the quadratic equations for F,;, L,;, P, and Q; in Theorem 6.7, the
following first-order non-linear recurrent sequences can be obtained.

Corollary 6.1. The following relations hold for all integers n > 1

F:<n1+\/5 4 1) (6.29)

1

Ln=> <Ln1 + /512 + 20(-1)1«) (6.30)

Py =Py, 1+\/2 (=1t (6.31)

Qu=Quo1+1/2Q2_; +8(-1)". (6.32)
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Extensions involving products of three or more recurrence terms are de-
tailed in [21, Section 2.2]. We here state a Melham-type result without proof.

Theorem 6.8. Consider the sequence (xy),>o defined by the recurrence equation
Xpto =axyy1 +bx,, n=0,1,...,

with xg = ag, x1 = a1, where wg, a1, a, b are given real (or complex) numbers. The
following identity holds
Xn+1Xn+2Xn+6 — x731+3 = D(—b)nH (ﬂgxn+2 - bzxn+1), (6.33)

_ 2_ .2
where D = angnq + bag — af.

The following Melham-type identities are obtained for Fibonacci, Lucas,
Pell and Pell-Lucas numbers. The first of these was given in [179].

Theorem 6.9. The following formulae hold for n > 1

Fur1FuyaFate — Foys = (—1)"Fy (6.34)
Lut1LpioLnte — Lyys =3(=1)""'Ly, (6.35)
Puy1Pu2Pute = Piig = (=1)" (8Pus2 — Puya) (6.36)
Qu+1Qu+2Qnt6 — Qs =8(=1)"1 (8Qui2 — Qi) (6.37)

Example 6.7. The sequence (x,),>1 is defined by x1 = 0 and

Xpi1 =5xn +1/24x2+1, n=12,....

Prove that all x,, are positive integers.

Solution. It is clear that x; < xp <.... The recursive relation is equivalent to

X2 —10xuxp 1+ X2 —1=0, n=12,...
Replacing n by n — 1 we get

X2 —10xyx, 1 +x2_,—1=0, n=23,...
It follows that x,41 and x,_1 are the roots of quadratic equation

2 — 10x,t + x5 —1=0,
hence x,, 1 + x,_1 = 10x,,. We obtain
Xp11=10x, —x,—1, n=23,..., x1=0,x=1.

A simple inductive argument shows that x;, is a positive integer for any n.
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6.3 Higher order linear recurrences

In this section we present basic results in the theory of linear recurrent se-
quences. We first discuss the general term for recurrent sequences of higher
order defined for arbitrary initial values and recurrence coefficients, based
on the article of Andrica and Toader [33] and the monograph of Everest et al.
[100]. Some problems where significant progress was made recently are then
discussed [193]. The order of a linear recurrence relation can be reduced, as
shown by Andrica and Buzeteanu [26, 27].

Let m > 2 be a natural number. A linear recurrence sequence (LRS) is an
infinite sequence (x, ), >0 satisfying the recurrence relation

Xp=01Xy_1 +a2Xy_2+ -+ amXpn—m, m<nelN. (6.38)

Ifa;,i=1,...,m (recurrence coefficients), and «;, i = 1,...,m (initial condi-
tions) are fixed complex numbers satisfying a,, ZO0and x;_1 =w;,i=1,...,m,
then the recurrence relation has order m and is uniquely defined.

The polynomial defined by

F) = 2" —a ™ e ay1x — (6.39)

is called the characteristic polynomial of the LRS (6.38). The general term
of the recursion is given by

Xp =Pi(n)z{ +--- + Pp(n)zy,

where z1,...,zy are roots of (6.39), and P;, i = 1,...,m are polynomials in .
If z4,...,zy are distinct, then the LRS is simple and Py, ..., P, are constant.

The theory of LRS is a vast subject with extensive applications in mathe-
matics and other sciences. Many properties and results are presented in the
monograph of Everest et al. [100]. Decision problems involving LRS with ra-
tional terms are discussed by Ouaknine in [193] and other of his papers.
Problem 1 (Skolem). Does x;, = 0 for some n?

Problem 2. Is x,; = 0 for infinitely many n?
Problem 3 (Positivity). Does x;,, > 0 for all n?
Problem 4 (Ultimate Positivity). Does x,, > 0 for all but finitely many n?

Berstel and Mignotte showed that Problem 2 is decidable [62]. Ouaknine
made progress on Problem 3 for simple LRS of order m < 9[194], or arbitrary
LRS of order m < 5 [195], respectively. Problem 4 holds for simple LRS [193].
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6.3.1 The general term

Let the sequence (x;,),>0 be defined by the linear recurrence relation (6.38),
where ay, ..., a4, € C, ay, #0and x, ..., x,,_1 € C are given. We want to find
the general term x,, for n > m. For this we consider the generating function
of the sequence (x,),>0

F(z)=xp+x1z+ -+ x,2" + . (6.40)

The following result presents the relationship between homogeneous lin-
ear recurrent sequences and their generating function (see, e.g., [172]).

Theorem 6.10. Assume that the sequence (X, ), satisfies the homogeneous linear
recurrence relation (6.38). The generating function F associated with this sequence

= %, where Q is a polynomial of degree
m with nonzero constant term and P is a polynomial of degree strictly less than m.

Conwversely, for any such polynomials P and Q, there exists a unique sequence
(xXn)n>0 satisfying the linear homogeneous recurrence relation (6.38), having the

generating function given by the rational function P/ Q.

can be written as a rational fraction F(z)

Proof. From (6.38) and (6.40), the generating function F for the sequence
(xn)n>0 can be written as

m—1 ) o m—1 . ) m

F(z)=) xZ + ) x2"=) xz + ) <Zajxnj> z
': n=m ': n=m =
m—1

= zH—Za]an 2" = Zx]z]—s—Za] Z x,z"t

j=1 n=m—j

z]+amz anz + Za]zf <2xnz

—.
o

m,,

Z xizi>
i=0

m—1

I
M

]:

-1
:mZ: z]+F Zaz]— Zaz] Z x;z!
j=0
m . om=1
=F(z)Y a7 + Y x2 — Z Za]xs -
j=1 j=0 s=1
It follows that

m ) m—1 oo om=1 s
F(z) (1 - Zajz]> =) %7 =) 2°) apx,
j=1 =0 s=1  j=1
m—1 5
=x0+ ) (xs Y aixs_ ]> S,
j=1



6.3 Higher order linear recurrences 151

We obtain the polynomials P € C,,_1[z] and Q € Cy,[z] defined by

m—1 s
P(z)=xo+ Y (xs - Zajxs_]) z
s=1 =1

m

Q(z)=1- Zajzj.

Conversely, if (x,),>0 is the sequence having the generating function
F(z) = P(z)/Q(z), we can write

~ k u
F(z)= Y xz", P(z)=) b7, Qz)=1-) aj.
n=0 j=0 =1

P(z)
Q(2)

<1 — iajz]) (i xnz”> = ibjzj.
j=1 n=0 j=0

Writing polynomial Q as an infinite series with a; = 0 for j > m, we have

Clearly, from F(z) = we obtain the formula

0 00 n m .
E X 2" — Z <Zajxn_j> = ijz].
n=0 j=1 j=0

n=0

Identifying the coefficients of z", one obtains the recurrence relation

m
Xp = Za]-xn,j, n>m.
j=1

O
Remark. We can write F as a sum of simple fractions. If the polynomial
) =1—mz—- -z,
has the distinct roots zJ, ..., z;,, with multiplicities g1, ..., g, then
P m qi .
Pz) = 2@ gy i (6.41)

B f*(2) B i=1j=1 (z — Z;‘)]

Lemma 6.1. The coefficients f;; in formula (6.41) is

1 , N . .
fl-j:W[(z—z;)q@(z)]g‘gzg), i=1..0, i=1,..m (642)
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Proof. By (6.41) we have fori=1,...,m

fin fig;
F(z) = + 7 t hi(2),
( ) _Z:f (Z—Z;k)ql l( )
or
(z—=2)"F(z) = fu (2= 2))" "+ fig + (2= 2)) " hi(0),
which gives (6.42) by successive differentiation. O

Lemma 6.2. If u # 0 and | 2| < 1, then for all integers j > 1 we have

(Z 7 = (=1)u —12(”“ >(u> . (6.43)

n>0 J

Proof. The result follows from operations with formal series given in [79],
by differentiating the identity below j — 1 times with respect to z

-5

n>0
O
Theorem 6.11. The sequence (xy,),>0 defined by (6.38) is given by
xp =P (n)z{ + -+ Ppu(n)zy, n>k, (6.44)
where the zy,...,zy are the distinct roots of the polynomial
fle) =2 —aZ - -,
with the orders of multiplicity q4,...,qm, and
Zfl] l(”ﬂ ) i=1,...m. (6.45)

Proof. Asz; = l* from (6.41) and (6.43) we get

-t B () ()
:n§)§]§<—1>fz7+ffa(”?ll> E(ZP )

which is exactly (6.44). O
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Example 6.8. The sequence (x,),>1 is defined as x1 = 20, x, = 12 and

Xp42 = Xp + X1 + 24/ XnXpy1 +121, n>1

1° Compute x1¢;
2° Determine with justification if every term in the sequence is an integer.

Solution. It is clear that x3 =20 + 12 4+ 2 - 19 = 70. Notice that
Xn+3 = Xna1 + Xnt2 + 24/ Xp11 X042 + 121
= Xp+1+ Xpq2 + 2\/xn+1 (xn 4+ X1+ 2/ XnXpe1 + 121) + 121

= X1+ Xpi2 + 2\/x%+1 + 28/ XX + 121 4 xpx,0q + 121

= Xuy1 + Xni2 2 (Fug1 + VEaFpn +121)

=3Xp41 + Xpy2 + X2 — Xn — Xpp1
=2Xp42 + 2Xp41 — Xn.

Therefore, it follows that (x;,),,>1 is an integer sequence and we can compute
x4 = 144, x5 = 416, x4 = 1010, x7 = 2788, xg = 7260, x9 = 19046, x19 = 49824.
The characteristic equation of (xy),>1 is > — 2t — 2t + 1 = 0, with the

roots ;1 = —1,t, = 3+2‘/§, t3 = 3_2\/5. If follows that

n n
xn:cl(—l)”+cz<3+2\/§> +c3 <3_2\/5> , n=12,....

Solving the system xq = 20, x; = 12, x3 = 70, we obtain the coefficients

54 12+2J§ Cig_z\@
5 %2 5 5’ ° 5 5

Furthermore, one can write

X = (1) % (6+6+2v5) <W>

5 4
n
1 6 —25
+ (6+6-2v5) <4>
54 6 4
= g(—l)n+1 + ngn + 5L2n+2,

where L, is the mth Lucas number.
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6.3.2 The space of solutions

A solution of the recurrence equation (6.38) is any function x : N — C with
x(n) =mx(n—1)4+ax(n—-2)+ - +aux(n—m), n>m. (6.46)

(The notation x (1) is only used in this section, while for the rest of the chap-

ter the more compact subscript notation x, is preferred). As each solution

is completely determined by m initial conditions x(0),x(1),...,x(m — 1), the

set containing the solutions of (6.46) forms a vector space V of dimension m

over C. The general term of the sequence satisfying the recurrence relation

(6.46) is then a linear combination of m functions which form a basis for V.
For A # 0, the characteristic equation (6.47) is equivalent to

AT = g AT L g A2 g, A ag.

It may be assumed without loss of generality that the order of the recurrence
relation can not be reduced, therefore c;, # 0. For finding a base of the vec-
tor space V, one may first check that the functions w(n) = A" (A # 0) are a
solution of (6.46), whenever A is a zero of the characteristic polynomial

flx) =x" —ax™ 1 —apx™ — =y X — a, (6.47)

As a complex polynomial, f(x) has exactly m roots. Examples of bases for
V for the cases when the roots of (6.47) are all distinct, all equal, or distinct
with arbitrary multiplicities are presented below.

Proposition 6.1. If the polynomial f (6.47) has m distinct roots z1,...,zm, then
fin) =21, fa(n) =23, ..., fu(n) = zy,
form a basis of the vector space V of solutions for the recurrence relation (6.46).

The proof is based on two facts. First, each function f;(n) is a solution of
(6.46). Second, the Vandermonde determinant involving the first m values

1,z;,... ,z;ﬁ_l of each function f;(n) is non-zero for distinct values z1,...,zp.
A detailed proof is presented in [134, Theorem 1].

Proposition 6.2. If z is a unique root with multiplicity m of the the polynomial f
given by (6.47), then the m sequences

filn) =2", fo(n) = n2", ..., fuu(n) = n""12",
form a basis of the vector space V of solutions for the recurrence relation (6.46).

The idea of the argument is that a multiple root of polynomial (6.47) is also
a root of its derivative. A detailed proof is given in [134, Corollary 1].
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Proposition 6.3. If a characteristic polynomial of a linear recurrence relation of
order d has m distinct roots z1, ...,z having the multiplicities dy,...,dy (ie., the
degreeis dy + - -- + dy, = d), then the d sequences

fin)=n"12}, 1<i<m, 1<j<d, (6.48)

form a basis of the vector space V of solutions for the recurrence relation (6.46).

A proof of this results is given in [134, Theorem 2].

6.3.3 Reduction of order for LRS

As suggested by Andrica and Buzeteanu in 1982 [26], a second order linear
recurrence equation can be reduced to a non-linear recurrence equation of
the first order (see Theorem 6.6). In particular, such first order formulae ob-
tained for Fibonacci, Lucas, Pell and Pell-Lucas numbers were presented in
Theorem 6.7.

Here we present a more general result, concerning the reduction of order
for higher order linear recurrence relation, based on results proved by An-
drica and Buzeteanu in 1985 [27]. Specifically, we show that if a sequence
(xn)n>0 satisfies a linear recurrence of order m > 2, then there exists a poly-
nomial relation between any m consecutive terms. This shows that the linear
recurrence relation of order m is in fact reduced to a nonlinear recurrence re-
lation of order m — 1.

Let m > 2 be an integer and let the sequence (x;),>1 satisfying

m
Xy = Zarxn,r, n>m, (6.49)
r=1

where the starting values x; = a;, and recurrence coefficients a;,i =1,...,m,
are given real (or complex) numbers such that a,, # 0.
For n > m, let us consider the determinant

Xntm—1 Xn+m—2 --- Xn+1 Xn
Xn+m—2 Xn4+m—3 --- Xn Xn—1
D = | , (6.50)
Xn+1 Xn oo Xpn—m+3 Xn—m42
Xn Xn—1 -+ Xnp—m+2 Xn—m+1

for which we can obtain a recursive formula.

Theorem 6.12. Let (x,),>1 be a sequence given by (6.49) and let Dy, be defined by
formula (6.50). For any n > m, the following relation holds

D, = (=1)m-Dl=mgn=mp (6.51)
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Proof. Following the steps outlined in [145], [174] and [213] (for m = 2), we
introduce the matrix

Xnt+m—1 Xnt+m—2 «-- Xn+1 Xn
Xn+m—2 Xn+m—3 --- Xn Xn—1
An = . (6.52)
Xn+1 Xn o oo Xp—m+3 Xn—m+2
Xn Xn—1 -+  Xn—m+2 Xn—m+1
It is easy to see that
0100 0 0 0
0010 0 0 0
A1=l0000 ... 0 1 0 |4 (6:53)
0000O0 0 0 1
ai az as as Am—2 Am—1 Am
hence
0100 0 0o o\""
0010 0 0 0
A=10000 .. 0 1 0 Am- (6.54)
0000O0 0 0 1
ajy ap as ay e y—2 A1 Am

By taking determinants in (6.54), we obtain

—m

<(_1)m_lam)n Dy, = Dy,
for n > m, which ends the proof. O

Theorem 6.13. Let (x,,),>1 be a sequence given by (6.49). There is a polynomial

function of degree m defined by Fy, : C™ — C, so that the relation below holds

mfl)(”fm)aﬁmlfm(am,am_l,...,oq).
(6.55)

Pm(xn/xn—L- . -/xn—m+1> = (_1)(

Notice that from the recurrence relation (6.49) one can compute D, as a
function of the known values a1, a5, ...,&;. For the same reason, one can also
express D; as a function of the terms x,,,X,_1,...,X;—u+1. Thus, there exists
a polynomial function of degree m, such that the relation (6.55) is true. If we
suppose that the equation (6.55) can be solved with respect to x;;, this results
in an expression involving only the terms x,,_1,x,,—2,...,X,_;,+1. However,
the resulting expression is in general very complicated, as shown bellow.
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Example 6.9. For m = 2 we obtain
FE(x,y) = X — a1xy — azyz, (6.56)
and the sequence (xy),>1 is given by
Xp = A1Xy—1 + A2Xp_2, N >3,X1 =01, X2 = Ky, (6.57)

where the relation Fy(xn,x,—1) = (=1)"a} 2Fy(aa,a1) holds. This relation was
proved by induction in [53]. Writing the relation explicitly we have

(2xy — ayx,_1)% = (a3 +4az)x2_; +4(-1)""aj 2 (azzx% + ajaqap — zx%) .
(6.58)

Under some special conditions on (xy,),>1, we can express x,, as an explicit formula
of x,—1. Moreover, if the sequence satisfies the second order recurrence equation
(6.57) with aq,a; and wq,a; integers, by (6.58) then

(a3 +4ap)x2_; +4(—1)""1a =2 (azzx% + aqan — oc%) ,

is a perfect square. This results extends [138].

Example 6.10. Simple computations show that for m = 3 we have

3

F3(x,y,2) = — x> — (a3 + a1a2)y° — 032> + 201x°y + axx’z — (a3 + a1a3)y°z

— (a% — az)xy2 — ayazxz® — 2a2a3y22 + (3a3 — ajap)xyz.
By (6.55) we obtain that for the linear recurrence relation
Xp =@1Xp-1 + a2Xp—2 +a3Xn—3, N >4,x1 =01, =az,x3 =03, (6.59)
one has the relation F3(Xp,X,—1,Xp—2) = a§’73F3 (a3, 0,007).
Example 6.11. The Tribonacci numbers are defined by the recurrence relation
Tw=Ty1+Th2+tThs nx4 (6.60)

where Ty =1, T, = 1 and Ts = 2. In our notation, we have w1 =1, 00 =1, a3 =2,
and a1 = ay = a3 = 1. Substituting in Example 6.10, we obtain

F(x,y,2) = —x° — 2% — 2% + 2x%y + x%z — 29z — x2% — 2y2° + 2xyz.
The nonlinear relation satisfied by Tribonacci numbers is
F3 (TVl/ T)’l*l/ TH—Z) - F3(DC3,0(2,0£1),

where F3(a3,00,00) = —8—-2—14+8+4—-2—-2—-2+4=-1.
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6.4 The sequences of Lucas and Pell-Lucas polynomials

The Lucas and Pell-Lucas polynomials Uy, V,, € Z[x,y], n =0,1,..., are de-
fined by the formulae

n__ . n
Un(x,y) = xx j , (6.61)
Va(x,y) =x" +y". (6.62)

The polynomials U, and V;, are symmetric and we have degll, =n — 1,
n=12,...,and degV,, =n,n=0,1,.... Also from (6.61) we can extend the
sequence U, (x,y) for n =0, by Up(x,y) = 0.

On the other hand, the sequences (U, (x,y))n>0 and (V,,(x,1)),>0 satisfy
the same recursive relation of order 2, with different initial values

U = (X + y) U1 —xyly,, Ug=0,U =1, (6.63)
Vito=(x+y)Vyp1 —xyVe, Vo=2,Vi=x+y. (6.64)
The Fibonacci, Lucas, Pell and Pell-Lucas numbers can be obtained as partic-

ular instances of the polynomials U, and V), for special pairs of real numbers
(x,y) as detailed below

1 1-—
Fn:un< +\@/ \/g), n=0,1,...,

2 2
Ln:Vn<1+2\/g,12\/§>, n=0,1,...,

P, = U, (1+ﬁ,1—\fz), n=01,...,
Qu="Vy (1+ﬁ,1—\f2), n=01,....

The polynomials U,, and V;, have similar algebraic properties as the Fi-
bonacci, Lucas, Pell and Pell-Lucas numbers. For instance, we have the fol-
lowing matrix forms valid forn =1,2,...

Uppr —xyl, \  [(x+y —xy\"
( U, —nyn1> N < 1 0 ’ (6:65)
Vipr —xyVa \ _ (X +y —xy "lx+y —2xy (6.66)
Vi, —xyV,_q 1 0 2 —(x+y))’ .

which recover the matrix identities for second order recurrent sequences
shown in Theorem 6.1, and in particular polynomials obtained for the cases

(x,y) = (%,#) and (x,y) = (1 ++2,1— \@), respectively.
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6.4.1 Ordinary generating functions of (Uy)n>0, (Vi) u>0

Using the formulae for U, and V}, (6.61), one obtains

Y Un(x,y)z" = . i ; Y (" -y 667)
n=0 o

__1 11

Cox— y\l—-xz 1-yz

z z

T (l-x2)(1—yz) 1—(x+y)z+ (xy)z2’ (6.68)
Y Valxy)z" =) (" +y")2" (6.69)
n=0 n=0

__1 1

S l—xz 1-— yz

2ol (6.70)

T1- (x +y)z+ (xy)z%

Substituting for the polynomials given in Section 1.2.3, we obtain the gen-
erating functions for special classical polynomials.

The Fibonacci polynomials. Since f,, (x) = U, (x+‘/2m, g *‘/2"21) ,we have
;f n(x)z" = gzﬁ

The Lucas polynomials. Since I,,(x) =V, (X+\/2m' "*‘/Zm) , we have
néln(x)z” = %

The Pell polynomials. As p,(x) = U, (x + V2 1L,x— Va2 + 1), we have

ad z
n __
n;p”(x)z T 1—2xz—22"

The Pell-Lucas polynomials. As g,(x) =V, (x +vVxz+1,x—Vx2+ 1)

ad 2 —2xz
n __
rgﬂ”(")z T 1—2xz—22"



160 6 Recursive Processes
The Chebyshev polynomials of the first kind. Since we have the relation

T, (x) =3V, <x +vVx2 —1,x —Vx2 — 1) , if follows that

ad 1—2xz
T, n—_ -~ 7
ngo n(%)z 1—2xz + 22

The Chebyshev polynomials of the second kind. Since we have the relation

U (x) = Uyyq (x +vVx2 —1,x —Vx?— 1), it follows that

ad 1
n __
n;)””(x)z 1 —2xz+ 22

The Hoggatt-Bicknell-King polynomial of Fibonacci kind. Since we have
gn(x) = Uy (2074 x3220) it follows that

ad z
n __
'E)gn(x)z C1—xz 422

The Hoggatt-Bicknell-King polynomial of Lucas kind. By the relation

hy(x) = Vy (”szz*‘l, x— V2’“2*4), one has
s 2 —xz
h(x)2" = ——— 22
rg n(%)z 1—xz+ 22

The Jacobsthal polynomials. Since [, (x) = Uy, (1+ virtl 1-virtl ), we have

z

Z Ju(x)z" = 1
n=0

—z —4xz?
The Morgan-Voyce polynomials. As B,,_1(x) = gu(x +2), go(x) =0, we get

1
x+2)z+22

o0 o0 1 [e'e]
Y Bu(x)2" = Y g (0)2" = 1 Y gulx+2)2" = <
n—0 n=0 Z 0= —(

The Brahmagupta polynomials. For the integer parameter ¢t > 0 we have
Xn(x,y) = 3 Vi (x +yVitx— y\/?), yu(x,y) =yU, (x +yvitx— y\ﬁ>, 50
_ 1—xz

C 1 —2xz+ (x2 —y2t)22

3 n_ yz
y;)yn(x,y)z C 1= 2xz+ (22— y2t)22

Z xn(x,1)z"
n=0
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6.4.2 The explicit formula for the Fibonacci, Lucas, Pell and
Pell-Lucas polynomials

Using the ordinary generating functions of the Fibonacci, Lucas, Pell and
Pell-Lucas polynomials, we can derive the following algebraic expressions.

Theorem 6.14. For every positive integer n, we have

S .

1° fulx)= Y (” ; 1)x"21% (6.71)
j=0

2° ] i), 6.72

n<x>—j_0n].( ]. )x : 672)

Bl VR ‘ ‘

3° p(x) = < ; )2”_2]_1x”_2]_1; 6.73)
j=0
)y ey

4° %“*:ZH%4< j)?zu”% (6.74)
j=0

~

w (l'74] , . ,
E(E )

and the formula follows by identification of the corresponding coefficients.

2° Following the same idea as before, we have

Zl (x)2" = — Xz 2—xz
! xz—22 1—(x+2)z

= Z (2 —xz)(x +z)"z"
m=0
5]

— = n_j>xn—2j Pk
,E(M”ﬂ<] )

hence the formula (6.72) follows.
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3° From the generating function of the Pell numbers, we obtain

Y P = i = T
= 1-2xz—22 1—(2x+2z)z

—_ Z(2x+z)mzm+l

m=0

nl .
_ i iJ (" o 1>2n2j1xn2j1 o
n=0 \ j=0 J

and the formula follows by identifying the corresponding coefficients.

4° Analogously, for the Pell-Lucas polynomials, we have

i (x)2" 2—-2xz 2-2xz
:q" T1-2xz—2 1-(2x+z2)z
=2) (1—-x2)(2x+z)"z
m=0
= i > o ‘<n _]> 220y | 2
n=0 \ j=0 "I\ ]
and the desired formula follows. O

As F, = fu(1), by (6.71) we obtain the Lucas formula in Theorem 6.14
with a different proof. Similar formulae hold for L, P, and Q.

Corollary 6.2. The following relations hold:

L],

1° F,= <” J 1) (6.75)
j=0
R

2 Ly=) — < ; ) (6.76)
j=0
=],

3° p,= (” 1= 1)2" 2j-1 (6.77)
j=0
W e

— ( ; 22, (6.78)

]:0
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6.4.3 Applications to classical sequences

2
correspond to Fibonacci and Lucas sequences. In this case, xy = —1 and
x + vy =1, hence by the formulae (6.67) and (6.69) we have

Using (x,y) = (”T\@,M) one obtains the generating functions which

o0

Z
ZFnznzl_ _ 2
=0 Z z

o]

2 —
Y L=
=0 l-z—2z

For (x,y) = (1 +v2,1— ﬁ), the generating functions for Pell and Pell-

Lucas sequences are obtained. Indeed, here xy = —1 and x + y = 2, hence by
the formulae (6.67) and (6.69) we have

Pz =
,; nz 1—2z—22
ad 2—-2z
n __
n:OQnZ 1—2z—22

In many situations, it is possible to obtain the generating function of
the sequence (x,),>0 using only the recurrence relation, and then to derive
some properties of the sequence.

We illustrate this idea for second order recurrence relations. Assume that
(Xn)n>0 is given by xy, 49 = ax, 41 + bx,, n=0,1,..., where xp = ap and x; =
a1, while a,b are real (or complex) numbers with b # 0. We can write

(o] oo
F(z) =) xuz" =x0+ 3124 ) x,2"
n=0 n=2

(o]
=wg+ a1z + 2 (ax,_1 + bxy_p) 2"
n=2

= ag + a1z + az (F(z) — ag) + bz*F(z),
and obtain the following relation

ap+ (a1 —ang) z
Flz)= =71 (6.79)

From formula (6.79) we can derive the Binet-type formula for the sequence
(xn)n>0- Let t1, t; be the roots of the characteristic equation associated to the
sequences, t? — at — b = 0.
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Clearly, we have 1 — az — bz?> = (1 — t1z)(1 — t,z), hence the decomposi-
tion of the fraction in (6.79) can be written as

ag+ (g —amg)z A . B
1—az—bz2  1—tz 1—tz’

(6.80)

where the values of A and B can be determined by identifying the coeffi-
cients in the equality ag + (#1 — awg)z = A(1 — t2z) + B(1 — t;z). This leads
to the system A + B =ag and tpA + t1B = ang — ay. If t1 # t,, then we get

aoty + a1 — ang oty + 1 — ang

f1— 1t

A= , B=-

t—to
We can derive the explicit formula for x,, by expanding the fractions in (6.80)
as geometric series, and the comparing coefficients of z" on either side. It
follows that for n = 0,1, ..., we have

x, = At} + Bt}

1
. [(aot + a1 — awg) t — (wota + a1 — ang) 1] . (6.81)
1= 12
If t; = t5, then it is possible to derive the formula for x,, directly from (6.81),
by taking the limit t, — ¢;. We obtain

tn-i—l _ tn+l Mo

Xp=ap lim L——2— 4 (ag — anp) lim 1—2

th—t;  t — 1y ta—t £ — I
=wo(n+ 1)t + + (g — anp) ntT_1

= [apty + (wpty + a1 — ang) 1] tT_l, n=20,1,....
Example 6.12. Find the recurrence relation satisfied by the sequence (Fyy,) >0, con-

sisting of those Fibonacci numbers whose index is a multiple of r, where r is a fixed
positive integer.

Solution. Denoting « = 1+2\/§ and = 1_\/5, one may write

2
PIEESS

—_

lxrn _ IBrn)Zn

5

=0

3
Il
o
3




6.4 The sequences of Lucas and Pell-Lucas polynomials 165

We also obtain the relation

1 1 1
r;)sz _ﬁ(l—(x’z+1—[3rz>
 Lw-p):
1 (a"+ )z + (ap) 22
_ Fz
T 1—Lz+ (=1)z%

where L, denotes the rth Lucas number. The denominator leads immedi-
ately to the recurrence relation

Fru2) = LiFyuiny + (=) gy, n=0,1,.... (6.82)

6.4.4 Exponential generating functions of (Uy)n>0, (Vi)n>0

Using the formulae for the polynomials U, and V;, (6.61), we have

— 1 — 1 o
,EOH”"(” Z*
o 1 © 1 XZ __ oYz
Y (x2) = Y ()| = (6.89)
S ar=x o x—y
and
= 1 - 1 XZ 4
Zﬁ 2— x" 4y Z" = e + eV (6.84)
=n! = n!
Here we use the hyperbolic functions sinhu = % and coshu = %

The Fibonacci polynomials. Since f, (x) = Uy, <x+ \/sz +4 x—\/2x2 +4 ) ,wehave

1 x+\/x2+4. xfx/x2+4'
Zn.fn =g\ 7 e T
_|_
2% e2EVAHE _ pm3zV 207 z/x2+4
T Vilt4 2 T V2a 2

The Lucas polynomials. Since I,(x) = V, <x+ V2"2+4, x= V2"2+4>, we have
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1 x+Vx2+4 x—/x2+4
Y Shi(x)zt=e 2 F4e 2
n!

n=0
1 1
ﬂeZZ\/xz'H +e—72\/x2+4 - VA2 4
=2¢2 5 =2e2 cosh ——.

The Pell polynomials. As p,(x) = U, (x +Va2+1L,x— Va2 + 1), we have

21 2%
Z ;Pn(x)z” = \/%Hsinhzx/ x2+1.
n=0""" X

The Pell-Lucas polynomials. As g, (x) = V, (x +vVx2+1,x—Vx2+ 1)

> 1
Z ﬁﬁn(x)zn — 2% cosh zv/x2 + 1.
n=0""

The Chebyshev polynomials of the first kind. Since we have the relation

Tu(x) = %Vn (x VX2 —1,x — V2 — 1) , it follows that

[ee]

1
Y —Tu(x)z" = e“coshzy/x2 — 1.

!
=0 n:

The Chebyshev polynomials of the second kind. We have the relation
U (x) = Uyyq <x + Va2 —1,x —Vx% — 1), while by (6.83) we deduce that

xe¥z — yeyz

1
;un+l(x y) x—y

(agk

n=0

It follows that

(x4 Va2 1) el (a1 ) oV

|
ngoﬁ w02 = 2vx? —1
Xz
:%(xsinhm/xz—l—i—\/xz—lcoshzx/x2—1>.
x —

The Hoggatt-Bicknell King polynomial of Fibonacci kind. Since we have
gn(x) = Uy, (x+ V4 1y ) it follows that

Xz

Zl (x)z" = 2e” sinh 2Y%
F TR Y o 2
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The Hoggatt-Bicknell-King polynomial of Lucas kind. By the relation
(”\/fﬁ, x_\/2"27_4), we have

> 1 xz 2_4
Y —hu(x)z" =27 cosh ZVY .
= n! 2

The Jacobsthal polynomials. Since J,(x) (1+ VZSXH 1= V28x+l ), we have

* 1 n_ 208 z2/Bx 1
Z —Jn(x)z sinh .
= ! V8x+1 2

=gn(x+2)and go(x) =0,

The Morgan-Voyce polynomials. Since B,,_1(x)
as for Chebysev polynomials of the second kind, one obtains

2
PRV P e P SV o GV
2

> 1
~B n_
r;)n! )2 x> —4
5 2 _ 2 _4
i x2—4coshzxz>.

;272_ (x sinh % +
The Brahmagupta polynomials. For the integer parameter ¢t > 0 we have
t),

xn(%,y) = 5Va (x+yx/?,x —y\/?),yn(x,y) = yUy (x+y\/f,x —yf) 50
Z (x,y)z" = ¥ coshyzV/t.

1 ez
Y oiyn(xy)z" = sinhyzvE

n=0
Substituting x = 1 in the formulae for the exponential generating func-
tions for Fibonacci, Lucas, Pell and Lucas Pell polynomials, we obtain
2
2 n 2V,
V5
zﬁ_

L,z" = 2¢7 cosh —

gk
2| -
m
N
=

3
Il
o

[7e
S|

=
Il
=)

2¢*
Pnz =~ _sinhzv/2;

V2
an — 2¢% cosh zV/2.

=
L2 Ip-1e
:."—\ S‘H



168 6 Recursive Processes

6.5 The integral representation of classical sequences

We begin with the integral representation of Uy, (x,y), where x, y are nonzero
1 1
x]” Jy]
erating function of U, (x,y) is given in formula (6.67) as

= 1 g 11
rg)un(x,y)z B Z 1—xz 1-yz)’

x_yn:O

real numbers with x # y. Assume that R < min } The ordinary gen-

The power series in the left hand side is convergent for |z| < R, since |xz| <1
and |yz| < 1. Applying formula (5.7) we obtain

f27'f cosnt—isinnt _ _ cosnt—isinnt ds
U _Jo 1—xR(cost+isint) 1—yR(cost+isint)
n(xy) = 27t(x —y)R"

In order to calculate the first expression in the integral, we have

cosnt — isinnt (cosnt —isinnt)[1 — xR(cost — isint)]

1—xR(cost +isint) x2R% +1 — 2xRcost
_cosnt —isinnt — xR [cos(n + 1)t — isin(n + 1)t]

- 4

x2R%2 +1 — 2xRcost

and similarly

cosnt — isinnt (cosnt —isinnt)[1 — yR(cost — isint)]

1 — yR(cost + isint) y?R? +1 — 2xRcost
_cosnt —isinnt —yR[cos(n + 1)t —isin(n + 1)t]
B y?R2 + 1 —2yRcost

Because U, (x,y) is a real number, it follows that

f27r cosnt—xRcos(n+1)t  cosnt—yRcos(n41)t
0 x2R2+1-2xRcost y2R2+1-2yRcost

27t(x —y)R"

Un(x,y) =

After simple computations we obtain the integral formula

1 2t xyR%cos(n + 1)t
U,(x,y) =
n(xy) 27TR”—1/0 a+ bcost + ccos?t
1 /‘2” (x +y)Rcosnt
27R*1 Jo  a+ bcost+ ccos?t

1 2 cos(n — 1)t
dt, 6.85
+ 27tRm-1 /0 a+ bcost + ccos?t (6:85)
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where the parameters g4, b, c are given by

a=a(x,y,R) = (xy)*R* + <x2 + y2> R?+1,
b=0b(x,y,R) = —2(x +y)(xyR> + 1)R, (6.86)
c=c(x,y,R)= 4xyR2.

Similarly, the ordinary generating function of V;,(x,y) is given by

i (x,y)z" = ! + !
Y 1—xz 1-yz’

Apllying formula (5.7) it follows that

Va(t,y) = 1 /2” cosnt — xRcos(n +1)t  cosnt —yRcos(n + 1)t
Y= onRe x2R? 4+ 1 — 2xRcost y?R? 4+ 1 —2yRcost

hence if 4,b, c are defined by (6.86) we obtain

Va(x,y) = 1 /2” 2xyR?cos(n + 2)t
27TR" a+ bcost + ccos?t
1 27 (x +v) (xyR% +2) Rcos(n + 1)t
727TR”/() a+bcost + ccos?t
1 2 [(x +y)* R+ 2} cosnt
+27‘[R"/0 a+ bcost + ccos? t

1 27 (x +y)Rcos(n — 1)t
— t. 6.87
27'[R”/o a4+ bcost + ccos?t (6:87)

dt

Remark. Considering the integral

coskt
a+ bcost + ccos?t

27
I = L(x,y,R) = /O

formula (6.85) shows that U, (x,y) is a linear combination of the integrals
Iy41, Inand I,,_q, i.e., we have

xy xX+y 1
Un(x,y) = 2R~ 31”+1 2R”2n+2 Rn—1"

L.
Similarly, from (6.87), we obtain V},(x,y) as the linear combination

X (x+y) (xyR? +2
Va(x,y) = HTZ—ZI”H - 27'[(R”—1 ) n+1

(x+y)’R*+2,  x+y

27TR" " 2pgRn-17"T
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Integral formula for Fibonacci numbers

Because F, = U, HT\@, #), for Fibonacci numbers we have x +y =1
and xy = —1, therefore

1 2t —RZ%cos(n + 1)t — Rcosnt + cos(n — 1)t
~2nR"1 Jo R4 +3R2+1+42(R3 — R)cost — 4R2cos?t

F, dt, (6.88)

iti : 2 2 — 2 _ 51
for every positive real number R < min { VB VA } BTy A et

Using the notation

Ikzlk<1+\/§ 1\f5,R>

2 72
T coskt Y
~Jo R4+3R2+1+2(R3— R)cost —4R2cos?t

this can be further written as

1 1 1

Fa = ~ 27Rn-3 Tnsa = 277R"-2 I + 277R"-1 Tna.

Integral formula for Lucas numbers

Because L,, =V, #,%), and x% + y2 = 3, we obtain the following
integral formula for Lucas numbers

Lo 1 2n cos(n + 2)t d
. nR"2 Jo R*+3RZ+1+2(R3—R)cost —4R2cos?t
N RZ -2 27 cos(n+ 1)t a4t
2R 1 Jo R*+4+3R2+1+42(R3—R)cost —4R?cos?t
Rz 42 y2m cosnt 4
2nR" Jo R*+3R?2+1+2(R3—R)cost — 4R?cos? ¢
1 2 cos(n — 1)t

— dt, (6.89
2R 1 Jo R*+4+3R2+1+42(R3—R)cost —4R?cos?t (6.89)

iti : 2 2 — 2 _ 51
for every positive real number R < min { VB VA } =TAET T

With the I;.’s used for Fibonacci numbers, for Lucas numbers we have

1 R%Z -2 R%2+2 1
I, 1.

Ln =~ TR"—2 Tz + 27R—1 Tuga + 27R" " 2pRn-17"T
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Integral formula for Pell numbers

Because P, = U, (1 ++v2,1— \/i) , for Pell numbers we have x 4y =2 and
xy = —1, therefore

1 2t —RZ?cos(n + 1)t — 2Rcosnt + cos(n — 1)t
~27nR"1 Jo R4+ 6R2+1+44(R3 — R)cost — 4R2cos?t

P, dt, (6.90)

. . 1 1 o .
for every positive real number R < min { V3 ﬁ} =v2-1

Using the notation

I = I (1 +V2,1— xﬁ,R)

[ coskt 4
~Jo RY+6R2+1+4(R3—R)cost —4R?cos?t

we have

1, 1 1,
T onRn 3 T graan T g et et

Pn:

Integral formula for Pell-Lucas numbers

As Q, =V, (1 +v2,1— \ﬁ) and x?% + y2 = 6, for Pell-Lucas numbers we
get the following formula

1 270 cos(n +2)t
Qn=- mR"=2 Jo R*+46R?+1+4(R3 — R)cost —4R?cos? t
N R? -2 f2m cos(n+ 1)t &
R 1 Jo R*+6R%>+1+4(R3— R)cost —4R?cos? t
N 2R%+1 (27 cosnt "y
nR" Jo R*+6RZ+1+4(R3—R)cost —4R%cos?t
1 27 cos(n — 1)t

— dt, (691
R Jo R*+6R%>+1+4(R3 - R)cost — 4R?cos? t (691)
for every positive real number R < min { Hl—ﬁ, ﬁ} =v2-1.
With the I;’s used for Pell numbers, for Pell-Lucas numbers we have

1 R%2 -2 2R% +1 1

Qn= T Rn-2 2 + WL&l + TR" I — TR T L.
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Chapter 7
Polynomials in Multiple Variables

Polynomials in several variables with coefficients in a field K can be defined
inductively. To be precise, a polynomial f(X,Y) in two variables X,Y is a
polynomial in Y with coefficients in K[X]. That means

fIX,Y)= Zf]

where f;(X) € K[X]. If we write

nG)
X) = Z lZi]‘XZ
i=0
we see that f(X,Y) can be expressed as

n . .
fXY) =) XY,
=0

where n = max {n(j)}. We will write f(X,Y) =¥ al-inYj and we always
assume that this sum is finite. We denote by K[X, Y]the set of polynomials in
variables X, Y with coefficients in K. It is clear that we can perform addition
and multiplication of polynomials in two variables such that K[X,Y] is a
ring. Nevertheless, the Euclidean division theorem is not valid unless the
divisor is a monic polynomial in one of the variables. For example:

XY = X224 XA X = (X2 Y) (XY 4 Y2) £ X+ Y,
when we divide the polynomial by X2 — Y. But, dividing to Y — X? we get:

XY — X"2Y2 4 X2Y2 4 X = (Y - X2> (—X”_ZY X2y + X4> L X6+ X.

173
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Assume that the ring of polynomials in n — 1 variables K[Xj,..., X, _1] is
defined. Then, by induction we define

K[X1,..., X = K[X1,..., Xu_1][Xn)-

Clearly, a polynomial in the variables X3, ..., X,,_1, X; is a polynomial in the
variable X, with coefficients polynomials in the variables Xj, ..., X,,_1. Such
a polynomial is commonly denoted as F(Xj, ..., Xy). Also, a polynomial in
n variables F(Xj,..., X,) can be expressed as a finite formal sum

F(X1,.0Xn)= Y aX}... X0,

I:(ilr“'ril’!)

where I = (iy,...,i,) is an ordered sequence of non negative integers and a;
are constants from one of the number sets Z,Q,R,C or from [F,,.

The product a IXi1 . .X;” is called a monomial. The degree of the mono-
mial a;X{' ... X) is iy + -+ + in. The degree of a polynomial is the highest
degree of its non zero monomials.

To be precise, we defined the degree of F by

deg(F) = max{deg(Xi1 XYy # 0}.

This maximum may be attained in more monomials. For example, the
polynomial F = X3Y — 2YZ> 4 3X3Z has three variables X, Y and Z, and
the degree deg(F) = 6.

A polynomial F(X3, ..., X,) is homogeneous if all its non zero monomials
have the same degree. A homogeneous polynomial of degree 1 is called a
linear form and can be written as a1 X7 + - - - + a4, X,,, where a4, ...,a, € K.

A general homogeneous polynomial of degree 2 is called a quadratic
form and can be written as

mX3 4+ ay X+ apXi Xy +a3X1 X3+ ay 10 X0 1Xn,

where a;,a;; € K for all i,j € {0,1,...,n}.
The following properties hold for homogeneous polynomials.

1) The sum of two homogeneous polynomials of the same degree is also a
homogeneous polynomial.

2) The product of two homogeneous polynomial is also a homogeneous
polynomial.

3) Let f and g be two homogeneous polynomials with f divisible by g. Then,
the quotient of f by g is also a homogeneous polynomial.
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7.1 Symmetric polynomials

The polynomial F(Xj,...,X,) is said to be symmetric if for any permutation
s =(s1,...,57) of theset {1,2,...,n} one has F(Xj,...,X,) = F(Xs,,..., Xs,)-
For example, the polynomial F = X2Y + XY? + Y2Z + YZ? + Z?X + ZX?
is a symmetric polynomial in three variables. For all k > 1, the polynomials
Pe(Xy,...,Xn) = X + -+ + X§ are symmetric in n variables are symmetric.
Clearly, the polynomial G = X?Y — XY? + Y2Z — YZ? + 72X — ZX?, in
three variables, is not symmetric.

Let us consider the following important symmetric polynomials

S1(Xq,..,Xn)=X1+ -+ Xn

Se(Xt,. 0 Xn) =Y X+ X,
i1 el

Su(X1,..., Xpn) = X1Xa... Xy,

where the sum in the definition of the term Sj is taken over all k element
subsets {iy,...,ir} of the set {1,2,...,n}. By extension for k > n, we define
Sk = 0 and also Sp = 1. These polynomials are generally called the funda-
mental symmetric polynomials in 7 variables. We will use them throughout
the book and for simplicity we denote them by Sy, ...,S;.

Some properties involving symmetric polynomials in the same variables,
analogous to the properties 1) — 3) listed for homogeneous polynomials.

1) The sum of two symmetric polynomials is also a symmetric polynomial.

2) The product of two symmetric polynomials is also a symmetric polyno-
mial.

3) Let f and g be two symmetric polynomials such that f is divisible by g.
Then, the quotient is also a symmetric polynomial.

In other words, an algebraic combination of symmetric polynomials is a
symmetric polynomial. In numerous applications, the polynomials involved
are symmetric and homogeneous, therefore one can make use of the three
properties listed above. We now present some illustrative examples.

Example 7.1. Factorize the polynomial
P(a,b,c)=(b—c)(—2a+b+c)?+ (c—a)(a—2b+c)*+ (a—b)(a+b—2c)>

Solution. Clearly, P is a symmetric and homogeneous polynomial of degree
3in a,b,c. Note that P(a,a,c) = 0, hence P is divisible by a — b. Because of
the symmetry, P is also divisible by b — ¢ and by ¢ — a.
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It follows that
P(a,b,c) =k(a—"b)(b—c)(c—a),

for some constant k. Taking a =0, b =1, c = 2, we get P(0,1,2) = 2k, hence
2k = —18. It follows k = —9, so

P(a,b,c)=—-9(a—b)(b—c)(c—a).
A similar example problem is the following.
Example 7.2. Factorize the expression
E(a,b,c)=(a—b)(a+b)* 4+ (b—c)(b+c)* + (c —a)(c +a)*

Solution. It is clear that E is a symmetric and homogeneous polynomial in
a,b,c of degree 5. From E(a,a,c) = 0 it follows that E is divisible by a — b and
because the symmetry, E is also divisible by b — c and by ¢ —a.

We now get the expression
E=(@a—-b)(b—c)(c—a)-G,

where G is a symmetric and homogeneous polynomial of degree 2 in he
variables a,b,c. We have

G =ki (a2 + 02+ ) + ko (ab + be + ca),
for some constants ki and k,. Therefore
E=(a—-0b)(b—c)(c—a) [kl <a2+b2+02) +k2(ab+bc+ca)} .
From the relations
E(0,1,2) =2(5ky + 2kp), E(—1,0,1) =2(2ky — k),

one obtains the system

5kq + 2k, = —25
2k —ky = —1,

from where it follows that ky = —3 and k, = —5. We get

E(a,b,c) = —(a—b)(b—c)(c—a) [3(a® + b2+ ) +5(ab+ be+ca) .
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Let us see how these ideas can be used to prove an identity of cyclic form.

Example 7.3. Prove the identity

Zx‘*(y—z) =—(x-y)y—2)(z—x) (x2+y2+22+xy+yz+zx>.
cyc

Solution. We proceed as in previous problem in order to factor

F(x,y,z) =) x"(y - 2).

cyc

It is clear that F is a symmetric and homogeneous polynomial in x,y,z of de-
gree 5. From F(x,x,z) = 0 it follows that F is divisible by x — y, and because
the symmetry it is also divisible by y — z and z — x. We get

F=(x-y)y-2)(z-x)-H,

where H is a symmetric and homogeneous polynomial in x,y,z of degree 2,
given by the formula

H=Ik (x2+y2+zz) + ko (xy +yz + zx),

where ki and k, are constants to be determined.

From the relations F(0,1,2) = 2(5k; + 2k;) and F(—1,0,1) = 2(2k; — k),
and we obtain the system of equations

{5kl +2ky = —
2ky —ky = —
hence k1 = ko = —1, and the conclusion follows.
Second solution. If we provide the substitutions
x=b+c, y=c+a, z=a+)b,
then the left-hand side of the identity is
(a—b)(a+b)*+b—-c)b+c)*+ (c—a)(c+a)t
Now, we replace x,y,z in the right-hand side and get

—(a—b)(b—c)(c—a) [3 (a2+b2+c2) +5(ab+bc+ca)}.

The result now follows from the previous example.
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Example 7.4. Prove the identity

Y (y—D)(—x+y+2°=—4x-y)y-2)(z-2)(x+y+2).
cyc

Solution. Consider the expression

E(xyz) =) (y—2) (~x+y+z)’
cyc

and note that E(x, x,z) = 0. It follows that E is divisible by x — y, and because
the symmetry, it is also divisible by y — z and z — x. Taking into account that
E is a symmetric and homogeneous polynomial in x,y, z of degree 2, we have
the formula

E=(x-y)y-2)(z-x)-F

where F is polynomial in x,y,z of degree 1, both symmetric and homoge-
neous, hence F = k (x + y + z), for some constant k. From F(0,1,2) = 6k, we
get —24 = 6k, hence k = —4 and we are done.

Example 7.5. Factorize the expression
P(x,y,2) = (x—y)°+ (y—2)° + (z—x)°.

Solution. We have P(x,x,z) =0, P(x,y,x) =0 and P(x,y,y) = 0, hence P is
divisible by (x —y)(y —z)(z — x). We get

P=(x-yy-2)(z-x)Q
where Q is a homogeneous polynomial of degree 2 in x,y, z, hence
Q=k (x2+y2+zz) +ko (xy +yz +zx),

where the constants k; and k, must be determined.

From the relations P(0,1,2) = 2(5k; + 2k;) and P(—1,0,1) = 2(2k; — k)
we obtain the system of equations

5k + 2k, =15
2k1 —ky =15,

hence k1 =5 and k, = —5. It follows the factorization

P(x,y,2) =5(x —y)(y — 2)(z = x) (P + 2 + 22— xy — yz - 2x).
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Example 7.6. Factorize the expression
foyz)=(x+y+2)° —(~aty+2)’ — (x—y+2)’ — (x+y-2)°

Solution. Clearly, f is a symmetric and homogeneous polynomial of degree
3 in x,y,z. Note that f(0,y,z) =0, hence f is divisible by x. Also, we have
f(x,0,z) = f(x,y,0) =0, hence f is divisible by y and by z.

It follows that f is divisible by xyz and since deg(f) = 3, we get f = kxyz,
for some constant k. In order to determine k, observe that f(1,1,1) =k, hence
k = 24. Finally, f(x,y,z) = 24xyz.

Example 7.7. Factorize
oy ) =(x+y+2) = (x+y) = (y+2)" - 2+ )"+ (< 4yt + 29,
Solution. The polynomial g is symmetric in x,y,z and deg(g) = 4. We have

§(0,y,z) = g(x,0,z) = g(x,y,0) =0,

hence g is divisible by xyz. It follows that ¢ = xyz - h, where h is a symmetric
polynomial in x, y,z of degree 1, that is h = k (x + y + z) for some constant k.
We get the factorization

g=kxyz(x+y+z).

In order to find the constant k we set x =y =z =1 and obtain g(1,1,1) = 3k,
hence 3% — 3 - 2% 4+ 3 = 3k. It follows k = 27 — 16 + 1 = 12, therefore

g=12xyz(x +y +z).
Example 7.8. Factorize
h(xy2) = (x+y+2)° = (~x+y+2)° = (x—y+2)° =~ (x+y-2)°.

Solution. It is clear that /1 is a symmetric and homogeneous polynomial in
x,Y,z of degree 5. From

h(0,y,z) = h(x,0,z) = h(x,y,0) =0,

it follows that h is divisible by xyz, hence h = xyz - g, where g is a symmetric
and homogeneous polynomial of degree 2. We have

g=k <x2+y2—|—zz> + ko (xy + yz + zx),

for some constants k; and k;. Therefore
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h=2xyz [kl <x2 + 92+ zz> +ko(xy +yz+ zx)} :
From the relation
h(1,1,1) =3(k; + k), h(1,2,—1) = —2(6k; — k2),

it follows the system

k1 +ky, =80
6k, —kp =6 - 80.

We get k1 = 80 and k = 0, hence
h = 80xyz (xz +y* + zz> .
Example 7.9. Factorize
fryz) = (x+y+2)° - 25—y -2

Solution. The polynomial f is symmetric and homogeneous in x,y,z and
deg(f) =5. We have

fx,—xz2) = f(xy,—x) = f(x,y,—y) =0,
hence f is divisible by (x +y)(y + z)(z + x). It follows that

f=E+y)(y+2z)(z+x)g,

where ¢ is a degree 2 polynomial in x,y,z, symmetric and homogeneous,
ie.,

g=k <x2+y2—|—zz) + ko (xy +yz +zx),
for some constants k; and k», hence
f=&+y)(y+2z)(z+x) {kl (xz + 1 +zz> +ky (xy+yz+zx)} :
From the relations f(1,1,1) = 24(k; + k), (0,1,2) = 6(5k1 + 2k;), we get

k1 +ky=10
5k1 4 2k, = 35,

hence k1 = kp = 5. We get

f=5(x+y)(y+z)(z+x) <x2+y2+zz+xy+yz+zx).
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Example 7.10. Factorize
E(a,b,c) = a* (bz — c2> + vt <c2 - a2> +ct (a2 - b2> .

Solution. Denote 4% = x, b? = Y, c2 = z and consider the symmetric and
homogeneous polynomial of degree 3

E(x,y,z) =x*(y—z) + ¥*(z — x) + 22 (x —y).
It is clear that
Ei(x,x,z) = E1(x,y,x) = E1(x,y,y) =0,

hence E; is divisible by (x — y)(y — z)(z — x). It follows

Ei(x,y,2) =k(x —y)(y —2)(z — x),

for some constant k. We have E;(0,1,2) = 2k, that is —2 = 2k, hence k = —1.
We get the factorization

E(a,b,c) = — (az - b2> (b2 - cz) (c2 - az) .

We now present a result with deep implications in various areas of math-
ematics.

Theorem 7.1 (Fundamental theorem of symmetric polynomials). For every
symmetric polynomial F(X1,...,Xy) there exists a polynomial G(Xj,...,X,) such
that F(Xy,...,Xyn) = G(S1,...,Sn). Moreover, the polynomial G is unique.

Proof. The proof of this theorem is by double induction. One induction is
on the number of variables n and the second on the degree of the polynomial
F. The result holds trivially when n = 1. Assume the conclusion holds for all
symmetric polynomials in n — 1 variables. Using induction, we are going to
prove that it also holds for any symmetric polynomial F in n variables.

Now we induct on deg F, the degree of the polynomial F. It is not hard to
verify that the conclusion follows if degF € {0,1}. Assume that the conclu-
sion holds for all polynomials in at most 7 variables whose degree is strictly
less than that of F.

Define the polynomial in n — 1 variables

g(Xll-“/anl) = F(Xl,...,Xn,LXn).

The polynomial g is symmetric, because F is. Using the hypothesis of the
induction on 1, we deduce that there exists i such that

g(Xl,XQ,...,Xn_l) :h(Xl + X+ +Xn_1,...,X1X2...Xn).
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We now define the polynomial H € R[Xj, ..., X,] by
H(X1,X2,...,Xn) =F(X1,X2,...,Xn) —h(S1,52,...,54-1),

where S;, i =1,...,n — 1 are the fundamental symmetric polynomials in n
variables. Note that H is symmetric. Moreover, as H(X3,, Xy, ...,X;-1,0) =0
we deduce that X, | H(X1,Xa, ..., Xx). By symmetry it follows that we have
X1Xp...Xn | H(X1,X2,...,Xn). Now, observe that the polynomial

H(X1,Xo,...,Xy)
X1Xs... Xn

is symmetric and

H(X1,X2,...,Xn)
de< X%, ... X, < degF.
(X1,X2,.--,Xn)

Using the hypothesis of the induction on degF, it follows that H X% X,

can be written as a polynomial expression in the fundamental symmetric
polynomials Sy, Sy, ...,S,. Now the conclusion follows easily for F and both
inductions are complete. g

For example, we can write the expressions

S —25=X7+-+X3
$18) =353 = (X+ Y+ Z) (XY +YZ + ZX) —3XYZ
= XY+ XY?2 4+ Y27 + Y72+ 72X + 7 X2,

The fundamental theorem of symmetric polynomials plays an important
role in the theory of algebraic equations. Viéta formulas can be obtained as
follows. Let us consider the polynomial in  + 1 variables

F(Y,X1,....,X) =(Y+ X7)...(Y + Xp).
It is clear that
FOY,Xq,..., X)) =Y"+ 8 Y" 14 4§y F 45,
In particular, if a polynomial
FX)=X"+a X" V- 4a, 1 X +ag (7.1)
has the roots x1,...,x;, then it splits (over an algebraic closure) as
X'+ o X 4 a1 X ag= (X —x1)... (X —xp).

From the equality of polynomials
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FX) = (X —x1) (X = x0) = X" — S1(x1, ..., 200) X" L -
+ (_1>k5k(xll-..,xn)X”fk 44 (_1)nsn(x1,”',x”),

after identification of coefficients one obtains the following identities:

a = —51<X1,...,Xn)
aj = (—1)k5k(x1,...,xn)

ay = (—1)"Su(x1,...,xXn).

These are Viéta formulas. Their meaning is the following: every symmetric
polynomial in the roots x1, ..., x, of the polynomial (7.1) can be expressed in
terms of the coefficients aq, ..., a,.

Now we present some applications of this important result.

Example 7.11 (Constructing a polynomial from its roots). The polynomial
P(X) =aX3 +bX?+cX +d (d #0) has the roots x1,x3,x3. Find a polynomial
whose roots are 1/x1,1/x2,1/ x3.

Solution. We compute Viete sums for the roots 1/x1,1/x,1/x3 to get

1 1 1
7+7+7:_C/d/
X1 X2 X3

1 1 1
+—+

=b/d,
X1X2  X2X3  X3Xq
1
=—a/d.
X1X2X3

Hence, such a polynomial is X® + $X? + %X + 4. We can multiply it by d
to obtain the polynomial dX® + cX? + bX + a. This is called the reciprocal
polynomial of aX> 4+ bX? + cX +d.

Alternatively, for the example above, one can assume that x is a root of
P(X), that is ax® + bx? + cx + d = 0. Since d # 0, we get x # 0. Then we can
divide by x*> and we obtain a + b(1/x) +c(1/x)? 4+ d(1/x)3. This shows that
1/x is a root of X3 4 cX? + bX + a.

Definition 7.1. The polynomial a, X" +a,, 1 X" ™' + - 4+ a; X + ag is called
a reciprocal polynomial if its coefficients satisfy the relations:

ap, = ag, ay_1 = ai, a,_» = dp, and so on.

Such a polynomial has the property that if x is a root, then 1/x is also a
root. That is, its roots which are not £1 can be paired in to {x,1/x}. Here is
an application of this property.
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Example 7.12 (Roots of a reciprocal polynomial). Find the roots of the poly-
nomial f(X) =6X*+5X3 —38X?+5X + 6.

Solution. This is a reciprocal polynomial, so we can denote its roots by
x,1/x,y,1/y. Using Vieta relations we obtain the equalities:

thy o=
YT y 6

1 19
xy+f+y+—+2:——.
y x xy 3

The second equality can be written as

(o) fol)-5

Denote x +1/x =u and y + 1/y = v. Then, from Vieta relations, we get the
system: u +v = —% ; U = —%. Solving the system one obtains u = % and
v= —%. Solving the equations x + % = % andy+1/y = —13—0 one obtains
the solutions x; =2, xp = —% and iy = =3,y = —%. So, the roots of f(X)

are 2,—3,%,—%.

Example 7.13. Find the roots of the polynomial f(X) = X* + X3+ X? + X + 1.

Solution. This is a reciprocal polynomial. Let z € C be a root. By the relation
24+ 23422424 1=0, and because z # 0, we have

1.1
Z4z4+1+=+4 5 =0.
z zZ

By grouping the terms of the sum we obtain

1\2 1
<z+> +<z+> —1=0.
Z Z

Let denote z + 1/z = . Then y satisfies the equation y* +y — 1 = 0. Solving

the quadratic equation one obtains y; » = %\/g To find z we have to solve
the quadratic equations:

22+1+2ﬁz+1:0,
22+12ﬁz+1:0.

After solving them one obtains the following four solutions



7.1 Symmetric polynomials 185

L= —1 5+\f /

V541 5—-+5 V5+1 i [5-

4 2 2 T Ty 2 2

23 = —

We know that these roots are z; = cos % 2k” + isin 2’;” , where k=1,2,3,4.
Identifying the quadrants we obtain, for example:

21 V5-1 o 27 545
CcOS — = and sin — =

5 4 5 8

7.1.1 Newton’s formulas

Let P(xq,...,%,) = xl{ + x12< + -+ 2k, k=0,1,..., be the sum of power k of
the roots x1,xy,...,x, of polynomial f. It is clear that Py is a homogeneous
symmetric polynomial of degree k in variables x1,x3,...,x, hence, according
to the fundamental theorem of symmetric polynomials, P, can be expressed
as a polynomial of Sy,S,,...,S,, and finally in terms of the coefficients of
polynomial. The problem to express Py in terms of S1,Sy,...,S, is a difficult
one. First of all we observe that for any j > 0 we have the recursive relation

ap—1 P

Ap—2 ai ap
Pn+j =———Pyj1— —=P, . P, P

n+j—2 — — Ll — — 1L
j L a,

This means that we can write successively P,.1,P;2,... as linear com-
binations of Py, Py,...,P,_1. In this way the problem is reduce to express
Py, Py,...,P,_1 in terms of Sq,5,,...,S,. To do this we need the following
simple but important result:

Theorem 7.2. Let f be a polynomial with roots x1,xy,...,x,. Then, for every x #
X1,X2,...,Xn, the following relation holds:

f,(x)_ 1 + 1 NI 1

flx) x—x1 x—1x X—Xp

Proof. One can write the polynomial function induced by f in the form
f(x) =au(x —x1)(x —x2)--- (x — xy), then the derivative of f is

fr(x) = an[(x —x2) - (x = x0) + (x = x1) (x = x3) -+~ (x — xn)
o (v =) (x = xg) o (X = X))

Replacing in % we get the desired formula. O
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Now we can derive an algorithm in order to express Py, Py,...,P,_1 in
terms of 51,55, ...,S,. From formula in Theorem 7.2 we have

PPN LI (GO )

Cx—Xx3 X—X X — Xy

Dividing f by x — x; we get
) _ F) — flx)

X — X X — Xk
o (T =S TP Sax T = = (<1)"1S, )]

=au X"+ (g — S1)x" 2 4 (2 — Syxp + Sp)x" 3

Summing for k =1,2,...,n it follows that
fl(x) = an[nx""1 + (P — nS1)x" 2 + (P — $1Py + nSp)x" 2 + -+
+ (Pnfl —S51P,_ 2+ 5P, 53— — (_1)71—1”5”71)].

But according to Vieta’s relations we have
fl(x) =an [x”‘l —(n—1)S1x" 2+ (n —2)Spx" 3 — } .

Identifying coefficients in the above we get P} — nS; = —(n — 1)S;, then
Py —S1Py + 1Sy = (n—2)Sy, and P3 — $1P, + SP — nSz = —(n —3)S3, ...
Successively, these recover Newton's formulas

P =5
P, — 5P =-25,
P3 —51P, + S,P) =353

which provide a way to express Py, Py, ..., P,_1 in terms of 51,5),...,5x:

P():Tl
P =5
P, =52 25,

Py = S3 — 35,5, + 353

Here we extend the newton relations to powers sums Py, where k > 0 can be
even larger than the number of variables 7.

In other words, for any n variables Xj,..., X, and any k > 0, Newton
formulas relate the polynomials Sq,...,5, and Py, P, ..., P, by the relations

Pe—S1Pq+SoPcp— -+ (=118 + (=D*kS =0.  (72)
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There are many proofs of Newton’s identities. One using calculus and the
logarithmic derivative can be found in [94], while a combinatorial proof is
given in [236]. Here we present a simple, purely algebraic proof.

Let x1,...,x, € C be arbitrary complex numbers. It is enough to show that
the equality (7.2) when we evaluate the polynomials in x1, ..., x,. We start by
first proving the case k = n and then we will derive the general formulas.

Suppose f € C[X] is a monic polynomial with roots x1, ..., x,. Recall that

= X"+ Z (21, ., x) XL

Evaluating f at Xj forj=1,2,...,n we get
n . .
xj + 'Z%(—l)’si(xl,...,xn)x;?*l =0.
1=

Summing over all j =1,...,n, and using Py = n we obtain that
(X1, %0) + Z )iSi(x1,...,%0)Py_i(x1,...,x,) = 0.

As this is true for any x4,...,x,; € C, we get that (7.2) holds in the particular
case n = k. Suppose now that k > n and let x1,x2,...,X4,X,41,...,%; € C be
arbitrary. Consider f € C[X] the monic polinomial having roots x1,...,x,
and g € C[X] the monic polynomial with roots x1,x,...,xx. More precisely,

k
§X)=f(X)- ] (X—x).
i=n+1

We run now apply the previous argument for symmetric sums in k variables
to the polynomial g and then set x,11 = x40 =+ =x, =0.
The desired identity (7.2) follows, since for every i € {1,2,...,k} we have

Si(xl,...,xk): Z lesz...x]-i,
1<j2<-<ji

any term in which x; appears for j > n becomes 0.
We just need to justify formula (7.2) when k < n. Consider the polynomial

F(X1,...,Xn) =Py — S1P_1 4 SoPe_p — - + (=1)* 18, _1 Py + (—1)%kS,.
As F is a homogeneous polynomial of degree k, it can be written as

F(Xy,...,.Xp)= ), clay,ap,...,a,) X1 X532 ... X},

a1,82;---,4n
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where ay,...,a, are non-negative integers such thata; +a, +--- +a, =k.

Each monomial in F does not contain more than k variables. Fix one
monomial ¢(aq,ay, .. .,an)X;I1 ng ... Xj". By substituting 0 for n — k variables
in F, we can make sure that the monomial c(ay,4s,.. .,an)Xf] X;z .. XB sur-
vives. But the same monomial can be found in the polynomial arising from a
version of Newton’s identities for k variables, therefore it must be 0. We can
repeat the procedure, i.e. substituting 0 for (possibly other) n — k variables
to show that the polynomial F is identically zero. This concludes the proof
of the Newton’s identities.

By fixing the fundamental symmetric polynomials S;, the Newton iden-
tities (7.2) can be regarded as linear equations in the unknowns P; and one
can use linear algebra to express

S 1 0 ...0
25, S, 1 ...0

Pe=1(3% 52 51 - 0 forany ke IN*. (7.3)
kSk Sk—1 Sk—2 -.- 51
Similarly, by fixing the P;, one can find S; in terms of P; as follows

bR 1 0 ..0 0
B P 2 .0
1l P00
. . .. , for any k € IN*. (7.4)
Py PiyPis...PLk—1
P, P 1Pin..P, P

The following result gives an explicit formula for the symmetric polyno-
mials Sy in terms of the symmetric power sums P;, j =0,1,2,...

Theorem 7.3. The following formula holds

I I I
Pl PZ Pk

a1 2Ry Kkl

sk — (71)]( Z (71)11+...+lk
L2l +...+kl=k

(7.5)

Proof. Suppose x1,x3,...,x, are the variables of the polynomials Sy, ...,S;.
Adding an extra variable z, we observe the following identities of formal
power series in z:



7.1 Symmetric polynomials 189

_ Z Ps:’Z 7P525 [Ce RN 1 PSZS t

= ¢ s=1 = | | e E— | | 2 g <— 5 >
s=1 s=1t=0""
1 2

-y |

k=0 \ [y +2I, +..=k

k=0 <11+2lz+...+klk—k

/ I l
(_1)l]+n.+lk Pll P22 Pkk Zk
1hly 2RI K ) T

The conclusion follows by identifying the coefficients of z*. O
Remark. By the theorem above it follows that for every k > n + 1 we have

! / l
L S S
11111! 21212! klklk!

(_1)11+,,,+lk
I 42l +...+kl =k

Remark. In the proof above, we note that the Diophantine equation
X1 4+2x+ ...+ kxp =k,

plays a fundamental role. For fixed k > 1, note that the number of non-
negative solutions (x,x,...,x¢) € IN¥ for this equation is exactly p(k), the
number of partitions of k. Note that p(1) =1, p(2) =2, p(3) =3. For k =4,
the only solutions are given by (0,0,0,1), (1,0,1,0), (0,2,0,0), (2,1,0,0),
(4,0,0,0), so p(4) = 5. In general, the number of solutions p(k) is encoded
as the coefficient of p(k) in the formal power-series expansion of

[ee]

fk(z):H (1+zj+zzj+...):H1

k k

1
; for all z such that |z| < 1.
—z

It is easy to deduce now that for every k > 2,

P = A0 0) 76

where fk(k) denotes the k-th derivative of f. Indeed, one could verify that this
formula gives p(4) =5 and p(5) = 7. However, the formula (7.6) becomes
too complicated to compute the number of partitions p(k) for high values
of k. It is known that the partition function p(k) is notoriously complicated
and no closed form formula for this function is known.
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The sequence p(k) is indexed as A000041 in the OEIS [190], starting with
the following terms

1,1,2,3,5,7,11,15,22,30,42,56,77,101,135,176,231,297,385,490, 627,792, ... ..

An asymptotic formula was first discovered by Hardy and Ramanujan and
later improved by Rademacher. This asserts that

tv2k/3

e , as k — oo. (7.7)

p) ~ s

The theory of modular forms can be applied to reveal some intriguing arith-
metic properties carried by the partition function p(k). An example of this is
that p(5k+4) =0 (mod 5) for all k € IN. There is an extremely rich literature
on the subject of partitions. One of the standard references for connections
of p(k) with number theory is the book by Andrews [12].

Example 7.14 (Asian-Pacific 2003). If the roots of the polynomial
P(x) = x® — 4x” + 7x° + a5x° + agx* + azx® + apx® 4+ ayx + ag
are all positive real numbers, find all possible values of ay.
Solution. Let the roots be r1,7y,...,rs. By Vieta’s formulas, we have
Si=r1+r+---+rg=4ande, =7.

The value of S, does not seem particularly helpful in the form in which it is
given, so we recall that Newton’s identities give

agPr +ayPy +2ag=0, P+ (—4)(4)+2(7)=0,

so P, = r% + r% + -4+ r§ = 2. It seems that we have run into another
dead end here, unless we recall the well-known Cauchy-Schwarz Inequality,
which states that, for real numbers x1,x3,...,x, and y1,y2,...,yn, we have

(yr +xys -+ xn) < (B4 G+ +2) (B+d o +02),

with equality if and only if x1 /Y1 = x2/y2 = ... = x3/ys. In this case, we put
X1 =x3=...=x3=1andy; =r; to get

(rl+r2+~-+rn)2§8(r%+r§+--~+r§>.

Since equality holds, we must have r; =1y = ... =rg =1/2, and thus

1

ﬂ0:1’11’2~-1’8:ﬁ.
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Example 7.15. Find all solutions, real or complex, to the system of equations

x+y+z=3
Xty +22=3
X3+ y3 +28=3.
Solution. Assume without loss of generality that x,y,z are the roots of a

cubic polynomial with leading coefficient 1. Since S; = 3, we find a, = —3.
Hence, we know that the polynomial has the form

f(r)=7r> =31 +ayr + a.
By Newton’s sums, we have

azP, +a> Py +2a, =0,

(1)(3) +(=3)(3) +2a1 =0,

a =3,

(Z3P3 + llzpz + 111P1 + 3(10 =0,

(1)(3) +(=3)(3) + (3)(3) +3ag = 0,
apg=—1.

Thus f(r) =13 — 312 +3r — 1= (r — 1)3, so the only solutionis x =y =z = 1.
Example 7.16. Let x1,x2,x3 be the roots of x> — x + 1= 0. Find x%o + x%o + x%o.

Solution. Recall the notation P, = xll‘ + xlﬁ + x’s‘, k=0,1,.... We have a; =0,
ap = —1, a3 = —1, and from Newton’s formulas we get

It is clear that Py = 3, P} =0, P, = 2. Then, applying successively the above
recursion relation, one obtains

P3=P — Py= -3,
Py=P— P, =2,
Ps=P;— P, = -5,
Pe=P, — P; =5,
P;=Ps—Py=-7,
Pg = Pg — P5s =10,
Py =P; — Py = —12,
Pyy=DP—P;=17,

which is the quantity we are asked for.
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Example 7.17. Find all the values of a € R such that the zeros x1,x3,x3 of the
polynomial x> — 6x% + ax + a satisfy

(x1 =32+ (2 =3+ (x3-3)°=0.

Solution. We use Newton's formulas for P, = x’l‘ + x’2‘ + xé, k = 2,3. Since
X1,X2,x3 are zeros of the given polynomial, we have S; =6, S, =a, S3 = —a,
and therefore

P =5 =6,
Py = S2 — 2S5, =36 — 2a,
P3 = S3 — 35,5, 4 353 = 216 — 21a.
Using the binomial theorem we then obtain
0=(x; =3+ (x2—-3)°+ (x3—-3)3 =53 —3s,-3+3s;-32-3-3°
=216 —21a — 9(36 — 2a) +27 -6 — 81 = —27 — 3a,

and therefore a = —9.

Example 7.18 (IMO 1985). Let a,b, c,d be real numbers such that
a+b+c+d=a +0 +7 +d =0.
Show that a(a+b)(a+c)(a+d) =0.

Solution. We use the notation Py(a,b,c,d) = ak + bk + ck + d* for the New-
ton sums and Sy = Si(a,b,c,d) for the elementary symmetric polynomials in
a,b,c,d, k=1,2,.... We have P| = S; = 0. From Newton’s formulas we get
successively:

P, =5,P; — 255, hence P, = —25,,

P3=51P, — S, P; + 353, hence P; = 353,

Py = S1P3 — SoPy 4 S3P; — 4S,, hence Py = 253 — 45,

P5 = S]P4 — 52P3 + S3P2 - S4P1, hence P5 = —55253,

Ps = S1P5 — SyPy 4 S3P3 — S4P5, hence Pg = —253 + 65,54 + 353,

P; = S1Ps — SoPs 4 S3P; — S4P3, hence P; = S3(755 — 5S,).

Because P; = 0, it follows that S3(753 — 5S4) = 0.

There are two cases: S3 = 0 or 755 — 554 = 0. We have to prove that

a{a3+a2(b+c+d)+a(bc—i—cd+db)—i—bcd} = 0.
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This is equivalent to
a*(a+b+c+d)=—aSs,

and S3 = 0 gives the result.
5
Assume that 75% — 554 =0, thatis S% = 554. From Py = 25% — 4S5, >0, we

5
have S% > 254, which is in contradiction with S% = 554.

Example 7.19. Let the roots of x34+2x24+3x+4=0bea,b,c. Find a> + b + 2.
Solution. Recall that

(a+b+c)?=a>+b*+c*+2(ab+bc+ca).
Then, we get

>+ b +c*=(a+b+c)*—2(ab+bc+ca).
By Viete’s formulas, a + b 4+ ¢ = —2 and ab + bc + ca = 3, so that

240+ 2= -2

Remark. According to Newton’s identities we have

Py=a1P —2ay =a% —2ay=4—2-3=-2.
Example 7.20. Find the sum of the fourth powers of the roots of the equation

7x® —21x* + 9x +2=0.

Solution. First we write the equation as

x3—3x2+2x+220.

7 7
9 2 . .
We havea; =3,ap = §,a3 = —§,a4:0, and by Newton's identities we get

P =3,

18 45
Pp=3P—-2ap=9— —=—,
2 1 az 7 7

45 9 6 102

Ps=a1P) —apP; +3a3=3-— —=--3— ==

7 7 7 7
102 9 45 6 1695
Py=aPs—aPy+asPy —dag =3 —= — o — — 2= =
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Example 7.21 (AIME 2003). The roots of xt—x3—x2—1=0area,b,c, and d.
Find p(a) + p(b) + p(c) + p(d), where

p(x) =x0 —x° —x3 —x2 —x.

Solution. We have
p(a):aé—uS—a3—az—a:aé—QS—a4—a2+a4—a3—u
=a?(@*—a®—a* 1)+~ —a* 1) +a*—at+1=a>—a+1,
and similarly
p(b)=b*—b+1, plc)=c—c+1, p(d)=d>—d+1.
It follows that

p(a)+p®)+p(c)+pd) =Y a>—Y a+4

From Newton’s identities we get
P, =a1P) — 2a2—a1 200 =142=3,
hence

p(a)+p) +pc)+p(d)=3—-1+4=6.
Example 7.22. Let x1,xy,...,%X, and y1,Y2, ..., Yn complex numbers such that
A=y ek, k=12,..m

Show that x1,x2,...,X, and y1,Y2,..., Yy, are the same, up to ordering.

Solution. Denote a; = S(x1,...,%,) and by = Sk(y1,...,¥x). Using Newton
formulas for the two series of numbers, we see that a, = b forallk=1,...,n
Hence, the numbers xq,x»,...,x, and y1,Y>,...,y, are the roots of the same
algebraic equation of degree .

Example 7.23. Let x1,x2,...,X, be complex numbers. Show that if the Newton
sums Py(x1,...,%y) = Pa(x1,...,%5) = -++ = Py 1(x1,...,x) then x; € {0,1}
for all i. Prove that zf X1,X2,...,Xy are real numbers then the above hypothesis can
be replaced by P, = P3 = Py.

Solution. First, we remark that S;(Xy,..., X,0,...,0) = S;(Xy,..., X)), for all
1 <i<mnandall 1 <k <n.Therefore, the hypothesis do not change if we
assume that all numbers are non zero. Denote by S; = S;(x1,...,xy). By the
Newton formulas we have the equality:

Pyy1—S1Pu+S2Py 1+ -+ (—=1)"S, P = 0.
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Using the equality Py = P> = --- = P, 11 we obtain the identity
1-51+S -+ (-1)nS, =0,
which gives
(I=x1)(T—x2)--(1—xn) =0.

Assume that x,, = 1. The hypothesis reproduces for the numbers x,...,x,_1
and then, use induction.

In the case of real numbers, P, = P; = P4 implies that P, — 2P; + Py = 0,
which can be written

?(1-x)*=0.

M-

Il
—_

The conclusion is now obvious.

Example 7.24. Let a, b, c and d be real numbers such that a + b+ c +d =0 and
a’ +b” + ¢’ +d” = 0. Show that (a+b)(a+c)(a+d) =0.

Solution. Apply Newton formulas to compute P; to P;. One obtains the
equalities Py = —2S5;, P3 =53, Py = 25% — 48y, Ps = —55,53 and, finally, from
P; =0 one has 753(Sy — S3) = 0.
If S, — S% =0, one obtains Py = —25%, which means thata=b=c=d =0.
In the case S3 = 0 one can see, using P; = 0, that this is equivalent to

(a+b)(a+c)(a+d)=0.
Example 7.25. Let p be a prime number. Find 1¥ +2% + ... 4 (p — 1)F (mod p).

Solution. The classes 1,2,...,p — 1 are the roots of the polynomial X? -1_1,
Using Viete formulas and then Newton formulas we get Py =--- =P, >, =0
and P, 1 =—1.

7.2 Number theoretic applications of symmetric polynomials

Given a polynomial f € C[X], can one decide if it has a double zero only by
performing additions, multiplications and divisions on its coefficients? The
answer to this question is yes. Let x1,...,x, be the roots of f counted with
multiplicity. Then, f has a double root if and only if F(x1,...,x,) =0, where

F(x1,...,x0) = H (x; — x]-)z.

1<i<j<n
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Clearly, F is a symmetric polynomial in x1,...,x,, hence by the funda-
mental theorem of symmetric polynomials, F can be written as a polynomial
expression in the symmetric sums S1(x1,...,Xn), ..., Sp(X1,..., Xn).

Using Vieta’s relations, the symmetric sums are equal to the coefficients of
f, up to sign. Therefore, deciding whether F(x3,...,x,) = 0 amounts to per-
forming operations such as additions, multiplications and divisions on the
coefficients of f. Notice that the only divisions one might have to perform
are divisions by the dominant coefficient of f.

Let us bring our attention to one of the challenge problems from the pre-
vious set, which we now give as a Lemma.

Lemma 7.1. Let f € Q[Xj, ..., Xy| be a symmetric polynomial and g(X) € Q[X]
be a polynomial of degree n having z1,...,z, € C as roots. Then f(z1,...,z,) € Q.
Moreover, if g is monic, then the conclusion still holds if we replace Q with Z in
every instance of this lemma.

Proof. Using the fundamental theorem of symmetric polynomials one can
write f(z1,...,2,) as a polynomial h(Sq(z1,...,2n),...,Sn(21,--.,2n)). Now
Si(z1,...,zn) are rational numbers, as the coefficients of g are rational. The
case when ¢ is monic with integer coefficients follows by the same proof. []

Let us now have a look at the following corollary.

Corollary 7.1. Let f € Z[X] be a monic polynomial of degree n with complex roots

j e P (P
z1,...,2n € C. Then for any prime p, (z1 + 2o + -+ +2z,)P — (27 + - +2) € Z.
Moreover, one has

plzi+z+ - +za) — (zf+---+zﬁ).
Proof. The previous lemma implies immediately that
2 +zb+ - +zheZand (zy+zp+ -+ z0) € Z.

Consider now

XD XD (X X)P

q(Xl,...,Xn) p

€Q[Xy,..., Xn].

Using the multinomial formula it is easy to see that in fact all coefficients of
q are integers. Hence q(z1,...,z,) € Z, by the previous Lemma. g

7.2.1 Algebraic numbers and algebraic integers

Definition 7.2. A number z € C is algebraic if there is a non-zero f € Q[X]
with f(z) = 0. For an algebraic number z, its minimal polynomial m, € Q[X]
is the monic polynomial of smallest degree which has z as a root.
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One many notice that the minimal polynomial , of an algebraic number
z is unique and irreducible in Q[X]. Moreover, if f € Q[X] is such that f(z) =
0, then m; | f in Q[X]. The roots of m are called the “conjugates” of z.

Definition 7.3. A number z € C is an algebraic integer if there exists a monic
f € Z[X] such that f(z) = 0. Algebraic integers are exactly the algebraic
numbers for which m, € Z[X].

The set of algebraic numbers is denoted by Q and the set of algebraic
integers by Z. We next show that the sum and product of two algebraic
numbers (or algebraic integers) is an algebraic number (or algebraic integer).

Theorem 7.4. The sets Z and Q are subrings of C.

Proof. Leta,f € Q and denote by a1 = a,a,...,a4, and by B1 = B,B2,---,Bm
are the conjugates of a and B, respectively. Recall that the ;s and B;’s are
the roots of some irreducible polynomials with coefficients in Q. Consider

:ﬁﬁ(X—ai — Bj) € C[X].

i=1j=1

We first claim that f has rational coefficients. As « + 8 is a root of f, so
this would prove that a + 8 € Q.

To prove the claim, let us focus on a coefficient of f. This is a polynomial
expression in a;, §;. It is invariant under permutations of &1,...,a, and also
under permutations of B1,..., Bx. Let us see this coefficient c as a polynomial
with coefficients in the ring Q[B1, ..., Bm] which is symmetric in «ay, ..., ay,.

By the fundamental theorem of symmetric polynomials we have

c(ag, ..., n,B1,.-.,Bm) =B(S1(a1,...,an),...,Sn(a1,...,an)),

where B € (Q[B1,---,Bm]) [X1,...,Xx]. Each of the n entries of this polyno-
mial is a rational number, so

C((X],...,Dén,ﬁl,...,ﬁm) c Q[,B],,ﬁm]

But c is symmetric in B1,..., B, hence

C(le,...,an,,BL...,‘Bm) = B/(Sl(‘Bl,...,‘Bm),...,Sm(ﬂl,...,ﬁm)),

where B’ € Q[Xj, ..., X;u]. Again, each entry in the evaluation of the polyno-
mial B’ is a rational number, hence c is rational, proving that « + g € Q.
To show that ap € Q one can apply the same strategy for the polynomial

HH — aif;)-

i=1j=1

The proof for algebraic integers is obtained by replacing Q with Z. O
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Note that Q is in fact a field. Indeed, let z € Q \ {0}. Then, its minimal
polynomial m,(X) = X" +a,_1 X"~ + ... 4+ a; X + ag has ay # 0, hence

2, 12" N gz ag =0,

1 1\"
1+an1<z)++(z> :0/

hence z~" is an algebraic number.

The example we are about to discuss generated a whole mathematical
theory and was probably the source of an important area of research in tran-
scendental number theory. Let us start by introducing a definition.

from where

1

Definition 7.4. For a polynomial f(X) = a,(X — x1)...(X — x) € C[X], we
define its Mahler measure to be

M(f) = || max (1, x1]) - -+ - max (L, xul)

It is easy to see that M(f - g) = M(f) - M(g), for all f,g € C[X]. Using
complex analysis one can prove that

2im)|'

M(f) = elo mirte
We now present the following beautiful result of Kronecker.

Theorem 7.5. Let f € Z[X] be a monic polynomial with f(0) # 0and M(f) =1.
Then, for all z € C such that f(z) =0, there exists n € IN such that z" = 1.

Proof. Let x1,...,x, € Q C C be the roots of f, counted with multiplicity.
Consider the polynomials

feX)= (X =) oo (X - ).

The coefficients of these polynomials are symmetric polynomial expres-
sions in x1,..., X, hence f; € Z[X]. Moreover, note that the coefficients of f
are bounded above by ( Lg | ). This implies that there are only finitely many

polynomials f;, so there are i,j € N, with i > j such that f; = f;.
The latter equality in Z[X] gives

(X—xé)--(X—xi):<X—x{>‘--<X—x£,).

We deduce that there exists a permutation o € S, such that
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Let us now focus on the first zero x1. Remark that

2

o =) = () = () =)

Inductively, we get xﬁr = x{T r(1) for any v € IN, where ¢” is the permutation
obtained by composing ¢ with itself r times.
As the order of the group S, is n!, we have that

in!
xl :x]1 ’

! on! ) )
SO le 7" =1 and this shows that X1 is an it — ]”! root of unity. O
We end this section with a question: are there algebraic integers lying on

the unit circle which are not roots of unity?

Example 7.26. Consider the sequence (xy),>o defined by xo =4, x1 = x =0,
x3 =3 and Xy 14 = X1 + Xy. Prove that for any prime p, x,, is a multiple of p.

Solution. The characteristic polynomial of the recursive relation is given by
f(X) = X*— X — 1. It is easy to see that f cannot have a double zero (by
looking at the derivative f’, for instance).

Using the theory of linear recursive sequences, it follows that the gen-
eral term of the sequence is of the form Ar} + Bry + Crj + Dr) for some
constants A, B, C, D. Here r; are the distinct zeros of the characteristic poly-
nomial. Because this polynomial has no rational zero, it is natural to sup-
pose that Ar} + Brj + Cr§ + Drj is symmetric in 71, rp, r3 and r4. Thus,
A = B = C = D. This result can also be proved rigorously using Galois the-
ory, but such a proof goes beyond the scope of this book.

We will prove that x,, = r{ + 15 + 15 + rj using induction on n. For n < 4,
the assertion follows from Viete’s formulae. To prove that it holds for any
n, just notice that r?“ = r?“ + r'. The induction can be completed easily.
We are left to prove that p divides ri’ + rg + rg + rZ for any prime number p.
This follows from Corollary 7.1.

Example 7.27. Let ay1,a5, ... ,ay be positive real numbers such that

Yar+ o+t
is a rational number for all n > 2. Prove that a1 = ap = --- = a3 = 1.

Solution. First, we will prove that ay,ay,...,a; are algebraic numbers and
that ajay - - - ay = 1. Take an integer N > k and set

x1:N’a1, Xy = %, ceey X = W

Then clearly x]i + xé + -+ x£ isrational forall 1 <j < N.
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Using Newton’s formulae, we can easily deduce that all the symmetric
fundamental sums of x1,x»,..., X are rational numbers. Hence x1,x5,..., Xk
are algebraic numbers and so are a1, ay, ..., ax. As we previously mentioned,
from the Newton'’s formula we deduced that

X1-Xp - X = agay. .. a;

is rational, which happens for any N > k. This only happens if aja; - - - a5 = 1.

Now let f(x) = b, X" + b,_1 X"~} + -+ + by be a polynomial with integer
coefficients which vanishes at a1,...,a;. Clearly byay, ..., bray are algebraic
integers, but then

br(%+%+"'+W):(/wj<\n/bral+\n/b”a2+'”+m)

is also an algebraic integer. Because it is also a rational number, we deduce
that it is a rational integer. Consequently,

(Yn)nz1 = (by (/a1 + /a2 + - + /1)),

is a sequence of positive integers. Because it converges to kb;, it eventually
becomes equal to kb, (from a rank). Thus, there is a 1 such that

Yay + fag + - 4 Yag = k.

Asaja;p - --ap =1, the AM-GM inequality implies thata; =a, = --- = a, = 1.



Chapter 8
Cyclotomic Polynomials

The cyclotomic polynomials are a central object in number theory, hav-
ing many interesting properties and important applications. This section is
based on the results in [20] and [186] and the references therein.

For a start, we mention that cyclotomic polynomials play a key role in the
proof of the following classical results:

1) (Gauss-Wanzel) It is possible to construct the regular n-gon with a straight-
edge and compass if and only if 7 has the form 25pyp, - - - p,;, where k > 0
and the p;’s are distinct Fermat primes.

2) (Dirichlet). Let n be a positive integer. Then there exist infinitely many
prime numbers p with p =1 (mod n).

3) (Wedderburn). Any finite associative skew field R is commutative, i.e., it
is a field.

Some key references devoted to cyclotomic polynomials and their coeffi-
cients are [54], [55], [95], [167], [168], [169] or [227]. Other important results
concerning the coefficients of cyclotomic polynomials and their properties
have also featured in the works [56], [57], [58], [76], [92] and [151].

Before providing specifi details about cyclotomic polynomials, we first
present some important examples of arithmetic functions used in this Chap-
ter. This digression will conclude with a description of the Mébius u func-
tion and the associated inversion formula.

8.1 Arithmetic functions

In this section present some important arithmetic functions, inspired by the
excellent book of [108]. Most of the times, by arithmetic functions people
mean functions defined on IN, but it is not uncommon to refer to functions
defined on Z or on Q as arithmetic. The constant and the identity functions
defined on IN are trivial examples of arithmetic functions.

201
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Some classical examples of arithmetic functions appearing frequently in
number theory are as follows.

Example 8.1. The number of divisors function T : IN* — IN*, where

T(n) =#{d € N* : d is a divisor of n}.

Example 8.2. The last digit function u : IN* — IN, with u(n) = the last digit of n.

Two important classes of arithmetic functions behave naturally with re-
spect to the two fundamental operations on whole numbers.

An arithmetic function is called additive if f(mn) = f(m) + f(n), for all
m,n such that ged(m,n) = 1.

Example 8.3. Let p be a prime. Then for every n € IN* we denote by v,(n) the

natural number such that p*»" | n, but p*»"M+1 4 n_ It is clear to see that for any
positive integers m,n we have v,(mn) = v,(m) + vy(n), hence v, is an additive
function. In the literature, v, appears under the name p-adic valuation.

Another important subcategory of arithmetic functions are the so-called
multiplicative functions. An arithmetic function f is called multiplicative if

f(mn) = f(m)f(n) for all m,n € IN such that ged (m,n) = 1. (8.1)

If f satisfies (8.1) for any integers m,n > 0, then it is totally multiplicative.

Example 8.4. If n = pil e pi" is a positive integer written in its prime-power
factorization, then it is not hard to count that the number of divisors T(n) =
(e +1)---- - (ex+1). Using this representation, one can see immediately that
T is multiplicative. However, T(9) = 3, whereas T(3) - T(3) = 4. This shows that T

is not totally multiplicative.
The constant and the identity functions are totally multiplicative.
Example 8.5. The function f : IN* — IN*, where f(n) = 2n is not multiplicative.

Multiplicative functions play a key role in number theory, since in order
to compute the values of the function at any positive integer #, it is enough
to know the values of the function on the prime powers that divide n. To be
precise, letn = p{' -+ pi" be the factorization prime-power factorization of n.
If f is a multiplicative function, then using (8.1) inductively, we get

f(n) =) f(p).

Suppose f is a multiplicative function and suppose that f(n) # 0 for
some positive integer n. Then, using (8.1) we get that f(n) = f(n) f(1), hence
f(1) = 1. This shows that for any multiplicative function f, either f(1) =1
or f(n) =0 for all positive integers n.
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Moreover, it is worth noting that the set of multiplicative functions forms
a monoid with respect to the (pointwise) multiplication of functions. This is
because the constant function 1 is (totally) multiplicative and, it is easy to
show that if f and g are multiplicative functions, then so is their pointwise
product, i.e. the function n — f(n)g(n) for all n.

For any positive integer 1, let us denote by ¢(#) the cardinality of the set
{meN:1<m<mnand ged(m,n)=1}.

Clearly, ¢ is an arithmetic function defined on the positive integers, taking
values in the positive integers and such that ¢(1) = 1. It is called Euler’s
Totient Function and plays a central role in number theory.

Suppose m,n are coprime positive integers. Then, by the Chinese Remain-
der Theorem, there is an isomorphism of rings

Z/mnZ = (Z/mZ) x (Z/mnZ),
which gives rise to an isomorphism between their unit groups
(Z/mnZ)” = (Z/mZ)* x (Z/nZ)" .

As the units in every ring Z /nZ correspond bijectively with the positive
integers less than or equal to n which are coprime to 7, the group isomor-
phism above implies ¢(mn) = ¢(m)¢(n) for every coprime positive integers
m,n. This shows that the Euler Totient function ¢ is multiplicative. However,
it is easy to check that ¢ is not totally multiplicative.

This fact, together with a remark above, implies that in order to evaluate
¢(n) it is enough to evaluate ¢(p°) for all distinct prime-powers p° appear-
ing in the factorization of n. Now, if p is prime, then ged(m, p?) = 1 if and
only if ged(m, p) = 1. In that case, we see that

e(p*)=#{m:1<m<p°}—#{m:1<m<p°and p|m}
:Peipefl

where for a set A we denoted by #A its cardinal.
We therefore have the following representations for ¢ ()

k 1 k 1 k 1
=[I(p' =) =11p"(1-) = 1-—], (62
o0 =111 =) =11 (1=5) =11 (-5

where n = p{' - pi" is the factorization prime-power factorization of n.

We remark that this property was proved in section 4.9, using the inclusion-
exclusion principle. To emphasize the utility of this representation, we prove
the following inequality involving Euler’s totient function.
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Example 8.6. For every composite number n € IN*, show that

p(n) <n—+/n.

Solution. Denote by p1,pa,...,px the set of all prime distinct divisors of n.
Since n is composite, there exists a j € {1,2,...,k} such that pj < V.
Applying the previous formula, we deduce that

§9(”):”<1—pll>"'<1—;k>Sn(l—é)Sn(l—\}ﬁ>:n—\/ﬁ,

which is what we had to show.

Theorem 8.1. For any given multiplicative function f, the function

=) f(d)

dln
is multiplicative.
Before showing the proof of the theorem, let us give a few applications.

Corollary 8.1. The number of divisor function can be written as T(n) = Y_ 1, for
d|n

all n € IN*. As the constant function 1 is clearly (totally) multiplicative, it follows

from the theorem above that T is multiplicative.

In the following corollary it is perhaps more difficult to give a direct proof
of the multiplicative property of the function.

Corollary 8.2. Let o : IN* — IN* be the sum of divisors function. Ideed, for any n

we have that o(n) = Y_ d. As the identity function is multiplicative, the previous
d|n
theorem implies that o is also multiplicative.

The next problem involves the sum of divisors function.

Example 8.7 (St. Petersburg Olympiad). Find all the solutions n,m,k € IN* of

o(n)k=n".
Solution. Note that if n = 1, then every m, k € IN* satisfy the equality.
Suppose that the triple (n,m,k) € IN* is a solution such that n > 1, while

n=py'py?---py" is the factorisation of n into distinct prime powers. As

o(n)>n + 1 we deduce that k < m. Therefore, o(n) = n*. It follows that
o(n)= pl pz p’ff, where B; > a; + 1, foralli € {1,2,...,t}. First, note that

w1 +1 a2+1 D{t-‘rl
o(n) =py'"py Pt



8.1 Arithmetic functions 205

Secondly, note that for every i € {1,2,...,t}, we have that p'?‘i+2

1

+1>

ZPT"H, which implies that p?"'H — p?‘iﬂ > p?‘iﬂ — 1. From here we deduce
that for all such i,
er‘rl
a;j+1 Pi -1 a;
pit > lPi 1 =o(p;).

One can therefore derive the chain of inequalities

o(n) > pi st it s g (pi o (p52) - o (p) = o(n),

a contradiction. To justify the last equality, we use the fact that ¢ is a mul-
tiplicative function. Hence, the given Diophantine equation has solutions
only when n =1, when any m, k € IN* satisfy the equation.

We now present an inequality that involves both functions T and o, the
number and sum of divisors functions.

Example 8.8. For every integer n > 2, show that the following inequality holds

o(n) > o

w(n)

Solution. Let dq,d5, .. .,dT(n) be the positive divisors of n. These can be writ-

ten (by changing their order) as 7-, ..., di().
T(n

Therefore, the square of the sums of divisors of # can be written as

2y = (e T
U(n)—<d1+d2+ +dT(n)><d1+d2+ +de(n))

hence

RS I SN T
U(n)—n<d1+d + +dT(n)>(dl+d2+ ()

Applying the Cauchy-Buniakowski-Schwarz inequality for the last two
terms in the product on the right, we get that ¢?(n) > nt?(n), which is equiv-
alent to the inequality in the statement.

Example 8.9. The Euler Totient function ¢, the number of divisors T and the sum
od divisors o, satisfy the following inequality

o(n) +o(n) <nt(n),

for any positive integer n > 2. The equality holds if and only if n is a prime number.
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Solution. First note that the inequality holds (trivially) with equality if n = p
is a prime number. Moreover, one can immediately check that the inequality
holds strictly if n = p¥, k > 2 is a prime power. To prove the inequality for
general 1, we are going to use strong induction.

Note that the inequality is true for n = 2 and assume that the inequality
holds for every n such that 2 < n < k. We are going to prove that the in-
equality holds for k. If k is a prime power, we are done by the remark in
the first paragraph. Otherwise, we can write k = ab, where 1 < a,b < k and
ged(a,b) = 1. As the functions ¢, and T are multiplicative, we have

(k) + (k) = ¢(ab) + o (ab) = ¢(a)p(b) +c(a)o(b).
the right-hand side is strictly less than (¢(a) + o(a))(¢(b) + o(b)). Now,
using the inductive hypothesis we get that
(p(a) +0(a))(p(b) + (b)) < at(a)br(b) = abr(ab) = kr(k),
which completes the induction. Looking carefully at the inequalities derived
above, one can easily justify the claimed equality case.

We have seen that the Euler totient function is multiplicative. Let us now
prove an identity which, combined with the previous theorem, allows one to
give an indirect proof of the fact that the identity function is multiplicative.

Example 8.10. For every n € IN*, we have n = Y, ¢(d).
d|n

Solution. By partitioning the set {1,2,...,n} into the disjoint sets given by
M;={1<i<n|ged(i,n) =d} for every positive divisor d of n. Note that

n=7y |Myl.
dn

Let us now determine the cardinality of the set M. If x € M;, then the
integers 7 and 4 are coprime. In fact, this gives rise to a one-to-one corre-
spondence between the sets M and {1 <i<n/d|gecd(i,n/d) =1}. This
shows that |[M;| = ¢(n/d), hence

n
n=Y9(5)=Le,
dln dn
where the last equality follows by changing the order of summation.
We now return to the proof of Theorem 8.1.

Proof (of Theorem 8.1). Let m,n be positive integers with ged(m,n) = 1.
Then, all divisors d of the product mn can be written as d = ab, where a | m
and b | n. Since ged(a,b) | ged(m,n) two such integers a,b are also coprime.
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Using the fact that f is multiplicative, we see that for any such d = ab, we
can write f(d) = f(a)f(b) and therefore

F(mn)= ) f(d)=}_ f(ab)=} f(a)}_ f(b)=F(m)F(n).

d|mn alm,b|n alm m|b

The conclusion follows. O

This raises some natural questions. For every multiplicative function F,
does there exists a multiplicative function f such that F(n) = Y4, f(d) for
all n? And if yes, given F is the function f unique? The Mobius u function,
which we discuss in the next section allows us to answer these questions.

8.2 The Mébius u function

The Mobius u function can be defined multiplicatively on IN* by just speci-
fying its values on prime powers. If p is a prime number, define y(p) = —1
and p(p*) = 0 for every k > 2. Now the value y(n) can be computed recur-
sively for any n € IN*.

Since we defined p as a multiplicative function, we have that (1) = 1.
Moreover, one can easily check that y(2) = —1, u(3) = —1, u(4) =0, then
u(5)=—-1,u(6) =u(10) =land p(7-11-17) = —1.

It is easy to deduce that for any n € IN*, we have

Y u(d) = { Lifn=1 (8.3)

0, otherwise.
dn

Indeed, the result follows trivially for n = 1. If n = p* is prime power then
the sum consists of (1) + u(p) =1+ (—1) +0+ - - - + 0, where the sum on
the right has k + 1 terms. In general, denote by

F(n) :Zy(d).

dn

By Theorem 8.1, it follows that F is a multiplicative function. Since we saw
that F vanishes on prime-powers, it follows that F(n) = 0 for any n > 2.

We give another proof of the formula for the Euler totient function ¢(n).

Example 8.11. Show that for any n € IN*, we have
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Solution. Since ¢(n) gives counts the numbers that are less than n and co-
prime to n. So we can write

= (1, if (kn) =
p(n) = Z { 0, otherw1se

Formula (8.3) allows one to write
_[1,if (k,n) =1,
Z H(d) = {O, otherwise
d|k and d|n
therefore by replacing into the formula above we have
n
o) =), ) wd)
k=1 d|k and d|n

By first changing the order of summation, we obtain

p(n)=Y pu(d) Y, 1:Zy(d)g.

dn 1<k<n,d|k dn

In the formula ¢(n) = nZd‘ ) from the example above, if we denote by
r =n/d, we can see the right hand side as a sum over all possible factoriza-
tions of n = dr, where d and r are positive integers. In other words,

p(n)= ), u@r (84)

dr>1n=dr

Recall that in Example 8.10 we saw

n=) ¢d= Y ¢d-1 (8.5)

dn dr>1,n=dr
Identities (8.4) and (8.5) are particular instances of a more general result.

Theorem 8.2 (Mdbius inversion formula). For any two arithmetic functions f
and g we have

= Y _ f(b) for every integer n > 1

ab=n
if and only if

= Y ulc)g(d) for every integer m > 1.

cd=m

The conclusion of the theorem is frequently written shortly as follows
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=) f(d)foreveryn >1« f(m) =) u(m/d)g(d) for every m > 1.
d|n dim

Proof. If g(n) = Y4, f(b), for all positive integers n, then

Y. ulo)gd) =) ple) ), f(b)= ) p()f(b)

cd=m cd=m ab=d abc=m

which is further equal to

Y f(b) Y ple)=

blm ac=m/b

as desired. In the last equality we used the fact that the sum on the right is
zero unless ' = 1, which was explained in (8.3).
Conversely, if f(m) =Y o4, #(c)g(d), for all positive integers m, then

Y, f0) =3 Y ue)gd)= Y plogd) =Y gd)- Y, ulc)

ab=n ab=ncd=b acd=n d|n ac=n/d

As in the first part, the relation (8.3) allows us to deduce that the second
sum in the last expression vanishes unless 5 = 1. The conclusion follows

immediately. U

The examples above, together with this theorem serve as motivation for
defining the following concept. Given two multiplicative functions f, g, we
define their convolution f * ¢ as follows

(fxg)(n)="Y_ f(a)f(b) for every n € N*.

ab=n

The set of arithmetic multiplicative functions, together with the convolu-
tion operation forms a commutative monoid, where the identity element is
the J function, defined as

1,ifn=1,
o(n) = { 0, otherwise.

We will restrict ourselves to proving the fact that the set of multiplicative
functions is closed with respect to the convolution operation, leaving the
proofs of the other axioms of a monoid to the curious reader.

Indeed, suppose f and g are two multiplicative functions. Let m, 1 be two
coprime integers. Note that by definition

(f*g)(mn) ="} f(a)

ab=mn
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It is easy to show that there exists integers 7,s, t,u, such that ged(r,s) =1
and ged(t,u) =1 such that a = rs,b = tu, m = rt and n = su. Using this, note

that f(a) = f(rs) = f(r)f(s) and g(b) = g(tu) = g(t)g(u).

We then have

(fxg)(mn) =} flrs)g(tu) =} f(r)g(t) }_ f(s)g(u)

rt=m,su=n rt=m su=n

and the right-hand side is easily seen to be equal to (f * g)(m) - (f * g)(n).
Since m, n are two arbitrarily chosen coprime numbers, this shows that f * g
is a multiplicative function.

This observation about the convolution of two multiplicative functions,
together with Theorems 8.1 and 8.2, allows us to give a positive answer to
the two questions raised at the end of the previous section.

Indeed, if F is a multiplicative arithmetic function, then the function
f(m) = ¥4, u(m/d)F(d) is multiplicative. This is because f can be seen as
the convolution between the multiplicative functions y and F. Now, Theo-
rem 8.2 guarantees that F(1) = Y 4, f(d). The uniqueness of f follows im-
mediately from the direct implication of the aforementioned theorem.

8.3 Ramanujan sums

For every positive integers 1 and g, the Ramanujan sum p(#,q) is defined as

png)= Y &, (8.6)
ged(a,n)=1

where the sum is taken over all 2 such that 1 <a < and ged(a,n) = 1.

We note that the usual notation for these Ramanujan sums is ¢, (q). How-
ever, we use avoid the latter for, since we use a very similar notation for the
coefficients of cyclotomic polynomials. Another motivation for our choice of
notation is as follows. By fixing one of g or n, one can think of Ramanujan
sums as arithmetic functions of the remaining free variable.

We start by remarking that, by fixing n € IN*, the arithmetic function
p(n,-) :IN* — C is periodic, as p(n,qg + n) = p(n,q), for all g € N.

In what follows, we see that fixing q and regarding p(-,4) : N* — C as
a function in the variable n will unravel some remarkable properties. For
example, notice that when g = 0, one obtains the Euler Totient function, i.e.
p(n,0) = ¢(n) for all n € IN*.

Let us also present the following identity which is useful in the later com-
putations involving Ramanujan sums.
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Example 8.12. For q € Z, and every positive integer n, we consider the function

0q(n) = il e*3 1. We have the following identity
a=

nifnlq
%) = { Oifnfq
Solution. Indeed, if 7 | g then all terms in the sum are 1 and the conclusion
follows. Otherwise, letn =d -n’, g =d - 4/, where d = ged(n,q). We have

L 4
Ze n _ ZeZm
a=1

As q" and n’ are coprime, exponentiation by ¢’ is an automorphism of the
group of n’-th roots of unity. Therefore, the last sum is

\\n

By Viéta’s formula applied to the polynomial X" — 1, the sum vanishes.
Suppose g € IN* is fixed. An immediate corollary of the example above is

that 6, : IN* — IN is a multiplicative function. Indeed, suppose m,n € N* are

coprime. Then, as nm | q if and only if n | g and m | q it follows that

0q(nm) = 64(n)d4(m). (8.7)
Theorem 8.3 (Kluyver). Let g € IN* be fixed. Then

p(n,q)= Y. dpu (d) foralln € N*. (8.8)
d|ged(n,q)

Proof. In the previous example we saw that for all n € IN*, we have
_ iesz;j B {nifn|q
= Oifntg
This can be written as

=) ¥ S =) 3 A=Y o).

d|n (a,d)=1 d|n (a,d)=1 dln

Applying Mébius inversion formula, we obtain (Theorem 8.2)

nq)zdﬂéq(d)u(’;)z ). dﬂ(d) O 89

d|ged(n,q)
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With the convention that y (4) = 0if d { n, we obtain the following imme-
diate consequences of formula (8.8), valid for all n € IN*:

p(n,1) = p(n);
p(n2)= Y

d|ged(n,2)

u(n) +2u(n/2);

[
=

)
—
S
Q1
N—
Il
[
=
N N N R N

U AR RIS RIS RIS AR R

p(n) +3u(n/3);

5
—~
=
w
N—
|
.
=

p(n) +2u(n/2) +4u(n/4);

)
—
3
N
SN—
Il
[
=

p(n) +5u(n/5);

u(n)+2u(n/2)+3u(n/3)+6u(n/6);

>
~—
3
o
S—
|
.
=

p(n) +7u(n/7);

N—— N—— N—— N—— N——— N——
Il

°
—
=
3
N—
Il
=
RS

) =u(n)+2u(n/2) +4pu(n/4) +8u(n/8).

5
~—
5
0
S—
|
.
=

d|ged(n,8)
In addition, one can now derive the following corollary.
Corollary 8.3. For q € IN* fixed, the function p(-,q) : N* — C is multiplicative.

Proof. Indeed, we derived in 8.9, that for any n € IN*,
n
plng) = Yoy (5).
dln

As the right-hand-side is the convolution product J; *  of two multiplica-
tive functions, it follows from the results in the previous section that p(-,9)
is also a multiplicative function. g

We saw that the values of a multiplicative function are fully determined
by the values these functions take on prime powers. Let us describe these.

Suppose q € IN* is fixed. Then, for every prime number p and for every
positive integer k, Theorem 8.3 yields

—pk=L,if p g but pFig
0, otherwise.

k
o)=L du (’;):
)

{ pr—p i g
dlged(p*,q

In particular, p(+,q) takes integral values on powers of primes. Then, by
Corollary 8.3, p(-,q) are integral valued arithmetic functions, for all 4 € IN*.
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Example 8.13. Another interesting situation is when n = pypa--- px is a prod-
uct of distinct k primes. Without loosing generality, suppose that ged(n,q) =
p1p2 - - Pm, where m < k. The theorem presented above together with the defini-
tion of the Mobius function yield that

m

p(n,q) =Y (=1 "'Si(p1,p2,--., pm),
i=1

where S; is the i-th fundamental symmetric polynomial in m variables.
Let us now see two example problems involving Ramanujan sums.

Example 8.14. For every n € IN*, prove that the following identities hold

T . 2km
) cosT—y(n)and ) sin=— =0,

ged (kn)=1 ged (kn)=1
where the summation is over all integers 1 < k < n which are coprime to n.
Solution. We have
) cos 2T +i ) sin X7 _ ) 2 = p(n,1) = u(n),
ged(lon)=1 n ged (kn)=1 o ed(n)=1
so the identities follow by identifying the real and the imaginary parts.

We now present another interesting identity using Ramanujan sums.

Example 8.15. For every n € IN*, prove that the following identity holds

Solution. For every such n, we have that
p(n/z) = Z 847'[1.% = Z (COS 4kl + 1sin 4k7T) ,
ged(k,n)=1 ged(k,n)=1 n n
hence, using the fact that p(#,2) is real-valued (actually integer-valued),
4k 4k
Y cos 2 p(n,2)and )° sin " =,
ged(k,n)=1 n ged(k,n)=1 n

Therefore, using the double-angle formula for the cosine function,

2kt 1+ cos¥m 1
Y, cosf=—= ) —— =5 (e(n) +p(1n,2)).

ged(kn)=1 n ged(k,n)=1
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The conclusion follows from (8.8), using that y(n/2) = 0 if n is odd.
Remark. Clearly, it follows that

yosin? 2 T (102 27) = o) Jutw) — (/2.

ged(kn)=1 n ged(kn)=1

8.4 Cyclotomic polynomials. Definition and basic properties

For an integer nn > 1, recall that an nth root { is called primitive if " =1, but
7% # 1 for all 1 < d < n. The n-th cyclotomic polynomial ®, is defined by

@(n) (n)_i
Pu(z)= [[(z-0) =) "7, (8.10)
g=1 j=0

where ( are the n-th order primitive roots of unity, and ¢ is Euler’s totient
function, which is also the degree of the polynomial. The term cyclotomic
comes from the property of the nth roots of unity to divide the unit circle
into n equal arcs, forming a regular polygon inscribed in the unit circle.

The first few cyclotomic polynomials are

D(z)=z—1,P(z) =241, P3(z) =22 + 2+ 1, Py(z) =22 + 1,
Os5(z) =zt 4224224241, Pe(z) =22 —z+1,

Or(z) =20 +22+ 2+ + 224241, Dg(z) =2 + 1,

Dy(z) =20 +224+1,: P(z) =2t -2 +22—z+1,

Dp(z) =2t —22+1, Oy(z) =20 -2+ 2 -2+ 22—z +1,

D5(z) =28 — 2" +2° — 24+ 28 —z+1 Dig(z) =28 41,

@18(2):,2 -2 +1 @20() 8§ 204242241,

Doy (z) =22 -2 420 — B 42 —z4+z3—zl+1,

Op(z) =20 -2 +28 27 428 P+ -B 42—z 41 (8.11)

Using the M6bius function y, defined by

1 ifn=1;
p(n) = (~DF ifn=pipr-- pi
0 if n = p?m,

where p, p1, ..., px are primes.
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An alternative form of (8.10) is obtained by the multiplicative version of
the Mobius inversion formula, as

®,(z) =T (x' - 1) Hnsd). (8.12)
d|n

This is an important identity for products of cyclotomic polynomials.

Theorem 8.4. For every n € IN*, the following equality holds

2" —1=]]®u(z), (8.13)
dln

where @4 is the d-th cyclotomic polynomial.

Proof. Observe that the roots of the polynomial on the left are all n-th roots
of unity. However, ( is an n-th root of unity if and only if { is a primitive root
of unity for exactly one positive divisor d of n. The roots of polynomials ®;
are, by definition, exactly the primitive d-th roots of unity, so the equality
(8.13) holds because the polynomials on both sides are monic, have simple
roots and their roots are in one-to-one correspondence. g

As an application, we now present a shorter (but more conceptual) proof
for the formula in Example 8.10.

Example 8.16. For every n € IN*, we have

n= Zq)(d).

d|n

Solution Each polynomial ®; has degree ¢(d), so the identity follows by
identifying the degrees on both sides in the formula (8.13).

It is well-known that every cyclotomic polynomial has integer coefficients
and is irreducible over Z ([133, Theorem 1, p.195]). Numerous interesting
properties of the cyclotomic polynomials and their coefficients have been
discovered over more than a hundred years. Polynomials up to n < 105 only
have 0, 1 and —1 as coefficients, while —2 first appears as the coefficient of
the term z” in ®;5. For the early history of such results we refer to the 1936
paper of E. Lehmer [163]. In 1987, J. Suzuki [220] proves that in fact, any
integer can be a coefficient of a cyclotomic polynomial of a certain degree.

The explicit computation of the coefficients of cyclotomic polynomials
involves elaborated calculations [206, p.258-259].
Lemma 8.1. The following properties are known:

1° ®u(z) = ©y(2P) if p is a prime divisor of n.

2° @, (z) =22, (%) forn>1.

3° For n odd one has ®,(z) = ®,(—z2).
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Theorem 8.5. Let p be a prime number and m be a positive integer. If p does not
divide m, then @y (2) P (z) = Dpy (2P).

Proof. Let d be an integer such that d | pm and p does not divide d. Since
p is prime, ged(p,d) = 1, hence d | m. Since p does not divide m, we have
ged(p,m) = 1.1If d is a divisor of m, then ged(m/d, p) = 1. Since function u
is multiplicative, it follows that

p(mp/d)=p(m/d)u(p)=—pu(m/d).

Assume that p | d, in which case d = pn for some integer n, where n | m,
therefore d | pm. In these notations we obtain

Dy (2) P (2) = H <Zd B 1)H(Pm/d) O (2)
d|pm
=TI (Zd _ 1)14(11711/11) I (Zd B 1)]4(pm/d) O (2)
d|pm,pld d|pm, ptd
=]]@E=" - 1)M(pm/pn)1—[ (Zd _ 1)V(pm/d) By (2)
nlm d|m
=2, (2" ] (Zd _ 1) —p(m/d) Oy (2)

dlm
— B (27) (P(2)) " B (2) = D).

By formula (8.10) the following interesting relations hold

= C:
dz far /
a ¢(n) ( )_ 1 (”)
d*®,(z) (p(m) =D ia
dz« = I'(p(n)—j—a+1)

Definition 8.1. The companion matrix representation of a monic polyno-
mial P(z) = ag + a1z + -+ + a,_12" "1 + 2™, m > 2 is the square matrix

00---0 —ap
10---0 —ay

C(p) = (010 o
001 —ay, 4

The following properties can be defined for a general polynomial [67].
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Definition 8.2. Let m >2 and P(z) =ag +ajz+ -+ +apy_1z2" ' +a,z" be a
polynomial with ay,...,a, € R, having the factorization

P(z)=ap(z—a1) - (z—an).

1° The length of the polynomial P is
m
L(P) = lao| + |aa] + -+ + |am| = }_ aj].
j=0

2° The height of the polynomial P is

H(P) = -
(P) = max_laj

3° The Mahler measure of the polynomial P is
m
M(P) = am| - [ Tmax {1, [ajl } |a; -
j=1

The following results are known to connect these notions.

L Hpy < M(P) < H(P)Vm £1,
(Lm/ZJ)
L(P) <2"M(P) < 2"L(P),

M(P) < L(P) < (m+1)H(P),

where ( > is the binomial coefficient.

m
m/2]
Sometimes one may use P4 = maxj—gy,.. |4;| and P— =minj—o 1, |4l

The following results presents some properties of the companion matrix
for polynomials in general, and for cyclotomic polynomials in particular.

Proposition 8.1. If P(z) = ag + a1z + - - - + ay,_12" 1 + 2™, then we have:

1° The characteristic polynomial of C (P(z)) is P(z), hence the eigenvalues of the
matrix C (P(z)) are the roots of P(z).

2° det(C(P(z))) = (—1)"ag hence det (C (®,(z))) = (—1)?") =1, n > 3.
3° Tr(P(z)) = —ay—1, hence Tr (D (z)) = u(n).

The proof of item 3° follows from Theorem 8.8 or Theorem 8.15.
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8.5 Cyclotomic polynomials’ coefficients. Suzuki’s Theorem

Many studeis have been devoted to the coefficients of cyclotomic polynomi-
als. As seen in (8.11), the first cyclotomic polynomials only have 0, 1 and —1
as coefficients. In fact, just in 1883 Mignotti found that —2 first appears in
d15 as the coefficient of z7, and moreover @, only has the coefficients 0 and
£1, whenever # is a product of at most two distinct primes. Next, the coeffi-
cient 2 first appears for n = 165, while all coefficients of P,, do not exceed 2 in
absolute value for n < 385. Later, in 1895 Bang showed that for n = pgr with
p < g < r odd primes, no coefficient of ®, is larger than p — 1. An impor-
tant breakthrough came in 1931, when Schur showed that the coefficients of
cyclotomic polynomials can be arbitrarily large in absolute value.

A history of early results can be found in [163]. Later, Suzuki [220] proved
that any integer number can be a coefficient of a cyclotomic polynomial of a
certain degree. For more details regarding the study of cyclotomic polyno-
mials and their coefficients we refer the reader to papers by Erdos [98], [99],
Ji [137], and to the monograph of Bachman[38].

In what follows, we present the aforementioned result of Suzuki [220].
Recall that we denote by cl(n) the coefficient of z' in the n-th cyclotomic poly-
nomial ®,(z), as in formula (8.10).

(n) _

Theorem 8.6. For any integer s € Z, there exists n,i € IN such that ¢;’ = s.

The result above can be rephrased as follows: every integer can be found
among the coefficients of some cyclotomic polynomial. Based on [220], in the
proof of this theorem we will make us of the following consequence of the
Prime number theorem. We refer to [188] for the full statement and proof.

Proposition 8.2. Let t > 2 be any integer. Then there exist t distinct primes p; <
p2 < --- < py such that p1 + p2 > pt.

Proof. Indeed, suppose the conclusion of the proposition is false for some
t > 2. Then for any distinct primes p; < p» < --- < p; we should have that
p1 + p2 < pt. In particular, this implies that 2p; < p;. As a consequence, we
obtain that for any integer k > 2 the number of primes between 2¢~! and
2k is strictly less than t. If 7t denotes the prime-counting function, it follows
that for every k > t we have that 77(2¢) = kt, which gives a contradiction
to the Prime Number Theorem. The latter asserts that 77(2) is of the order

k
kli?’ when k — co.

Let us now return to the proof of the Theorem 8.6. Let t > 2 be any
odd integer. From the proposition above, we know that there are primes
p1 < p2 < --- < pt such that p; + po > pi. We will write shortly p = p; and
n = pipz--- pt for the product of all these primes. We will look at the n-th
cyclotomic polynomial ®,(z).
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Following an earlier idea of Schur, the Suzuki Theorem considers the cy-
clotomic polinomial ®,(z) modulo z/*1. We have

(1—2z)/(1—z) (mod zP*!)

1~

D,(z) =
=1
=(14z4--+2)(1—2zP1 —... —zP)  (mod zF1)

By this formula we deduce that that cg,n) =—t+1and C;@Z =—t+2.
Because t takes every odd positive values greater or equal than 3, this shows
that all the integers in the set {s € Z :s < —1} can be found among the
coefficients of cyclotomic polynomials.

It is known that for any odd positive integer m, we have the identity
Py (z) = Py (—2z). As for p; > 3, the product n = pypy---pn is odd, this

implies that for the above n we have cﬁ,zn) =t—1and c;{n% =t — 2 which

implies that also the integers in the set {s € Z :s > 1} can be found among
coefficients of cyclotomic polynomials.

We noted earlier in this chapter that 0 = 054), which end the proof. O

Given an integer |k| > 2, an interesting follow-up problem consists of

finding the minimal m for which there exists an n such that cg,f ) = k. The
problem was first considered in 1991 by Grytezuk and Tropak [113], and
here we describe some of the progress made on this, following [222].

If m is such a natural number, then for all #, we must have an) = k for
all » < m. Taking for instance k = —2, it is known that m = 7 is minimal and

105 — 2. Recall in (8.12) we deduced that

2
CIDn(Z) _ H (1 _ Zd)ﬂ(n/d)/

dn

where y is the Mobius function. By setting y(1n/d) = 0 whenever n/d is not
an integer, we can write

®p(z) = ﬁ (1- zd>”("/d). (8.14)

(n)

Hence, for a square-free n, the value c;;” depends only on the values of y(1n),
#(n/d) and on the primes that are less that m + 1 and divide n.

The following interesting result was proved by Endo [95], who used
mathematical induction ande earlier results by Bloom [65] and Erdos [98]).
We here provide a direct proof and some simplifications. Then we will for-
mulate a counterpart for the inverse cyclotomic polynomials.
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Theorem 8.7. The following formula holds

N e G | G G

i142ip 4+ i =m 1 2 Im
(8.15)

where (iy,...,iy) runs over all the non-negative integral solutions of the equation
i1 4 2ip + - - - 4 miy, = m, for m a positive integer.

Proof. We write the infinite product formula (8.14), as

B B (D)) ()

and identify the coefficients of z". U
By formula (8.15) if we fix m, we can obtain the first coefficients as follows:

e For m =1 the equation i; = 1 has the solutions i; = 1, so one obtains
an) = —u(n). (8.16)

e For m = 2 the equation 71 + 2ip = 2 has the solutions (i1,i) = (2,0) and
(i1,i2) = (0,1). Hence, once obtains

o= ) () (7)

= 2u(n) (u(m) — 1) — e (n/2). (817)

e For m = 3 the solutions of the equation i1 + 2ip + 3i3 = 3 are (i1,ip,i3) =
(3,0,0), (i],iz,ig) = (1,1,0) and (i1,i2,i3) = (0,0,1). This gives

=y (_1)i1+i2+i3<7"(”)> (ﬂ(ﬁ/2)> <M(r{/3>)

i1+2iy+3i3=3 2! 2 13

__ <V(3">> N (u(ln)> <u(n1/2)> - (y(nl/3)>

p(n) (u(n) —1) (u(n) —2)

=— c +u(n)pu(n/2) — p(n/3)
n 3 _ 2
= PO SHOE20) |y /2) — )
_ W T+ u(m)u(n/2) — u(n/3), (8.18)

where we used that ()3 = (1), leading to (V (”)> S <” (”)>.
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e For m = 4 the solutions (i1, i2,13,i4) of equation iy + 2ip + 3i3 + 4iy = 4 are
(0,0,0,1), (1,0,1,0), (0,2,0,0), (2,1,0,0), and (4,0,0,0). This gives

o = Y (cayies (V(ﬂ)) <ﬂ(11/2)> <V(11/3)> <u(7/4)>
I

i1+2ip+3i3+4iy=4 12 13 4

= <y(4n)> - <ﬂ(2n)>y(n/2) + (y(n2/2)> +u(m)u(n/3) —u(n/4)

n)? —u(n n/2)? —u(n
p(n) . B 1 _ y(ny2)) + M2 . p(n/2)
+p(n)u(n/3) —p(n/4), (8.19)

where we used that u(n)3 = u(n).

We now prove a result which helps us simplify the calculations of coeffi-
cients by Endo’s Theorem 8.15.

Lemma 8.2. Let (K, +,) be a a field such that charK = 0, and x € K an element
for which x3 = x. If k > 2 is an integer, then the following identity holds

(’;) - (—1)"(’5), (8.20)

where (;ﬁ) _xx=1): -];'(x —k+1) is a formal binomial coefficient.

Proof. Since x

3 — x =0, the following relations hold

<x>+( x > (=1 (r—k+1)  x(r=1)-(x—k+1)(x—K

k k+1 k! (k+1)!
:x(x_lzlé;(lx)!_kﬂ)-(k+1+x—k)
Fa(x—j+1
=(x+1)x(x—1) ]3(15_{_1;! ):0.

This identity shows that (;},) = — (), for k > 0, hence

B--)- )=

confirming the desired identity for k > 2. O

As a consequence, since ji(1n) € {—1,0,1} (n > 1), ensures that ()% = u(n),
for an integer k > 2 we have

(V(:)) _ (_1>k<ﬂ(2”)>' (8.21)
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Therefore, if (iy,...,i) is a solution of the equation iy + 2iy + - - - + mi,, = m
and for a given j =1,...,m the corresponding index satisfies i; > 2, then the
corresponding binomial coefficient in (8.15) having the form (—1)’i (”('17_/ M,
]
can be replaced using formula (8.21) by (¥ (Z/ 7). For example, this allows

quicker calculations for cén) in (8.18) and cin) in (8.19). Splitting the indices
of a fixed vector (iy,...,iy) solution to iy + 2ip + - - - + miy, = m into two sets

h={jel...m|ij=1}, h={jel,...m|ij>2},

the corresponding term in Endo’s formula can be rewritten as

(1)t (”ff)) (y(?2/2)> (V(Zm)>

= (=0 [T/ -T1 (” (’;/j)) (8.22)

j€N j€D

We first find upper bounds for selected coefficients.

Example 8.17. Let us confirm that ]cgn)| <1

Solution. Indeed, by the Theorem, and formula (8.17), when p(n) =0 or 1,
Tu(n) (u(n) — 1) =0, hence c; = —p (n/2). On the other hand, when y(n) =
—1, one obtains 1/2p(n) (u(n) — 1) = 1. Clearly, if the number n/2 is an
integer, then y(n/2) =1, hence ¢; = 0. On the other hand, when /2 is not
an integer, we gave .(1/2) = 0, in which case ¢ = 1. One can observe that

in all cases ]cé”)] <1.

Similar calculations can be used to prove that |c£,'z1 )| <lform=3,...,6.
Below we detail the computations for m = 7.

Example 8.18. Let us prove that ‘an)‘ <2

Solution. We analyse all configurations for which iy +2i; + - - - +7iy =7 and
the formula below :

i14+2iy+ - +7i7=7 gl 2 17
Using this approach it is proved that

M. ") = —2for u(n) =1and n divisible by 2 x 3 x 5 x 7;
(ID. an) =2 when p(n) = —1, for n odd and divisible by 3 x 5 x 7;
(IID). \c;")] <1 otherwise.
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Indeed, the details of these cases are discussed below.
Case (I). For y(n) =0, one has (”(1")) for iy > 1, hence

i

R I e G )

Dig+-47i7=7 12 17
while the equation 2i3 + - - - 4 7iy = 7 has only the four solutions
b=2i3=1, ib=1is=1 i3=1i=1 i;=1,

where the numbers not explicitly mentioned are zero.
It follows that

1
o) = =S (n/2) ((n/2) = 1) p(n/3) +  (n/2)  (n/5)
+u(n/3)p(n/4) —pu(n/7).
Here we have three scenarios.
(I-a). If u(n/2) =1, then n is a multiple of 4, which implies that we have

u(n/3)=wu(n/5)=u(n/7)=0,hence cy =0.
(I-b). If u(n/2) = 0 and p? | n with p # 7 and 72 | n, then

" = (n/3)u(n/4) — u(n/7).
If u(n/2) = 0and 72 | n, then

& = —p(n/7).

(I-c). If u(n/2) = —1, then n must be a multiple of 4 and so we have
u(n/3)=wu(n/5)=u(n/7)=0,hence c; =0.

Case (II). When u(n) =1, we have (”l(.l”)) =0fori; >2,and as u(n/4) =1
) = () gp (n/2) (1 (1/2) = 1) (1 (2/2) = 2)
— ) 1 (0/3) (1 (1/3) 1)+ u () 1 (1/6)
— SH /2 (u(1/2) = 1) (1/3) + p (n/2) p (0/5) — e (/7).

(ITa). If n is not even, then y(n/2) = 0, therefore

) = 2 (n/3) (e (n/3) =)~ (/7),

where u(n) =1, while —u(n/7) =1 or 0, if 7 | n or not. Also, we have
—Su(n/3)(u(n/3) —1)=—1or0,if 3| n or not, hence |c7| < 1.
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(II-b). If n is a multiple of 2, then y (1n/2) = —1, hence

n 1
o) = 1= u(n/3) (u(n/3) 1)
+u(n/6) —p(n/3) —p(n/5) —pu(n/7).
(II-b-1). If n is not multiple of 3, then i (1n/3) = 0, so we have

&) = ~1—pu(n/5) — u(n/7).

Since p(n) =1and p(n/5), u(n/7) are —1 or 0, it follows that |cy| < 1.
(II-b-2). If 3 | n then p (n/3) = —1 so that 4 (n/6) = 1, hence

c;"):—1—1+1+1—y(n/5)—y(n/7).

In this case if 5 | n and 7 | n then |c7| = 2. For example, this can be checked
forn =2 x 3 x5 x 7=210, where c; = 2.

Case (ITD). When pi(n) = —1, (*")) = (1) and y(n/4) = 0 since n/4 is not

i
an integer. Hence the following formula is obtained:

S =1—pu(n/2) — pu(n/3)+ %y(ﬂ/Z)(y(ﬂ/Z) —1)+pu(n/2)u(n/3)

—p(n/5) — g (3/2) (u(n/2) = 1) (1 (1/2) = 2) + 3 (1/3) (1 (0/3) = 1)

1

—p(n/6) = spu(n/2)(u(n/2) =) p(n/3) +p(n/2)p(n/5) —u(n/7).

Since u(n) = —1, with u(n/2) and p(n/3) being 1 or 0, the formula becomes

" = (1= p(n/2)) (1= u(n/3)) — u(n/5) — u(n/6)
+un/2)pu(n/5) —un/7).

(ITI-a). If 4(n/2) =1 one has
) =~ (1/6) ~ (/7).

Since p(n/2) =1, we get u(n) =0or —1. Also p(n/7) =0or1,so |c7| < 1.
(III-b). If p(n/2) =0 then u(n/6) = 0 and

M =1 (n/3) = pu(n/5) — u(n/7).

Hence, if u(n/3) = u(n/5) = u(n/7) =1, in which case c; = —2. One can
check that for n =3 x 5 x 7 = 105 one has ¢y = —2.

In the same paper it is mentioned that |C§n)| <2and |cén) | <2.
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In the aforementioned article [113], Grytezuk and Tropak derived the fol-

lowing recurrence relation for these coefficients. First, observe that c(()") =1

Then, for m > 2 we have

m—1
et = POV y(ged(n,m ) glged(mm— D)l 824)
I=0

where ¢ denotes the Euler’s totient function.

We note the following interesting connection between the coefficients of
cyclotomic polynomials and Ramanujan sums.

Let c!") be the coefficient of 2/ in the n-th cyclotomic polynomial. We first
recall that the cyclotomic polynomials are reciprocal. Moreover, for every

(m) _ .(n)

1<j<¢(n)—1,using Viéta’s formula one can write € = Coln)—j the eval-
uation of the symmetric polynomial S; in the primitive n-th roots of unity.
On the other hand, the Ramanujan sums p(#, k) are just the evaluation of the
symmetric polynomial Py in the primitive n-th roots of unity.

Newton’s identities discussed previously, assert that the polynomials

S4,...,S @) and Py, D, .. .,qu(n) are related by the following relations

¢
Pe = S1P 1+ 2P g — -+ (1) IS P+ (—1)fkS, =0,
which hold for every k € {2,...,¢(n)}.

This leads to an interesting recursive formula.

Theorem 8.8. The following identities hold for every k in the aforementioned set:
1
c,((") =7 [p(n,k) +p(n,k — 1)c§") + e +p(n,1)c,(<"_)l] . (8.25)

We apply the above recurrence relation to compute the first four coeffi-

(n)

cients ¢, for every n € IN* as follows:
e For k =1 one obtains

" = —p(n,1) = —p(n).
e For k =2 we have

n 1 n
cg ) _ -5 [p(n,z) +p(n,1)c§ )}

- 7% [y(n) +2u(n/2) - ﬂ(”)z}

1’12— n
_ p#n) . p( )—H(”/2)~
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e For k = 3, using the identity y(1n)% = y(n) one obtains

n 1 n !
" == [pn3) +p(n,2)el” +p(n, 1)} |

3

_ ) +§>ﬂ(ﬂ/3) L pn) +§u(n/2)y(n)_
p(n)? —p(n)  u(n/2)

- (M) )

_ p(n)? —pu(n)

> +u(n)u(n/2) —u(n/3).

e For k =4 since u(n)% = u(n) and u(n)* = u(n)? we confirm that

n ]- n n n
i) = =1 [pn ) +o(n3)et" +p(n,2)6” + p(n,1)e5"” ]
_V(n)+2u(n22)+4u(n/4) n u(n)+iu(n/3)y(n)

() +20(n/2) (y(n)z CONY

4 2
_ <P‘(”)2 —p(n) | pmp(n/2) Pl(”/3)> ()

8 4 4

p(n/2)* —u(n/2)

O 2y + P2

2
+u(m)pu(n/3) — u(n/4).

The relation (8.25) suggests that every coefficient c,({n) of the n-th cyclo-

tomic polynomial is a polynomial with rational coefficients in the variables
p(n,k), k=1,2,...,¢(n) — 1 given by Ramanujan sums. The explicit form of
this polynomial is given in the following result, linked to Theorem 7.3.

Theorem 8.9. We have

C](<n) _ 2 (_1>11+12+...+Ik p(i’l,l)ll . p(i’l,z)lz _____ p(”zk)lk' (8.26)

Il I, Ik ] !
L+2lp+---+kl=k 1! 221! kel !

As direct corollaries of the above, we can recover the formulas for the first
four cyclotomic coefficients as follows:

e For k =1, the equation /; = 1 has the (only) solution /; = 1, hence

e = —p(n,1) = —p(n).

e For k =2, the equation I; 4 2I, = 2 has the solutions (I1,l) = (2,0) and
(I1,1) = (0,1). We therefore get
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1 1 1 1
€= EP(”/l)z - EP(”/z) = EP‘Z(’Q —5 (n(n) +2u(n/2))
2 _
0 . B g2,
Recall that y(n)3 = u(n) for every n € N* and using this identity one can

simplify the expressions involving powers of the Mébius function.

e For k = 3 the solutions (I1,1,13) of the equation I; + 2l + 3l3 = 3 are
(3,0,0), (1,1,0) and (0,0,1), therefore

) =~ 20 (n,1) + 5p(n,Dp(,2) ~ 3p(,3)
= —2120m) + pun) () + 25 (5)) = 3 () + 3 (n/3))

n 2 _ n
= MO0 |y (0/2) —  (n/3).

e For k =4, the solutions (I3,13,13,14) of the equation I; + 2l + 313+ 414 =4
are (4,0,0,0), (2,1,0,0), (0,2,0,0), (1,0,1,0), (0,0,0,1), hence

m _pn )t 1 2 1o 1 _1
=g g e(n2) £ gp(m2) + 3(n1)p(n,3) — gp(n4)

= L0 = 10200 ()4 20 00/2)) + £ ) + 200727

+ %y(n) (u(n) +3u(n/3)) — % (V(”) + 2 (n/2) +4p (Z))

pu(n/2)> — p(n/2)
2

= 10 (3 g2 +

+u(m)pu(n/3) — u(n/4).

Using the identity 43 = u in Theorem 8.7, we obtain a useful result.

Corollary 8.4. For every n € IN* and every k € {1,2,...,¢(n)}, the cyclotomic
(n)

coefficient ¢, is a polynomial with rational coefficients in p(n/d), where d is a
divisor of n. Moreover, the degree of u(n/d) in every monomial is at most 2.

8.6 The integral formula for the coefficients of ©,

Explicit formulae calculations for the coefficients are mentioned in [206,
p-258-259], and involve complicated expressions. Using Stirling and Bernoulli
numbers, [165] has obtained formulae for the coefficients of ®,(z + 1) as
polynomials with rational coefficients of certain Jordan functions.
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Integer sequences related to the coefficients of cyclotomic polynomials
can be found in the Online Encyclopedia of Integer Sequences [190].

In this section we use derive an integral formula for the coefficients of ®,,,
then discuss some applications, related to the direct and alternate sums of
coefficients, along with a formula for the mid-term of ®,,. Integral formulae
for the coefficients were derived by Andrica and Bagdasar in [20].

8.6.1 The integral formula

The proof a known identity involving Euler’s totient function.

Lemma 8.3. Let n > 3 be a positive integer. The following formula holds:

n
Y, k= Ego(n). (8.27)
<k<n—
gedliom =1

Proof.If k € {1,...,n — 1} is relatively prime with 7, then so is number n — k.
There are ¢(n) numbers relatively prime with 7 in total, hence there are
¢(n) /2 pairs of numbers which sum up to n. O

(0

;o we introduce the function

In order to get a unitary formula for c

Ap(t)= J] sin (t — k”) ) (8.28)
1<k<n-1 n
ged(kn)=1

For n = 1,2 one obtains the following expressions:
Aq(t) =sin(t — 1) = —sint,
_ T
Ay (t) =sin (t - E) = —cost.
As polynomials @1 (z) and P, (z) are linear, we may assume n > 3.

Theorem 8.10. The coefficients c](.") are given by the following integral formula:

(n) _ 2(/)(”)

= /()An(t)-cos(go(n)—Zj)tdt, j=0,1,...,9(n). (8.29)

Proof. Denote by {, = cos 2 +isin 2 and let z = cos2t +isin2t, t € [0,27].
By the well-known de Moivre formula and work with complex numbers
in polar form (see for example [6]), for k =1,...,n, we have
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z—ék: cosZt—cos& +1i s1n2t—s1n2k—7t
n n n
) km\ . km . kmr km
=-2sin|{t—— |sin|{t+ — | +2isin({t— — Jcos|t+ —
n n n n
. < krt> { < krz) .. < krz)}
=2isin(t—— ) |cos({t+ — | +isin{t+ — |]|.
n n n

By Lemma 8.3, for n > 3, one can write the polynomial ®,(z) in the form

Pu(z)= [ (-0
1<k<n-—1
ged(k,n)=1

= (Zi)q)(n) H sin <t - kﬂ) |:COS (t + kﬂ) + isin (t + kﬂﬂ
1<k<n—1 n n n

ged(k,n)=1

= (20)?M A, (1) I {cos (H—kﬂ) +isin (H-kn)]
1<k<n—1 n n
ged(k,n)=1

= (20)9M A, (¢) [cos (fp(n)f + q)(z)n> M (Wl)t * q)(z)nﬂ

= (20)%1) (~1)"% Ay () [cos p(n)t + isin p(n)]
=290 A, () [cos @(n)t + ising(n)t].

where we have used that ¢(n) is even for n > 3, and the multiplication of
complex numbers in polar form. For every j =0,1,...,¢(n), one may write

+ch 2=z ] (-2
k#j 1<k<n—1
ged(kn)=1
=29 A, (t) (cos2jt — isin2jt) [cos @(n)t + isin@(n)t]
=29 A, (1) [cos(@(n) — 2j)t + isin(@(n) — 2j)t].
Integrating on the interval [0, 77] we obtain formula (8.29). This is true
since the integral of zF~/ over [0, 7] vanishes whenever k # ;. g

In addition, from the proof of the integral formula (8.29) it follows that

/OnAn(t)sin((p(n) —2j)tdt=0, j=0,1,...,¢(n). (8.30)
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8.6.2 Some applications of the integral formula

The formula in Theorem 8.10 can be used to show that the coefficients of the
cyclotomic polynomial are reciprocal, to derive compact formulae for the
mid-term of cyclotomic polynomials, as well as for the direct and alternate
sums of coefficients. Details of the calculations can be found in [20].

Reciprocity of coefficients. It is known that the cyclotomic polynomial
®,,(z) is reciprocal, that is its coefficients satisfy

¢ = Coy—jr j=0,1,...,¢(n).

Indeed, using formula (8.29), for every j =0,1,...,¢(n), we have

(71) Z(P(n) T i

5= [ Ant) -cos (gln) —2(p(n) — ) e
2@(”) "TT . (n)
— /OAn(t)~cos(q)(n)—2])tdt—cj .

Direct sum of coefficients @, (1). The following explicit formula is known:

0 ifn=1,;
®,(1)=<p ifn=p", (8.31)
1 otherwise,

where m > 1 is an integer and p is prime. This integer sequence is labeled
A014963 in [190], has stretches of 1 of arbitrary length, and starts with

0,23,25,1,72,3,1,11,1,13,1,1,2,17,1,19,1,1,1,23, ...

By the formula (8.29) for the coefficients c](n), we obtain an integral equiv-
alent formula ®, (1), valid for n > 3, as follows:

o

=

—

—

N~—

I
< — -
= L=
R g
2 7=
5

/OnAn(t) cos(@(n) — 2j)tdt,

z(p(n) T @(n)
= /() An(t) - [ cos(¢p(n) —Zj)t] dt

1
o
|

j=0

200 m sin(g(n) + 1)t
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The integral in (8.32) is not improper. Indeed, by de Moivre’s formula

cos(g(n) + 1)t +isin(¢(n) + 1)t = (cost + isint)? W+
separating the real and imaginary parts one can show that

P(n)/2

cos(p(n = _pi(em)+1 cos )P~ (sint)¥ | cos

(gl + 1= 3, (P (costy ) s cost,
@(n)/2

. _ 1\ ¢(n)+1 CcoSs (n)=2j sin 2j sin

sintplm)+ 1= 3|1 (P costy™ine)sint

hence % is in fact a polynomial in sin ¢ and cos t.

Formula (8.32) can also be proved using the sum of cosines:

=

p(n) n)
;) cos(¢(n) — 2j)t - sint = » % [sin(p(n) —2j+ 1)t —sin(¢(n) —2j — 1)¢]
]:

g

_ =

=5 [sin(¢(n) + 1)t —sin(—¢(n) — 1)t]
sin(¢(n) + 1)t.

The mid-term of @, (z). The middle coefficients obtained for n > 3 produce
the integer sequence A094754 in OEIS, which starts with the terms

1,0,1,—-1,1,0,1,1,1,—-1,1,—1,-1,0,1,—1,1,1, ..
These are also given by the integral formula

2¢(n)

_ )
My = ¢,

T
/ An(t)dt. (8.33)
0
As ®,, is reciprocal we have @, (1) = 2a + m,, with a integer. By (8.31), ®,(1)

is odd if n is not a power of 2, in which case m,, is also odd. Moreover, m,, =0
if and only if n = 2" for some m > 2. By formula (8.33) we obtain

7T
/ Au(t)dt=0, ifandonlyifn=2", m>1.
0

While the terms of the sequence m, seem to be equal to —1, 0 or 1, other
negative and positive values appear. For example m3g5 = —3, mgsa5 = —5
and mz735 = —7, while mi155 = 3, Mmy785 = 5, and m11305 = 19. Some of these
values are mentioned in the paper of Dresden [92].



232 8 Cyclotomic Polynomials
This suggests that every odd integer may be the mid-coefficient of some
cyclotomic polynomial [20, Conjecture].

Alternate sum of coefficients @, (—1). The following formula is known

-2 ifn=1;
0 ifn=2;
Pu(-1) = e (8.34)
p it n =2p™;
1 otherwise,

where m > 1 is an integer. This is sequence A020513 in OEIS and starts with
-2,0,1,2,1,3,1,2,1,5,1,1,1,7,1,2,1,3,1,1,1,11,1,1,1,13, ...

(n)

From the formula (8.29) for the coefficients ¢, we obtain an integral
equivalent formula @, (—1), valid for n > 3, as follows.

o(n) ¢(n) o(n) . ‘
@u(-1)= Yo" (1) = ) ° An(t)(=1) —2j)tdt,
(N=Lg =K " At (1) cos(p(n) —2)
o(n) ,m ¢(n) ‘
:27'( /0 An(t) L;J(—l)]COS(gv(n)—Zj)t] dt
_Z(P(n) 7T COS(q0(n)+1)t
B 7/0 A”(t)Tdt. (8.35)

To prove the last identity we note that for a fixed j € {0,...,¢(n)}, one has

(~1) cos(p(n) — 2))t = cos (p(n) — 2t — j] = cos [p(n)t =2 (1 + 5 ).

One can multiply this last expression by sin(f+ J) and add the terms
cos [p(n)t —2j(t+ 5)] -sin(t+ %), j=0,...,¢(n). Using the simple iden-
tities sin(x + 77/2) = cosx, cos(x + krr) = (—1)kcos x, k € Z one obtains

@(n) ,
Z()) (—1) cos(¢(n) —2j)
j=

f cos(p(n) + 1)t 1+ (—1)¢(m
N cost 2

_cos(¢(n) + 1)t
o cost

since ¢(n) is even for n > 3.
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8.7 The inverse cyclotomic polynomial

In this section we discuss properties of a family of polynomials which are
closely related to the cyclotomic polynomials.

Definition 8.3 ([183]). For an integer n > 2, the n-th inverse cyclotomic poly-
nomial ¥, (z) is defined by

W)= TI (=) =g = L4

1<k<n,ged(kn)>1

The roots of this monic polynomial are the non-primitive nth roots of unity,
and the degree is n — ¢(n).

(n)

To fix the notation, from now on we will write d j for the coefficient of z/

in the n-th inverse cyclotomic polynomial ¥,, where deg¥,, =n — ¢(n).
The first inverse cyclotomic polynomials (discounting prime indices) are

=z8_1, Yi5(z) =724 781, Yoo (z) =712 4710 321,

=244 21, ¥(z) =22+ 2 -2 1.

Proposition 8.3. The following properties hold:
1° pr isa Prime and n = p”‘for o Z 1 then Tn(Z) _ Zpac—l 1

2° Forn = py -+ py square-free, deg (¥n) = p1--- pr — (pr = 1)~ (pr = 1).
3° If p < q are primes, then for n = pq one has

(-1 1)

1 :Zp+q_1+"'+zq+1—Zp_l—"'—Zz—Z—l.
Z_

Y,(z) =

4° If p,q,r are different primes, then for n = pqr one has

(271~ )T~ )P ~1)(z 1)

¥a(z) = (2" —1)(z1 - 1)(z' — 1)

5° ¥, (z) = (1 —2")¥u(—2), if nis odd.
6 ¥yu(z) = ¥u(27), i p | .
7° ¥pn(z) =¥u(2P)®u(z), if ptn.

Proof. For 1° note that for this value of n, the only non-primitive n-th roots
of unity are the ones having order that divides p* — 1. These are the roots of

the polynomial 27"~ — 1 and the conclusion follows.
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2° follows immediately from the fact that ¢(n) = (p1 —1)--- (pxr — 1).

Let us prove 3°. The only non-primitive n-th roots of unity have orders
1, p or q. Hence, these are the roots of the polynomials z — 1 and z7 — 1,
respectively. As the root 1 appears in both polynomials we have that

zZP —1)(z7-1)
z—1 !

Y,(z) = (

as required.

For 4°, note that the non-primitive pgr-th roots of unity are the roots of
unity of order dividing pg, qr or rp. Denoting by Uy the set of roots of unity
which have order dividing k, using the Principle of Inclusion and Exclusion,
we deduce that

[Upg U Ugr U Urp| = [Upg| + [Ugr| + [Urp| — [Up| — [Uy| — U] + [Uy].

The elements of Uy, U Uy, U Uy, are the roots of ¥;,. The conclusion follows
by identifying the roots of unity with the roots of the corresponding poly-
nomials.

To prove 5°, one just observe that the non-primitive 2n-th roots of unity
have order dividing n or 2d, where d | n and d < n. The first ones are the
roots of 1 — z", whereas the second type can be found among the roots of
Y, (—z). The statements 5° and 6° can be proved in a similar fashion. O

From the proposition above, we easily derive the following corollary.
Corollary 8.5. 1. If p,q are distinct primes, then the cyclotomic polynomial

(zM-1)(z—1)
©pg(2) = (;—1)(;—1)'

2. Moreover, if p,q,r are distinct primes, then the cyclotomic polynomial

(2P =1)(zF 1) (27 - 1)(z" - 1)
P Z) = G D@ D@ - DE-1)

8.7.1 The coefficients of ¥,

Since Y, is the division of the monic polynomial z" — 1 and the cyclotomic
polynomial ®;, both have integer coefficients, it follows that ¥, is monic
with integer coefficients as well. As mentioned in the beginning of the sec-
tion, ¥, is intimately connected to the cyclotomic polynomial ®;,. This sug-
gests that understanding the coefficients of ¥, is a challenging venture, as
any knowledge above the coefficients of ¥, could be transferred to knowl-
edge about the coefficients of @, and vice-versa.
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Using the generalized binomial coefficient

<"‘) _ a1 (a—j+1) x€R,jEN
]. . 7 4 7

j!

we establish the following formula, analogous to (8.15).

Theorem 8.11. For every m,n € N, n > 1, the following formula holds

d= L (e (T (/2 (al/m)

i14+2ip 4. miy=m I (5] Im
(8.36)

Proof. We make use of the infinite product formula established in (8.14),

00 /d
namely ®,(z) = [] (1 — zd) i ). After observing that

d=1
Y.(z) = ‘Z: ; =(z"—1) ﬁ(l — z4)~H(n/d)
" d=1
= i, (R —u(n/2
S 1)mZ::o <i1+2i2+--§mim_m(_1)ll+ +1m< Pll1( )> < y(iz )>
()
Im
the formula follows by identifying coefficients of z” on both sides. O

Let us emphasize how one can compute the first few coefficients of ¥,
for every n € IN* using the formula above.

e Form =1, wehavei; =1, hence dgn) = (7”1('7)) = —u(n).

e For m = 2, the equation i1 + 2ip = 2 has the solutions (i1,i) = (2,0) and
(i1,i2) = (0,1), so one obtains

== (TH) s+ () = Lp o) +1) — )

e For m = 3, the solutions to (I1,1,13) of the equation /; + 2l + 33 = 3 are
(3,0,0), (1,1,0) and (0,0,1), therefore one obtains

i) = (THOD) (KO (TR (Har)
= 2 (B + () ~ pyu(n/2) ~ p(n/3),

where we have used again that y3 = y.
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e For m =4, the solutions (I,15,13,14) of the equation Iy + 2l + 3I3 + 4, =4
are (4,0,0,0), (2,1,0,0), (0,2,0,0), (1,0,1,0), (0,0,0,1), hence

4 — _(—ﬂ4(n>> N (—#z(n)) <—H(f/2)> B <—ul(n>> <_V(f/3))+
L <—V(:/2)> n <—V(17/4)>

__rmpm) +1)  p()(p(n) +1)

> > u(n/2) = p(n)u(n/3)+
n V(n/2)(ygn/2) 1 nya),

where we have used the identity (8.20) to simplify the computations and
deduce that (7”4(")) = (_”2(”)).
Remark. If one knows the first few coefficients d,((n), one can directly com-

(n)

pute the coefficients ¢, ’ of the cyclotomic polynomial, for small values of k.
This can be achieved by identifying the coefficients in ®;,(z) - ¥, (z) =z" — 1.
This reduced to solving the linear system

4 — 1
g 4 (gl _
gl 4 (gl | (m g _ g

where the coefficients c(()n), an)’ an), ... of ®,, are the unknowns.

We use Newton'’s identities for ¥, to find a recurrence relation for the co-
efficients dl({n). Denote P; the j-th symmetric power polynomial evaluated at
the ¢(n) roots of @, (primitive roots of unity) and P]{ , for the j-th symmet-
ric power polynomial evaluated at the n — ¢(n) roots of ¥,. Recall that in

L a\J nifn|j
. _ 27Ti . —_
Example 8.12 we had ¢;(n) = ugl (e ) , where 6;(n) { 0ifntj

In our notation, the symmetric power sums polynomials satisfy the rela-
tion P; + Pj’ = 6;(n). But for j < n we have n{j, hence P; = —P; = —p(n, ),
where p denotes the Ramanujan sum (8.6). The polynomial ¥, is anti-
reciprocal, hence we have the relations

I i 4(n) _ i+1 4(n) . _
Si= (—1)]dn_q)(n)_], =(-1) di”, j=12,...,
where S} is the evaluation of the j-th fundamental symmetric polynomial at

the n — ¢(n) roots of ¥,,. The explanation above implies that the following
recurrence holds.
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Theorem 8.12. The coefficients of ¥, satisfy the following recurrence relation in-
volving Ramanujan sums:

1
4" = ¢ [=pn k) +ptnk ="+ om0 637)

Let us apply the theorem above to give a different way for computing the

(n)

first four coefficients d k” , for every n € IN*, recovering the results obtained
right after Theorem 8.11.

e Fork =1, wehave dg”) =—p(n,1)=—u(n).

e For k = 2, one obtains

A =3 [=pm2) + p(n,1)a"| = =3 [n) +20(0/2) + ()|

271 n
G R0

e For k = 3, using the identity u3 = y, it follows that

1 n
ag!) = 3 [—P(M) +p(n,2)d" + P(”fl)dén)}

[=p(n) =3u(n/3) = (u(n) +2u(n/2)) u(n)+
n 2 n

+ ) (EOTE )|

= 2 (W 4 p)) — p(W)R(n/2) — (n/3)

e For k = 4, using again the identity u® = u we get

1
ay) =1 |=p(n4) +p(n,3)d" +p(n,2)d5" + p(n, 1)d5" |

_1 [—pu(n) —2u(n/2) —4u(n/4) — (u(n) +3pu(n/3)) p(n)+

n 2_ n
+ (uton)+ 20 n72)) (FUEZE) g )+
) (=5 (402 + ) = pp(n/2) = n/3)) |
_ ) (u(n)+1)  p(n)(p(n) +1)
2
2

2
(n/Z)(ygn/ —u(n/4).

u(n/2) — u(n)u(n/3)+

LB )+ 1)
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As in the case of cyclotomic polynomials, the recurrence relation 8.37
suggests that every coefficient d]({") of ¥, is a polynomial with rational
coefficients in the variables given by the Ramanujan sums p(#,k), where
k=1,2,...,n — ¢(n) — 1. This is illustrated in the following result, a direct

consequence of Theorem 7.3.

Theorem 8.13. We have

! ! !
) _ pln, ) p(2)2  p(mk)¥ g ag)

k= L L1 Ik 1
h+2lp+---+kl=k 1! 221! kel !

In the proof, we have use the relations P]( = —p(n,j)and S = (—1)k+1d,((n).

Let us compute the first four coefficients of ¥, for every n € IN*, using
the formula (8.38).

(n

e Fork=1,wehavel; =1, hence d; ) = —p(n,1) = —u(n).

e For k = 2, the equation i1 + 2i, = 2 has the solutions (i1,i,) = (2,0) and
(i1,i2) = (0,1), so one obtains

2
= —2#201) — 3 (u(n) + 2u(n/2))
1

= —5u(m)(p(n) +1) = p(n/2).

e For k = 3, the solutions to (I1,l,13) of the equation I1 + 2l + 3I3 = 3 are
(3,0,0), (1,1,0) and (0,0,1), therefore one obtains

& =~ 2p(n1)° = Jp(n,1)p(n,2) = 2p(1,3)
= —21200) — ) (1) + 20(2/2)) — 5 (u(n) + 3u(n/3))
= 22 0) + () — p(p(n/2) ~ p(n/3),

where we used the relation ;43 = .

e For k =4, the solutions (I1,15,13,14) of the equation I 4 2I, + 3l3 + 4ly =4
are (4,0,0,0), (2,1,0,0), (0,2,0,0), (1,0,1,0), (0,0,0,1), hence
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m_ 1 sy 1
dy” = —5700m,1)" = 2p(n,1)%(n,2) — 20(n,1)p(n,3)
1 , 1
—gP(n.2)" = 1p(n4)
I VR B 2
= =gt (n) = gu=(n) (u(n) +2p(n/2))

_ l(ﬂ(n) +2u(n/2) +4u(n/4))

4
_ _‘u(n)(yén) +1) #(”)(Vé”) 1) (n/2) — p(n)u(n/3)+
N V(n/Z)(ﬂén/z) +1) u(n/4).

In the relation above we used repeatedly the fact that ° = .
We point out the following direct corollary.

Corollary 8.6. For every n € IN* and every k € {1,2,...,n — ¢(n)}, the anti-
cyclotomic coefficient d,({n) is a polynomial with rational coefficients in u(n/d),
where d is a divisor of n. Moreover, the degree of y(n/d) in every monomial can be

at most 2.

8.7.2 The integral formula for the coefficients of ¥,

Following the same process as the one used for cyclotomic polynomials,
similar integral formulae can be obtained for the coefficients of ¥, (z).

In this section we compute an integral formula for the coefficients of the
inverse cyclotomic polynomial ¥, (z) is defined by

o e

. 2kmi\ . (n)_i

Y,(z) = z—en | = = d;7. (8.39)

n 1§1;£n ( ) D, (z) Jg ]
ged(k,n)>1

The roots of this monic polynomial are the non-primitive nth roots of unity,
](n),j: 0,1,...,n—¢(n).

The proof of the main result uses the following known identity involving
Euler’s totient function.

having degree n — ¢(n) and integer coefficients d

Lemma 8.4. Let n > 3 be a positive integer. The following formula holds:

y k:g(n—l—l—(p(n)). (8.40)

1<k<n
ged(k,n)>1
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Proof. Using Lemma 8.3, one can write

Y k=Yk- Y &

1<k<n 1<k<n
ged(k,n)>1 ged(kn)=1
n(n+1 n n
:7(2 )_E¢(n):§(n—¢(n)+l).
For n is prime one has ¢(n) = n — 1, hence the value of the sum is . O

(n)

In order to get a unitary formula for 4 jn , we introduce the function

()= ] sin<t—k:>. (8.41)

1<k<n
ged(kn)>1

Clearly, for n =1 or when n > 2 is prime one obtains
I'y(t) =sin (t - %) = —sint.

The first non-trivial values are n = 4 and n = 6 where we have

['y(t) = sin (t - 2;) sin <t - 4:)

T
=sin (t — E) sin (f — w) = (—cost) (—sint) = sint - cost.

In what follows we assume n > 3.

Theorem 8.14. The coefficients d](.”), j=0,1,...,n — @(n), of the inverse cyclo-
tomic polynomial ¥, (z) are given by the following integral formula:

dm — (—qyrn 2

( . /On To(t) -sin (1 — (1) — 2j) td. (8.42)

Proof. Denoting {,, = cos 27" +isin 27" and z = cos2t + isin2t for t € [0,27],
k=1,...,n, the previous calculations showed that

k . krt krt .. krt
z — {,; = 2isin t—7 cos t+7 +isin t+7 .

To simplify the notation we shall use cost + isint by exp(ti).
By Lemma 8.4, for n > 3, one can write the polynomial ¥, (z) in the form
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Ya(z)= ] (z—¢5)

1<k<n
ged(k,n)>1
= (2i)"—o) [] sin <t - kn) exp (ti + kﬂi)
1<k<n n n
ged(k,n)>1

= )"~ PT, () exp ([n — @(m)] ti + [n — p(n) +1] i)
= (20)" 0T, (£) [cos (n — @(n)t) +isin (n — p(n)t)] - "~ 2D+
= 2= (—1)"= 2T, (1) [cos (n — @(n)t) + isin (n — @(n)t)] i
= (=2)" 20T, (t) [cos (n — @(n)t) + isin (n — @(n)t)] i,

where we have used that ¢(n) is even for n > 3, and that e?l =i,
For every j =0,1,...,¢(n), one may write

d](-”) + Zd,((")zkfj =z H (z— é’,‘l)
k#j 1<k<n
ged(k,n)>1
(=2)" 20T, (¢) (cos2jt — isin2jt) [cos (n — @(n)t) + isin (n — @(n)t)] i
(=2)"= 0T, (¢) [cos (n — @(n) — 2j) t +isin (n — @(n) — 2j)t] i

(=1)"+ 12200, (1) [sin (n — @(n) — 2j) t — icos (n — @(n) — 2j)t].

Integrating on the interval [0,271] we obtain formula (8.42). This is true
since the integral of z~/ over [0,271] vanishes whenever k # j. g

In addition, from the proof of the integral formula (8.42) it follows that

/(;nrn(t)cos(n —o(n) —2)tdt =0, j=01,...,n—(n).  (843)

8.7.3 Some applications of the integral formula

Using formula (8.42) we show that the inverse cyclotomic polynomial is an-
tipalindromic, and we derive compact integral formulae for the mid-term of
cyclotomic polynomials, the direct, and alternate sums of coefficients.

Reciprocal coefficients. These add to zero. Here we give an elegant proof
based on the integral formula (8.42).

Theorem 8.15. The inverse cyclotomic polynomial ‘¥ ,,(z) is antipalindromic, that
is its coefficients satisfy the following antisymmetry relation

d(”) — _d(”)

j ne ()~ j=01,...,n—¢(n). (8.44)
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Proof. Using formula (8.42), for every j =0,1,...,¢(n), we have

" q 2net) e _ .
Ay = (11— [TTu(t)sin (1 = g(n) —2(n = p(n) — j)) el

n—e(n) rm
= (-1 ”“27/ T, (t)sin(2j + @(n) —n)tdt
0

s
n—¢(n) rm
_ —(—1)"+12T/0 T () sin (1 — (n) — 2j) £t
— _gn
=—d;".
This ends the proof. O

The mid-term coefficients of ¥, (z). Recall that for n > 3 one has ¢(n) is
even. Hence, if 7 is odd then n — ¢(n) is odd, and there is no middle coeffi-
cient. If n is even, then the middle term coefficient, whose index is given by

n—g(n)

the formula j = .

Since n — ¢(n) — 2j = 0, from formula (8.42) we obtain

n—¢(n)
d(”) — (_1)n+12

7T
o n /0 T, (t)sin(0f) dt = 0.

Direct sum of coefficients ¥, (1). From the definition of ¥, (z), one obtains

This can also be checked by formula (8.44), which gives

g
B = L= (7, ).

Indeed, when 7 is odd this sum covers all the terms, while when # is even
the middle term obtained for j = %M) is zero.

This is in contrast with the more complicated formula (8.31) for ®,(1).

Alternate sum of coefficients ¥,,(—1). By the formula (8.34) for ®,(z) and
the definition of ¥, (z) one can write

(8.45)

(=1)"—=1 )0 ifniseven
12 ifnisodd,

where p is prime.
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From the formula (8.29) for the coefficients d](.”), we obtain an integral
equivalent formula ¥, (—1), valid for n > 3, as follows

n—g(n) (n)
= Z d]. —
j=0

n—g(n) on—¢(n)

_ (_1\n+1 7 AN e . Y]
— (—1)"* L = /0 T ()(—1) sin(n — g(n) — 2j)tdt,
on—¢(n) n— 50(” )
= (—1)”+1T/0 [ > 1)/ sin(n — @(n) 2])1‘] dt
on—¢(n)=1 rm in(n — 1
:(1+(—1)"+1)T/0 r, (1) Sl Czs(’:H )t dr. (8.46)

To prove the last identity note that for a fixed j € {0,...,n — ¢(n)}, one has

(=1)sin(n — g(n) = 2j)t =sin[(n — ¢(n) — 2j)t — jn]
=sin {(n —¢(n))t—2j <t+ g” .

Multiplying this expression by 2sin (f 4+ J) one obtains

2(~1)'sin( - g(n) 2}t sin (1 + 7
= cos [(n—p(m)t— 2 +1) (14 5]
— cos [(n —g(n)t—(2j-1) (t+ 72T>} '

Summing for j € {0,...,n — ¢(n) } we obtain the telescopic sum

n— go(n

s
1)/ -sin(n — @(n) — 2j)t -sin (t + =
()

= —% [COS ((Tl —¢(n) +1)t+ gﬂ

+% [cos (=1 = g(m) + 1)t = 5 = (n = 9(m)) ) |

= [sin(tn = p(n) + 1)) = (=1 #sin (1~ p(n) + 1))
_ 1+ (—1)r—en)+1 _sin(n —(n) + 1)t

2 cost
where we used cos(x + kr) = (—=1)¥cosx, k € Z, cos(x + 71/2) = —sinx,
cos(x — 71/2) = sinx. The results follows, as ¢(n) is even for n > 3.
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If n > 3 is odd, the function f : [0, 77] \ {7r/2} — R defined by the formula

_sin(n — @(n) + 1)t
N cost

f(t)

can be extended by continuity at 77/2 as

n—g(n)—1

lim £(t) = (~1)""%" (1= p(n) +1).

t—7/2

Hence, we obtain the following result.

Corollary 8.7. If n > 3 is odd, then

7T sin(n —¢(n)+1)t , s
/0 Tu(t) cost dt = on—¢(n)—1"



Chapter 9
Special Polynomials and their Coefficients

In this chapter we investigate some classes of polynomials defined by fac-
torization, whose roots are situated on the unit circle with possible multi-
plicities. For these polynomials we establish integral formulae for the coef-
ficients, which are useful in the study of certain asymptotic properties. We
also study recurrence relations, connections to other classical polynomials,
or associated integer sequences, recently added to the Online Encyclopedia
of Integer Sequences (OEIS).

In Section 9.1 we define and study a general family of polynomials de-
pending on an integer sequence my,...,Mmy,..., and on a sequence of com-
plex numbers zy,...,zy,... of modulus one [20], for which we derive an in-
tegral formula for the coefficients.

In Section 9.2 we discuss some key results concerning the cyclotomic
polynomials and their coefficients. These have numerous applications in
discrete mathematics and number theory. The integral formulae for the co-
efficients of cyclotomic obtained in [20], are used to prove some classical
results, or to study formulae for the direct or alternate sums of coefficients.

Section 9.3 is dedicated to the polygonal polynomials [17], which have
applications in the study of integer partitions. We first present integral for-
mulae and recurrence relations for the coefficients, then highlight combina-
torial interpretations and connections to the Mahonian polynomials.

In Sections 9.4 and 9.5 are defined and investigated the extended cyclo-
tomic polynomials, and the extended polygonal-type polynomials, respec-
tively. For these polynomials we present integral formulae for the coeffi-
cients, links to partitions and some integer sequences.

Section 9.6 concerns the study of the multinomial, Gaussian and Cata-
lan polynomials, based on [18]. The following two sections are dedicated to
the extended cyclotomic, and extended polygonal-type polynomials, intro-
duced in [19]. All these polynomials are recovered as particular instances of
the general family of polynomials presented in Section 9.1.

245
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9.1 A general class of polynomials

In this section we introduce a class of polynomials defined by an integer se-
quence my,...,My,..., and a sequence zy,...,Zy,..., of complex numbers of
modulus one, which recovers cyclotomic, polygonal, and multinomial poly-
nomials as special cases.

9.1.1 Definition and basic properties

Consider the positive integers n, my,...,m,, and the complex numbers

z1,...,2n With |z1| = - -+ = |z,| = 1. We define the polynomial
n
Eov o (2) = [ (2" — 2p). 9.1)
k=1

Zn

Clearly, the degree of F,;/"5 (z) is my + - - - + my,. While this polynomial is

factorized as a product of factors z — ¢, where |{| = 1, this form is not prac-

tical. The product of absolute values of the roots is one, hence the Mahler
Zn

measure of F,%’/'wmn is 1. An interesting and challenging problem is to find
reasonable formulae for the coefficients after multiplication.

Numerous interesting polynomials are obtained for particular choices of
the sequences my,...,my,... and z1,...,zy,.... Some of them are explored in
some detail throughout this chapter.

9.1.2 Integral formulae for the coefficients

In what follows we obtain an integral formula for the coefficients of F,f}l','_'_',',z,ﬁn .
The method we use is a special case of the Cauchy integral formula (see [66]),
adapted for complex polynomials, where the integration curve is the unit
circle (see [19]). Denote z; = cosay +isinag, k=1,...,n, a = a1 + -+ + ay,
m = mi + --- + my, and consider z = cos 2t + isin2t for t € [0, 77].

To get a unified formula for the coefficients of the polynomial (9.1), it is
useful to introduce the function

Xk

2),teMﬂ. 9.2)

n
A(my, ..., my;0q,...,0,) = Hsin (mkt —
k=1

For each k = 1,...,n, by computations involving Euler’s exponential no-
tation of complex numbers in polar form, we obtain:
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me o B s o
z zx = (cos2myt — cosay) + i (sin2myt — sinay)

— 2isin (mkt - %) ol (mt+) 9.3)

o Zn

Writing the polynomial Fﬁql{,'...,mn in algebraic form, it follows that
n

m .
Ry, (2) = Yol = T (2" — 2
j=0

k=1

n ¢
— (D\1 : _ %% i(mkt-i-%k)
(2i) ;:[lsm (mkt > ) e
= (Zi)”A(t;ml,...,mn;le,...,an)ei(m”%). 9.4)
Using the multiplication of complex numbers in polar form we deduce
ki ..n
Ci+ ) Gz =zT][(z" —z)
kA k=1

= z_f(Zi)”A(t;ml, e My, . .,ocn)ei(mt‘L%)

= (Zi)”A(t;ml,...,mn;txl,...,an)ei((m_zf)t+%),

Integrating the above relation over [0, 7|, we get the following result.

Theorem 9.1. (1) The coefficients of polynomial Fyl""5: are given by

AN Y . N
Ci= (271_[)/0 A(t;ml,...,mn;txl,...,txn)el((mfzf)t*?)dt. (9.5)

(2) If the coefficient C; is a real number, then it is given by

Nl

MTZV[fonA(t;ml,...,mn;ocl,...,ocn)cos ((m —2j)t+ %) dt if n is even
n$l n
(_1)%2fonA(t;ml,...,mn;oq,...,zxn)sin((m —2)t+ %) dt if nis odd.

9.2 Polygonal polynomials

Here we explore properties of the polygonal polynomials P, defined in [17].
A general framework based on the Cauchy’s integral formula (Section 5.3)
and applications to the study of k-partitions of multisets was given in [19].
We then study the coefficients of P, for which we establish a recursive for-
mula , we deduce an exact integral formula and give a combinatorial inter-
pretation. We then investigate connections to the Mahonian polynomials Qj,
and present related integer sequences.
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9.2.1 Definition and basic properties

The n-th polygonal polynomial was defined in [18], by

Pi(z) = (z—1)(z2=1)---(z" = 1) Zc Z. (9.6)

The roots of P, are the complex coordinates of the vertices, with repeti-
tions, of the regular k-gons centered in the origin, and having 1 as a vertex,
k =1,...,n, which justifies the name. These polynomials are closely linked
to Euler’s famous pentagonal number theorem concerning the infinite ex-

pansion (1 —x)(1—x2)(1—x3)--- =Y (=1)FxkGk-1)/2 wwhere |x| < 1,
and the exponents are called (generalised) pentagonal numbers [37].

We recall that z" — 1 = [y}, ®4(z), hence the polynomial P, can be de-
composed as product of cyclotomic polynomials

= ﬁHch(z). 9.7)

k=1 dJk

As every cyclotomic polynomial is irreducible over Z ([133], Thm. 1, p. 195),
the polynomial P, has exactly v(n) = Y}, T(k) factors irreducible over Z,
where 7(k) denotes the number of divisors of the positive integer k.

While the polynomial P, seems simple, it exhibits deep algebraic, arith-
metic and combinatorial properties. Its natural companion is the Mahonian
polynomial Q; defined in (9.16), with a key role in the theory of partitions.

9.2.1.1 Palindromicity of the coefficients of P,

Recall that a polynomial f(z) =ag + a1z + - - - + a,,2™ of degree m is called
e palindromic (reciprocal) if f(z) =z f (l) ie, a;= am,]-,j: 0,...,m;

e antipalindromic (antireciprocal) if f(z) = —z" f ( ) ie,aj=—ay_j
e unimodal if the sequence of coefficients is unimodal, i.e., there is an inte-
ger t (called mode), withay <ay <--- <agrand a; > a;41 > -+ > a.

Notice that .
n+1
Pue) = (-1 (),
z
hence P, is palindromic if  even, i.e c](n) = c(nizy)l“) 7].,]' =0,..., w, while
2
P, is antipalindromic for n odd, i.e c(.n) = C%H) ,7=0,..., M
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9.2.2 A recursive formula for coefficients

The coefficients of P,, can be obtained recursively, from
- k
Pu(z) = [ (= 1) = P a(2) (" — 1),

k=1

Writing P, and P, explicitly, one obtains

=

n(
Py(z) = Z c

(),

J=0 !

n(n—1)

= ( ) c](nl)zf) (" —1).
j=0

This indicates the following formula:

+1)

=D e iedo,...,n—1},

= if j e {n%} (9.8)

(n—1) e n(n—1) n(n+1)
¢ 1f]€{T+1,...,T}.

Using the recurrence (9.8), we obtain the numbers in Table 9.1.

(n)

The values of the coefficients ¢; ™ correspond to the sequence (=1)"T(n,j)
indexed A231599 in the Online Encyclopedia of Integer Sequences [190].
9.2.3 Integral formulae for the coefficients
Setting my = k and z; = 1 for k =1,...,7n in the polynomial (9.28), we obtain
the polygonal polynomials P, given in (9.6), investigated in our paper [18].

Also, the formula (9.2) where oy =0, k =1,...,n is simply denoted by

n
A(t1,...,n) =] [sinkt, te[0,7], (9.9)
k=1

while the degree of the polynomial P, is
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eV 1,1
Pi(z)|-1+z

@ 1,1,1,1
P(z)|1 —z—z* 423

¢®11,1,1,0,-1,-1,1
Py(z)|-1+z+22—z* —2° +2°

W 11,-1,-1,0,0,2,0,0,-1,-1,1
Py(z)|1 —z— 22 +22° — 28 — 27 + 210

¢®11,1,1,0,0,-1,-1,-1,1,1,1,0,0,-1,-1, 1
Ps(z)|—14+z+22—2>—20 —27 4+ 28 + 29 4210 — 213 714 4 715

¢®111,1,00,1,0,2,0,-1,-1,-1,-1,0,2,0,1,0,0,-1,-1, 1
Ps(z)|1 —z— 2> +2° +227 —2° — 210 — 11 12 o514 4 716 ;19 ;20 4 ;21

) -1,1,1,0,0,-1,0,-1,-1,0,1,1,2,0,0,0,-2,-1,-1,0,1,1,0,1,0,0,-1,-1,1
Prz)|—14z+22—20—27 =284 710 4 o1l 4 07120716 17 ;184 ;20
4221 4 23 526 ;27 4 28

Table 9.1 Polynomials P, and their coefficients for n =1,2,3,4,5,6,7.

By applying the results in Theorem 9.1 (2), it follows the integral formula

n T _ ;
c(.”) = 27/ cos Mt + nr sintsin2t---sinntdt (9.10)
] 7T Jo 2 2

(_1)%2” fon cos (Mt) sintsin2t---sinntdt if niseven

- n+l
1;72 I 1n< n+1 4]t)sin)fsinZ)f'--sinnt‘dt if nis odd.

9.2.4 The combinatorial interpretation of the coefficients

The calculation of these polynomial coefficients involves tuples with fixed
sum. Let s,k,n be positive integers. We denote by «(s,k, 1) the number of
integer s-tuples (iy,...,is) with the properties

hW4ir+-+is=k 1<ii<ipa<---<ig<n. (9.11)

The link with the coefficients c](n) is given in the following theorem.

Theorem 9.2. The following formula holds:

C]((n) _ (_1)1171 (D((l,k,?l) _ a(Z,k,Tl) 4 D((3,k,71) — .. ) (9.12)
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(n)

Proof. The coefficient ¢;"’ of z* in the expansion (z — 1)(z> — 1) --- (2" — 1)
involves s distinct terms chosen from the set {1,...,n} with the property that
their sum is k, and also n — s terms equal to (—1), for s =0,...,n. Explicitly,

(n)

¢, is given by the expression

™ = (=) la(1,kn) + (1) 2a(2,kn) + (=1)"Ba(3,kn) + -
This ends the proof. O

Clearly, a(s,k, 1) is an increasing function with n. When 7 is large enough,
the function is stationary to a value independent of n, denoted by «(s, k).

The following result links the polynomial P to a(s, k).
Theorem 9.3. If s is a positive integer, then for all z € C such that |z| < 1 we have

s(s+1)

(=1)°z 2 , i ts _ Y k
~————— = lim ) ZHt Tt = Y (s, k) z". (9.13)
Ps(z) " iy <y <o <ig<n k=0
Proof. Clearly, we have
. i _ i e
D D ) D
1<ii<--<is<n 1<ip <<
o
= Z Zi1+m+i5*1 . z 1+7 = z Z Zi1+”'+2is—1
1< . 11—z 11—z, _. .
S < <igq 1<ip <+ <ig_q
— Z Z Zi1+"'+is,2 . ZZ(i572+1)
2
1 _Zlgl‘1<--'<l‘s,2 -z
22 Z i1+ 431
= - Zit o t3s0 — L
(1 - Z)(]' - 22) 1§i1<"'<is—2
- s(s+1)
_ ZlH et (s-1) Z Jsin z 2
(1_2)...(1_25—1)1§i1 (1_2)(1_25)
_ (e
Ps(z)
O
Notice also that by (9.13) it follows that
s(s+1)
(—1)525(5;1) = Ps(2) irx(s k)zk | = i el i a(s,k)z*
i k=0 , j=0 ! k=0 , ’

hence we obtain the following result.
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Corollary 9.1. Considering that c](.s) =0forj> S(S; 1), we have

n

Y a(s,n— e = (~1)%
j=0

s(s+1) s (914)

=
where dy , denotes the Kronecker symbol.
Corollary 9.2. Let B(s,k) be the number of distinct solutions to the equation
j1 420+ +sjs=k, (9.15)

such that the numbers ji,ja,...,js > 1 may be equal. We have a(s,k) = B(s, k).

j ‘ .
Proof. Indeed, for j € {1,...,s} and |z| < 1 one has ] z ; =2 4254
—z
By taking the product over j € {1,...,s}, one obtains

s(s+1)

(~12*
Ps(z)

+1
The result follows by (9.13). Clearly, a(s, k) = B(s,k) =0for0 <k < 5(52 1.

Results counting the ordered partitions of the integer k into s parts each of
size at least 0 but no larger than n have been obtained in [201] and [221]. O

9.2.5 The connection to the Mahonian polynomial Q,,

The polygonal polynomial can be written as P, (z) = (z — 1)"Q,(z), where

(n—1)n
2 .
Qu(x) = (z+1) (@ 42" 24 bzt ) = Y 0 (916)
=0

We call Q; the Mahonian polynomial, which presents interest in its own
right and has been investigated in many papers (see, e.g., [171] or [184]). The
coefficients a,(cn) are called Mahonian numbers, representing the number of
permutations of {1,...,n} with k inversions, indexed as A008302 in OEIS.

If 2K = ZK1 . 2ot wiith 2 coming from the factor 1 +z + - - - 42/ in (9.16),
(n)

then an interpretation of the coefficient 4, is the number of partitions of the
integer k = k1 + - -+ + k,_1 , with the constraints 0 < k]' <j, 1<j<n-1
These numbers are related to the Mahonian distribution, which interest-
ingly, are used in the mixing of diffusing particles [59].
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a? 11,1

Q(2)|1+2

a® 11,2,2,1

Q3(z)|1 +2z+222 + 28

a¥ 11,3,5,6,5,3,1

Q4(2)|1 43z +52% + 62% + 5z* +32° + 2°

a® 11,4,9,15,20,22,20,15,9,4, 1

Qs(2) |1 + 4z + 922 + 1523 + 20z* + 222° + 202° + 1528 + 928 4 427 + 210
a]@ 1,5,14,29,49,71, 90,101,101, 90, 71, 49, 29, 14, 5, 1

Qs(2) |1+ 5z + 1422 + 2923 + 49z* + 712° + 902° + 10127 + 10128 + 9027+

71210 4 49211 + 29712 4 14213 4 5714 4 715

Table 9.2 Polynomials Q; and their coefficients for n = 2,3,4,5,6.

For n =10 the following formula is obtained for the polynomial Q1g:

Q10(2z) =1+ 9z + 4422 4 1552% + 440z* + 10682 + 22982° + 448927 +
+ 809528 + 13640z° + 21670z'° + 32683z + 470432'2+
+ 64889z'3 4 86054z'* 4 1100102'° + 1358532 + 162337217 +
+ 187959218 4+ 211089217 + 23013122 + 24369422 + 250749222+
+ 250749223 + 2436942%* + 2301312% + 2110892%° + 187959z% +
+ 16233728 + 1358532271100102%° + 860542%" + 6488922+
+ 47043233 + 3268323 + 216702%° + 1364023¢ + 80952% +
+ 44892%8 + 22982%° 1 10682*° + 440z +
+ 15524 + 44243 4+ 974 4 7%

We give a recursive formula for a](.n), depending on the coefficients of Q;.

Theorem 9.4. Let n > k + 1. The coefficient a,((") is given by the recursive formula

] ~1-j
a =y (” em ]>a](.k). (9.17)

j=0

Proof. Clearly, a,((") is the coefficient of z¥ in Q¢ (z)(1 +z + -+ + z5)"7*, and

—k
1 k)" nek /1 \"k

1 kyn—k _ [ 2 — % = (1= k+1 )

(14z4 -+ ( — > ( z ) —
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For |z| < 1, the geometric series summation yields

1
=14z
1—-z

By differentiating (# — k — 1) times one obtains
1 n—k [eo]
(n—k—l)!<1_2> Zs+1 )(s+2)---(s+n—k—1)z°

s=0

hence
1 n—k 2 (s+1)---(s+n—k—-1) , o (s+n—1—k\
e

The coefficient of z¥ in
k(k—1)
»
is then given by

k k :
() _ g 0 (sHm—k=1) _ = ) (n—j—1
ﬂk” _Sg)gk_s( s _Za] k—] .
This ends the proof. O

Example. Clearly, a(()n) =1land agn) =n — 1. By Theorem 9.4:

a](k)) ( k+1)n k <112)nk,

e k=2:Forn >3 wehave

" n—1 n—2\ (o n—3\ oy(n—2)(n+1
a§>:< ) )aéz>+< ) >a§>+< ) )é)( 2( ).

e k=23:Forn >4 wehave

—1 -2 -3 —4
aén): <n3 >a(()3)+ <n2 >a§3)+ <n1 >a§3)+ <n0 )a?)
_n(n2—7)'
==

e k=4:Forn >5wehave
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n n—1\ @ n—2\ @ n—3\ @ n—4\ @
ai):< 4 )a(())+< 3 >a§)+< 5 >a§)+< 1 )ag)

n—>5\ @ nn+1)(n®>+n—14)
+( 0 )”4 - 24 /

e k =>5:Forn > 6 wehave
" -1 -2 -3
aé):<n5 >a65)+<n4 >a§5)+<n3 )af)—k
4 _ _
" <n 2 )af) " (n 1 S)af) - <n 0 6>aé5)

1
= 1p (" = V(1 +6)(n* —9n - 20);

e k=06:Forn >7wehave

m_ 1 (5, 9.4 53 1652 _
ay = == (n+9n* — 51 — 1651 — 356n + 516 ).

For n =10, aélo) = 1068 and aélo) = 2298, confirming the values of Q1.

The coefficients of Q, can also be obtained recursively, using
On(z) = Qp_1(2) (z”_l ootz 1) . (9.18)

Using the coefficients of Q, and Q,,_1, one obtains

(n

—1)n (n—2)(n—1)
= () S (-1) ) (e

Qu(z)= ), a; Z = ) a; zl <z +-~-+z+1). (9.19)
j=0

j=0
This naturally leads to the next result.
Proposition 9.1. The following formula holds:
a" g —i—aén*l) ifje{0,...,.n—1},
o)) = <r]z 1 (n-1) (n1-1) ©-20)
_ n— . . nn—
a; +--~+a].7(n71) 1f]€{n,...,T}.

A polynomial is called A-polynomial, if it is both palindromic and uni-
modal with nonnegative coefficients. It is known that the product of two or
more A-polynomials is also a A-polynomial [11]. Since Q, is a product of
the A-polynomials z + 1, 224+z41,...,2" 1 +... 4241, it follows that Q,
is a A-polynomial. This property can be seen in Table 9.1. A direct proof of
the unimodality of Q,, was given in [18, Proposition 2.2].
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By the definition of Q,, we obtain another interpretation of the coeffi-
cients of polynomial P, in terms of Kandall-Mann numbers. Indeed, from

p =l (1) (p)z - (! )}( 2511 >,

one obtains a link between the coefficients of the polynomial P, and Q.

Theorem 9.5. The following formula holds

() _ (—1)n(a](n a](n>l()+ (= )Jaém(r];)) jed{o,....n—1},

ol (@ e e e ) e Y
Example91 Using Theorem 9.5 for j =1,...,5and n > j + 1 we obtain
—(-1)",
) = (~1)"(al" =l (1) = ()" ((n — 1) — n) = (—~1)"*!
0 Cupial? el + a3 = (1
<"> = (~1)"(ay” —ad" (1) +al (3) — af" (1) =0,
M (el a$" (1) + a3 (3) — " (3) + a5 (1) =0,
” = (-1 —a" () +ag” () — a3 () +a") (2) — al” (£) = (~1)"

9.2.6 Some related integer sequences

Here we examine some integer sequences related to the coefficients of the
polynomials P, and Q. We also conjecture that every integer n can be a coef-
ficient of some polynomial Py, (property known to hold for cyclotomic poly-
nomials [220]), the result being confirmed numerically for the first 10° num-
bers. We also present some some new integer sequences: A301703, A301704,
and A301705, recently added by the authors to the OEIS.

9.2.6.1 The number of distinct roots of P,
The number of distinct roots of P, is given by

A(n)=¢(1)+ ¢(2) + -+ ¢(n). (9.21)
Indeed, by (9.6) one has P, 1(z) = P, (z)(z"*! — 1). The new roots added by

z"t1 — 1 to the set of roots of Py, are those given by the primitive roots of
order n + 1, whose number is ¢ (1 + 1). The result follows by induction.
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The sequence A(n) is indexed as A002088 in the OEIS, starting with:
1,2,4,6,10,12,18,22,28,32,42,46,58,64,72,80,96,102,120,128, 140, ... ..

The asymptotic formula for A(#n) is given in [37, Theorem 3.7, page 72]:
3n?
A(Tl) ~ ? + O(nlogn).

Proposition 9.2. Let 1 < k < n be an integer. If z,, , = 2k is a k-th primitive
root, then the multiplicity of root z, y in the polynomial Py is {%J Consequently,

one recovers the identity
n n(n+1
EW‘)M - 2 !

Proof. The root z, appears for the first time in polynomial P from the

factor z€ — 1. Each of the ¢(k) roots appears as a non-primitive root of every
multiple of k smaller than 7.

9.2.6.2 The middle coefficients of P, and Q,

Formula (9.10) gives information into the sequence of middle terms. Denote
by m — \‘n(nJrl)J
y -1 |

e If n = 4k, then for m = % we have cos (Mt) =1and
my 2" [T .. .
C’ = — sintsin2t- - -sinntdt. (9.22)
0

This sequence recovers A269298 in OEIS, having the starting values

2,2,4,6,8,16,28,50,100,196,388,786,1600,3280,6780,14060,29280, . . ..
o Ifn=4k+1,thenn(n+1)—4m =2 and sin (wt) = sint, hence

2m
cg,?) = ; sin®tsin2t- - -sinntdt = —cEﬂl. (9.23)

The sequence of opposite terms is not currently indexed in OEIS:

1,1,1,1,2,2,3,4,6,10,17,28,52,94,176,339,651,1268,2505,4965, 9916, . . ..

o Ifn=4k+2, thenn(n+1)—4m =2 and cos (Mt) = cost, hence
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M — 2 ncostsintsinZt- ~sinntdt = ") (9.24)
m T Jo m+1
The sequence of opposite terms is not currently indexed in OEIS:
1,1,2,3,5,10,19,34,68,135,269,544,1111,2274,4694,9729,20237, . ...
o Forn=4k+3,wehavem = ”(”:1), SO sin (Wt) =0and c%’) =0.

Conjecture 1. Let n be an integer and m = L%J The middle coefficient c,(,f ) is

e positive for n = 4k (mentioned in A231599, without a proof);
o negative for n = 4k + 1 and n = 4k + 2.

The sequence of middle coefficients of Q, gives the Kendall-Mann num-
bers A000140 in OEIS, representing the number of permutations of the set
{1,...,n} having the maximum number of inversions. The first terms are:

1,1,2,6,22,101,573,3836,29228,250749,2409581,25598186,296643390, . ...

The asymptotic behavior of this sequence was conjectured in A000140.
Conjecture 2. Let n be an integer and m = {@J . Then the sequence of middle

coefficients a,(ﬁ ) of Qy satisfies the asymptotic formula

(n) 671”71
Iy~ =

We are not aware of the existence of any proof at the moment.

9.2.6.3 First occurrence of 1 as a coefficient of a polygonal polynomial

In [220], Suzuki proved that every integer 7 is a coefficient for some cyclo-
tomic polynomial. We conjecture a similar result for polygonal polynomials.

Conjecture 3. Every integer n is a coefficient of some polygonal polynomial.

Notice that 1 is a coefficient of P;, while 2 first appears as a coefficient in
Py. For an integer n > 0, the sequence a(n) defined by the smallest number
m for which n is a coefficient of P, produces sequence A301701, recently
added by the authors to OEIS.

n 0123 456 7 8 910111213141516171819...
a(n)[314101217 161920222223 2425252524262628...

The conjecture was recently checked for the first 10° integers.
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9.2.6.4 Number of non-zero terms of P,

The sequence of non-zero coefficients of P, is indexed as A086781 in OEIS
and starts with the terms

1,2,4,6,7,12,14,18,25,32,36,42,53,68,64,84,97,108,126,146,161,170, ... ..

Recently, we have added the sequences below to the OEIS.

e A301703, representing the number of positive coefficients of P:
1,2,3,3,6,6,9,13,16,18,21,27,34,32,42,47,54,62,73,79,85,96,104,113, ... ..
e A301704, representing the number of negative coefficients of Py:
1,2,3,4,6,8,9,12,16,18,21,26,34,32,42,50,54,64,73,82,85,96,104,116, ... ..
e A301705, representing the number of zero coefficients of P,:

0,0,1,4,4,8,11,12,14,20,25,26,24,42,37,40,46,46,45,50,62,62,69,72, . . ..

9.3 Extended cyclotomic polynomials

Let zy = (x, k=1,...,¢(n), be the n-th primitive roots of unity. These can

also be indexed as powers of the first primitive root {; = cos 2 + isin 2%,
ie., gfl, with1 <j<n—1and ged(j,n) =1.
The extended cyclotomic polynomial of degree my + - -+ +m ) is
o(n) ——
Py, ()= [TE™ =0 =TT " -¢), (929
k=1 1<j<n—1

ged(jn)=1

where for k =1,...,¢(n), we have my = m;, with j being the k-th positive
integer relatively prime with 7, with1 <j <n — 1.
The coefficients of (Dm1,~~~,m(,; , are generally complex. For example, for

(n)
n=23,f =cos 27” + isin 27”, mq1 = 2 and m, = 3, we obtain the polynomial

D2(2) = (F O~ ) =2 =P~ P2 +1,
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9.3.1 Basic properties

For my = --- = m(,) =1 we obtain the classical cyclotomic polynomials de-
fined in (8.10), i.e., we have ®; 1 = ®;. It is well known that the coefficients
), j=0,...,¢(n), of &, are integers, while the cyclotomic polynomials are
irreducible over Z (see for example, [133], Theorem 1, p. 195).

The characterization of extended cyclotomic polynomials with integer
coefficients can be done by using Kronecker’s Theorem (see, e.g., [66] and
[111]). Here we present an alternative proof based on Galois theory.

Consider the extension K = Q({,)/Q. This is Galois and the ring of in-
tegers of K is O(K) = Z[{x]; see, e.g., [153, Theorem 4, Chapter IV]. By the
fundamental theorem of Galois theory, an element « in K is rational if and
only if 0(a) = « for all o in Gal(K/Q) and, since for any number field K one
has O(K) N Q = Z, we deduce that an element § in O(K) is an integer if and
only if o(B) = B for all ¢ in Gal(K/Q) (see [85, Theorem 7.3.1]).

Denoting for simplicity P = ®py,...m,, , this polynomial has coefficients

(n
i

in O(K) and by the previous observations, these coefficients are integers pre-
cisely when o(P(z)) = P(z) for all o € Gal(K/Q). To finish off, we note that
Gal(K/Q) acts transitively on the group of n-th roots of unity, and hence,
for any i,j € (Z/nZ)*, there is a ¢ in Gal(K/Q) such that ¢(Z’,) = ¢}, This
shows that m; = m; (the equality of P(z) and c(P(z)) is one of polynomials
in K[z], which is a UFD and all the factors are irreducible) and since i and

J were arbitrary, it shows that my = --- = m,,) = s. In this case we have

DPiny,.. gy (2) = Pu(2°), where s is an arbitrary positive integer. The poly-
nomials ®,(z°) play an important role in the study of cyclotomic partitions.

9.3.2 Integral formulae for the coefficients

Here we also index powers by the primitive roots, i.e., m; with k <n — 1 and
ged(k,n) = 1. In this case, for each t € [0, 7r] formula (9.2) becomes

A(t;ml,. . .,mq,(n);gl,. . 'fggo(n)) = A(t;ml,. . .,mq)(n))
= H sin | myt — — .
1<k<n—1 n
ged(k,n)=1

As shown in [20, Lemma 2.1], in this case we have

= ¥

1<k<n-—1
ged(kn)=1

2%

—— p(n)m.
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As ¢(n) is even for n > 3, using /¥ = (—1)k, k € Z and Theorem 9.1 (1)

the coefficients of the polynomial ®,,...m,, are given by

T3 oe(n) o o ln)

] TZ/O A(t;ml,...,mq)(n))el((m 2j)t+ 25 7'[) dt
o(n) rm ) ,

= 2 p /0 A(t,'ml,...,m(,,(n))el(m_z])tdt. (926)

If the coefficient C; is a real number, then by Theorem 9.1 (2), we have

2¢(n)

7T
C== /0A(t;ml,...,mq)(n))cos(m—Zj)tdt. 9.27)

As a consequence, since cos(m — 2j)t = cos(m — 2(m — j))t, t € [0,27], from
(9.27) we obtain C]- = Cm,]-, j=0,...,m, hence we get the following result:

Corollary 9.3. If cbml,...,mq,(n) has real coefficients, then it is reciprocal.

Notice that for my = - -+ = m,,,,) one recovers Theorem 8.10.

9

9.3.3 Some related integer sequences

The numerical calculations producing the sequences in Tables 9.3 have been
computed in Matlab® and Wolfram Alpha. Some new integer sequences,
not currently indexed in OEIS [190] are obtained.

Considering my =1 fork =1,...,¢(n), we obtain the classical cyclotomic
polynomial ®; ;1 = ®,. The coefficients of ®, are integers and they have
been studied in detail by numerous authors. Some interesting integer se-
quences generated by the extended cyclotomic polynomials are defined by
the number of non-zero coefficients.

Setting n =5 we have ¢(5) =4 and { = cos 2X + isin 2, hence

P1111(2) =Pa(z) =z-0)(z—)z-)z - =+ +22+z+1.

Also, setting m; =1 and my = 2 for k > 2, for n = 5 we obtain

D1po2(z) = (z2-0)(Z - )P -P)2 - =2 - = (P+ P+ )2
+ A+ +A+A+0+P)2 -+ P+ )22 -z +1.

Whenn =6, ¢(6) =2, = cos%” —Hsin‘%T form; =1, my =2 we get
Dip(z) = (z2— (22— ) =2 — 2" -z +1.

For my =1, my =5, where ®15(z) = (z — {)(z> = °) =20 — {2 — Pz + 1.
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The first row of Table 9.3 recovers the sequence of non-zero coefficients
of cyclotomic polynomials, indexed as A051664 in OEIS. The second row
recovers the sequence A140434, counting the number of new visible points
created at each step in an n X n grid (n > 2). Notice that the results in the
last two rows are similar whenever n is a prime, while both sequences are
not currently indexed. The n-th prime number was denoted by pj,.

Polynomial|Sequence of non-zero coefficients OEIS
Dy 1 2,2,3,2,5,3,7,2,3,5,11,3,13,7,7,2,17, ... |A051664
Do o 2,2,4,4,8,4,12,8,12,8,20,8,24,12,16, 16, ... |A140434
D103 3 |2,4,4,4,10,4,16,10, 16, 10, 28,10, 34, 16,22, ...| NEW
D1y o |224,4,11,4,22,11,22,11,56,11,79,22,37, .| NEW
2,2,4,4,11,4,22,15, 28, 15, 56, 15, 79, 39, 61, ...| NEW

Pt ja o)

Table 9.3 The number of non-zero coefficients of the polynomial Piny,..myy 1 2 1. The
numbers j; <... <jg <...<j,( are relatively prime with .

9.4 Extended polygonal-type polynomials

The extended polygonal polynomial is defined by

n

Fuy,omy (2) = [ (2™ = 1), (9.28)
k=1
obtained for z; = - - =z, = 1in (9.1) and the integers my, ..., m,.

It clearly has integer coefficients and recovers the polygonal polynomial
(9.6) for my =k, k=1,...,n. The roots of z" — 1 are the complex coordinates
of the vertices of the regular m-gon centered at the origin, having 1 as a
vertex, hence the roots of (9.28) are the complex coordinates of the vertices,
with repetitions, of the regular my-gons withk=1,...,n.

9.4.1 Basic properties

According to the well-known formula x™ — 1 =[], ®4(z), it follows that

n

le,...,mn (Z) = H H de(z)/

k:ld\mk

i.e., the polynomial Fy,,... m, has exactly v(my) + - - - + v(m,) irreducible fac-
tors over Z, where v(a) denotes the number of divisors of 4. Since all the
factors are cyclotomic, Fy,,...m, is a Kronecker polynomial [66].
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Theorem 9.6. The number of distinct roots of the polynomial (9.28) is

n

le,m,mn :m1+"'+mn+2(—1)j_1 Z gcd(mkl,...,mk/,).
j=2 1§k1<"'<k]‘§71

(9.29)

Proof. For n = 2, the polynomials z”1 — 1 and z"2 — 1 have m; and m; dis-
tinct roots, respectively. Out of these, a number of ged(m,m,) are common.
In general, the proof follows by the inclusion-exclusion principle. Clearly,
the result holds even if the numbers my,...,m, are not all distinct. O

The following formula is obtained in particular.
Remark. For my =k, k=1,...,n, a direct counting leads to

n
Ri,.n= Z p(k).
k=1

This represents the sequence A002088 in the Online Encyclopedia of In-
teger Sequences (OEIS) [190], which has numerous interesting properties.

Theorem 9.7. Let n > 2, and my, ..., my, be integers and consider the set
Dpy,...my, = {d € N : d is a divisor of my, for some k=1,...,n}.

For each d € Dy,,... m, we denote the number of multiples of d in Dy, . m, by
My(Dy,,...,m, )- The following identity holds:

@(d) - My(Dmy,.jm,) = My + -+ + my. (9.30)
deDml,...,mn

Proof. We count the roots of the polynomial (9.28) in two ways, consider-
ing multiplicities. A primitive root { = cos Z% + icos £ of order d with
ged(s,d) =1 is a root of (9.28) if and only if d € Dyy,,.m,. Indeed, for each
k=1,...,n,theroots of z* — 1 = 0 are distinct, while  is a m;-th root, when-
ever d is a divisor of my. Conversely, for each d € Dy,,... m,, the number of
d-th primitive roots of unity is ¢(d), while the multiplicity of each such root
in (9.28) is given by M;(Dyy,,...m, )- On the other hand, the polynomial (9.28)
has mj + - - - 4+ my roots, counting multiplicities. O

Corollary 9.4. Let 1 <k <n be an integer. If my =k, k=1,...,n, by Theorem 9.7
n nn+1
Zq’(k)bJ - 2 )

In the limit cases my = --- = my or n =1, formula (9.30) reduces to the classical
summation formula of Gauss Yy, p(d) = m.
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Setting zqy = --- = z; = —1 in formula (9.1), one obtains the extended anti-
polygonal polynomial, given by

Amy,m, (2) = ]’[(zmk+1 (9.31)

Such polynomials with integer coefficients play an important role in the
study of partitions. For example, the coefficient of z™ of the polynomial
Aoy, 2m,, Where m = my + --- + my, is the number of ordered bipartitions
of the set {my,...,my, } having equal sums (see, e.g., [15, 29, 35, 42]).

Clearly, the product Fy,,...m, * Am,,...my = Famy,...2m, is a product of exactly
v(2my) + - -+ 4+ v(2my) cyclotomic polynomials. The number of irreducible
factors over Z of the polynomial Ay, .. m, is

v(2my) + - +v(2my) — [v(my) + -+ +v(my)]. (9.32)

All these factors are cyclotomic, hence Ay, m, is a Kronecker polynomial.
This is a special case of Kronecker’s Theorem [66, Chapter 6, pp.43-56].

9.4.2 Coefficients of extended polygonal-type polynomials

Notice that for the polynomial Fy, . m, given by formula (9.28), we have
zx =1, hence oy =0fork=1,...,n,and &« = ay + --- + ;, = 0. We shortly
denote by A(t;my,...,my), the function A(t;my,...,m,,0,...,0). We have

n
A(t;my, ..., my) = Hsinmkt, te [0, 7). (9.33)

Since the coefficients Cj of Fi,,...,m, (9.28) are real, by Theorem 9.1 (2) we
obtain the following result.

Theorem 9.8. The coefficients of the polynomial Fy,,, . m, are given by

c (*U%Z"fonA(t;ml,...,mn)cos(m—Zj)tdt if n is even 9.34)

j: n+1 " .
(71)# Jo A(tma, ... ,my)sin(m — 2j)tdt if n is odd.

For the polynomial Ay, m, (9.31) one has zx = —1, hence ay = 7 for

k=1,...,nand « = a1 + --- + &, = n7t. We denote A(t;my,...,my,7T,...,70)
by A(t;my,...,my,), and obtain

. n
A(t;m,...,my) = | [cosmyt, te0,m]. (9.35)
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The following result can be obtained from Theorem 9.1 (2).

Theorem 9.9. The coefficients of the polynomial Ay, ... m, are given by

on 7
Ci= ;/ A(t;my,...,my)cos(m —2j)tdt, j=0,...,m. (9.36)
0
It also follows that

T
/ A(t;my,...,my)sin(m —2j)tdt =0, j=0,...,m.
0

Remark. An interesting particular case is obtained for my =k, k=1,...,n.
If S(n) is the number of ordered bipartitions of {1,2,...,n} into sets having
equal sums, then this is the middle coefficient of the polynomial A1, .,

n(n+1)

that is the coefficientof z~ 2~ whenn=0o0rn=3 (mod 4).
In [35], D. Andrica and I. Tomescu conjectured the asymptotic formula

s~y o 2

where f(n) ~ ¢(n) means that Ji_r}glof(n)/g(n) = 1. This formula has been

proven by B. D. Sullivan [219], using the corresponding integral formula
from Theorem 9.9 and complicated analytic techniques.

9.4.3 Some related integer sequences

The extended polygonal polynomial F;,, ., has integer coefficients. For
example, when n =4 and m; =1, mpy = 2, m3 = 3 and m4 = 4 one has

Fi234(z) = (z — 1)(22 - 1)(23 - 1)(24 -1)
=210 9 8405 22 741,

which has 7 non-zero coefficients of which the highest is equal to 2.

In this section we explore some integer sequences related to the number
of non-zero, and the maximum coefficients of the polynomial Fy;,,.. m,, the
for the sequence F,,... m,, as well as to the number of irreducible factors over
integers for the polynomial Ay, ... m,. The numerical calculations producing
the sequences presented in the Tables 9.3-9.7 in this section, have been com-
puted in Matlab® and Wolfram Alpha. In this process we recover some
new integer sequences, not currently indexed in OEIS [190].
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9.4.3.1 The number of non-zero coefficients of Fy;, .,

The sequence giving the number of non-zero coefficients of Fy,,..m, (1 >1)
recovers some known integer sequences, as well as a novel sequence when
My = py is the n-th prime (n > 1), as seen in Table 9.4. The first and third
lines are identical, since Fiy,,  km, (2) = Fy,...m, (zX), for all k € IN.

Polynomial|Sequence of non-zero coefficients OEIS
Fi,..n 2,4,6,7,12,14,18, 25,32, 36, 42,53, 68, 64,84, ... |A086781
Fi_ on-1 |2,4,8,15,24,35,48,63,80,99, 120, 143, 168, 195, ... |A082562
Fy..on 2,4,6,7,12, 14, 18, 25, 32, 36, 42, 53, 68, 64, 84, ... |A086781
F 2,4,8,16,24,40, 68,103,162, 236, 344, 453, 612, ... |A225549
Fyi....on 2,4,6,8,14,20,24,32,46,66,92,138,162,204, ... NEW

Table 9.4 The number of non-zero coefficients of the polynomial Fy,,... m,, n > 1.

.....

9.4.3.2 The maximum coefficient of F;, .,

The maximum coefficient of Fy,, . m, (1 > 1) recovers some known integer
sequences when m,, = n or m, = 2n, while it also generates some novel se-
quences in the other cases, as seen in Table 9.5.

Polynomial|Sequence of maximum coefficients of Fy,,,.. m, OEIS
Fi 1,1,1,2,1,2,2,2,2,3,2,4,3,3,4,6,5,6,7,8,... |A086376
F, o (1,1,1,22,35,8,13,22,38, 68,118,211, 380, ... | NEW
F . on 1,1,1,2,1,2,2,2,2,3,2,4,3,3,4,6,5,6,7,8, ... |A086376
F oo 1,1,1,1,1,1,2,2,3,3,4,6,7,8,11,14,12,12,... | NEW
Fo.,...on 1,1,1,1,1,1,1,1,1,2,2,2,3,4,6,8,12,17,30,...| NEW

Table 9.5 The maximum coefficient of the polynomial Fy, ... m,, n > 1.

9.4.3.3 The number of irreducible factors over integers of A, .,

The number of irreducible factors of Ay, .. m, given by (9.32), simplifies to

Yiq ';(k"fr"l) , where my = 2%my, with m;_ odd, k = 1,...,n. Some sequences

arise naturally for particular choices of my, k =1,...,n.

The interpretations known for the OEIS sequence A001227 in the first row
of Table 9.6 include: the number of odd divisors of 1, the number of ways to
write n as difference of two triangular numbers, the number of partitions of
n into consecutive positive integers, or the number of factors in the factor-
ization of the n-th Chebyshev polynomial of the first kind.
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Polynomial|Number of irreducible factors OEIS
zZ"+1 1,1,2,1,2,2,2,1,3,2,2,2,2,2,4,...|A001227
2" 41 2,2,3,2,4,3,4,2,4,4,4,3,4,4,6,...| NEW
2"+ 1 3,3,4,3,6,4,6,3,5,6,6,4,6,6,8,...| NEW

Table 9.6 Number of irreducible factors over the integers of the polynomial z" 4- 1, for
my, =n,m, =3nand m, =9, n > 1.

Polynomial | Number of irreducible factors of Ay, . m, OEIS
Al n 1,2,4,5,7,9,11,12,15,17,19, 21, 23, 25, 29, ... A060831
A3, 3n 2,4,7,9,13,16, 20, 22, 26, 30, 34, 37,41, 45,51, ... NEW
Ag  on 3,6,10,13,19, 23,29, 32,37,43,49, 53,59, 65,73,...| NEW

Table 9.7 The number of irreducible factors over the integers of the polynomial Ay,
form, =n,my, =3nand m, =9n,n > 1.

..... My 7

Some interpretations known for the OEIS sequence A060831 in the first
row of Table 9.7 are the following: the number of odd divisors present in
{1,...,n}, the number of sums less than or equal to n of sequences of con-
secutive positive integers, or the total number of partitions of all positive
integers less or equal to n into an odd number of equal parts. The asymp-
totic formula for the OEIS sequence A060831 was conjectured in 2019 as
a(n) ~n(log(2n) 4+ 2y — 1) /2, where 7 is the Euler-Mascheroni constant.

9.5 Gaussian, multinomial and Catalan polynomials

In what follows we shall present some properties of the Gaussian, multino-
mial and Catalan polynomials and some integral formulae for their coeffi-
cients, based on the papers [18] and [19].

9.5.1 Coefficients of Gaussian polynomials

Let m and r be positive integers. The Gaussian polynomial is defined by

Pm (Z) { (Zm7r+lfl)~-(szl) 1f , S "

r(m—r)
<m> S el g P /5O MY Sy o T EES Y
/. Par S Py(z) Pn—r(z) 0 if r > m.

(9.37)

Notice that while formula (9.37) seems to involve a rational function, the
division is actually exact in the ring Z|z], of polynomials with integer coef-
ficients, and it generates a polynomial of degree r(m —r).
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The Gaussian polynomial (9.37) has distinct roots roots (see. e.g., Chen
and Hou [77]), while its factorization in terms of cyclotomic polynomials
was given by Knuth and Wilf [148] as

< ) :ﬁ NRCRIGRICETE 9.38)
k=

where ®(z) denotes the k-th cyclotomic polynomial.

The coefficients C](m’r), j=0,...,r(m —r), have many interesting proper-

(m,r)

ties and interpretations. The coefficient C ;' represents the number of par-

titions of number j whose Ferrers diagram fits into a ¥ x (m — r) rectangle.
Also, if § = 616, -- -0y is a r-subset of [n], and ¢(6) = YI_; 6; (weight of ),
then C](m’r) is the number of r-subsets of [1n] with weight j + r(r; U 1191].

It is known that the sequence C](m’r), j=0,...,r(m—r),is unimodal. First
stated by Cayley in 1856, this property was proved by Sylvester in 1878, and
a constructive proof was first given by O’Hara in 1990 [191]. However, this
sequence is not always log-concave (see, e.g., (‘21)Z =1+z+222+23+2%,
as shown by Stanley in 1989 [218]. Other generalized Gaussian coefficients
were proved to be unimodal by Kirillov in 1992 [143].

By simple work with complex numbers [6], and using formula

z5 — 1= (cos2kt — 1) + isin2kt = 2ie* sinkt, (9.39)

from Theorem 9.1 (2) applied for the function

v
w1y sin(m —r+k)t
A(t) = kl:[l — (9.40)

we obtain a formula for the coefficients of the Gaussian polynomial ('), .

Theorem 9.10. The coefficients of the polynomial (")), are given by

C](m’r):%/OHA;”(t)-cos[r(m—r)—Zj]tdt, i= 0, r(m—71). (9.41)

Remark. By Theorem 9.10 we can easily prove that the polynomial (7)), is
palindromic. Indeed, for j =0,...,7(m — r), one obtains

77/ A (t) -cos[r(m—r) —2(r(m—r) —j)|tdt

- / AP () - cos [~r(m — 1) +2j]tdE =C". (9.42)
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A simple formula for the middle coefficients can also be derived.

Proposition 9.3. The middle coefficient of the polynomial ("), is given by:
1. If r(m —r) = 2k, then

clmn) /nAm(t)dt.
k Jo k
2.Ifr(m—r) =2k +1, then

C(m,r) _ C(m,r) — l/n/\m(t) - costdt.
k k+1 7T Jo k

9.5.2 Coefficients of multinomial polynomials

Let s,m,my...,ms be positive integers such that m; + --- + m; = m. The
multinomial polynomial is defined by the formula:

m Pm(z) M My, ,m
- =Y Cclsyl 9.43
<ml;"';ms>z Pml(z)”.Pms(Z) ];(] J ( )

Clearly, for s = 2 and m; = r, one obtains the Gaussian polynomial. While
the formula (9.43) seems to involve a rational function, the division is in fact
exact in the ring Z[z]. The degree of this polynomial is

m(m+1) i m;(m;+1)

M =
2 =T
1
=2 [mz— (m%—l—m%—i—-“%-mg)}
Y (9.44)
1<k<I<s

The multinomial polynomial can be factorized in irreducible factors in-
volving the cyclotomic polynomials, as shown by Chen and Huo in [77,
Lemma 1], and naturally extends formula (9.38).

Proposition 9.4. The multinomial polynomial (9.43) can be factorized as

( m >:ﬁ[cpk(z)]Lm/kJ—Lml/kJ—Lmz/kJ—~~—Lms/kJ,

my, - ,Ms k=1

where ®y(z) denotes the k-th cyclotomic polynomial.

From this result we can obtain an interesting identity concerning the degree
of this polynomial, which involves the floor function.
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Theorem 9.11. Let m,my,mj, ..., ms be positive integers which satisfy the identity
m =mq + myp + - - - + ms. The following relation holds:

f (Lm/k] — [my /k] — [ma/k] — o — |mo/K]) = M. (9.45)

By using again the result in Theorem 9.1 (2) with the function

1L, sinkt
AR ()= L=msinkt (9.46)
e H ! sinkt
=1 (Hk:1 sin )
we get an integral formula for the coefficients of the polynomial ( m " ms)z'
Theorem 9.12. The coefficients of the polynomial (ml’.’?,ms)Z are given by
—/ )-cos(M—2j)tdt, j=0,...,M. (9.47)

Notice that the integral in formula (9.47) is not singular, since we have
m!

m
ImAZ (= ( )
t—0 ] 1m;! mi,..., Mg

Remark. Using Theorem 9.12 it follows that the polynomial (ml,T,ms)z is
palindromic. Indeed, for j =0,..., M, one obtains

/A e (£) - cos (M —2(M — j)) tdt

7/ B (8) s (—M 4 2) bt = CI . (9.48)

A formula for the middle coefficients can also be derived.
Proposition 9.5. The middle coefficient of ( m1,~n-1-,ms)z is given by the following for-
mulae (depending on the parity of M):
1°. If M = 2k, then
Mg 1 T m
=~ [ A0 (9.49)
2°.If M =2k +1, then

CMes _ o /A _m.(t) - costdt. (9.50)
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9.5.3 Coefficients of Catalan polynomials

For a positive integer m, the m-th Catalan polynomial is defined by

_oz—1 (2m\  z-1 PZm(z) m(m=1) j
Qm(z)_zm+1—1<m>2_zm+1—1 P2 (2) Z ci'zl,  (9.51)

having degree m(m — 1) and at least m — 1 irreducible factors [77].
Applying the formula (9.39), we obtain

<2m> _ pim?t [T2", sinkt
mj, (TTJ, sinkt)*
Denoting for simplicity by

sint

) = sin(m + 1)t

A2M(t), telo,m],

by Theorem 9.1 (2) we obtain the following result

Theorem 9.13. The coefficients of the polynomial Q,,(z) are given by

7/ Y(f) - cos[m(m —1) —2j]tdt, j=0,...,m(m—1). (9.52)

Notice that the integral in formula (9.52) is not singular, since we have

Hm " () — — (2721)

t—0 m-+1

which represents the m-th Catalan number.

Remark. Theorem 9.13 can be used to prove that the Catalan polynomial is
palindromic. Indeed, for j =0,...,m(m — 1), one obtains

f/ 7 (t) - cos [m(m — 1) — 2(m(m — 1) — )] tdt

7/ ¥ (1) - cos [~m(m — 1) +27] tdt = . (9.53)

We also give an integral formula for the middle coefficient.

Proposition 9.6. The middle coefficient of Q,,(z) is given by:

n _ 1 ﬂ‘f’m t)dt
Cm(rréfl) - ; 0 ( )






Chapter 10
Partitions and Recurrences

An integer partition is a way of writing an integer as a sum of natural
numbers. The study of partitions was pioneered by Euler (1748), who in-
troduced many concepts which are still in use, and proved fundamental re-
sults concerning partitions into distinct parts, or into odd parts. Since that
time, numerous mathematicians including Gauss, Cauchy, Jacobi, Weier-
strass, MacMahon, Hardy, Ramanujan, Erd6s or Andrews contributed to the
study of partitions. Key details about the history of partitions can be found
in the classical books of Andrews [12] and [13], or in the review article by
Pak [196], which focuses on bijective proofs of classical partitions identities.

Partitions play a significant role in many branches of mathematics, like
combinatorics, group representation theory, or symmetric polynomials. Par-
titions have direct applications to classical combinatorial optimization prob-
lems such as the Bin Packing Problem (BPP), the Multiprocessor Scheduling
Problem (MSP) and the 0 — 1 Multiple Knapsack Problem (MKP) [88].

In Section 10.1 we present key results and problems concerning parti-
tions, including the signum equation, and the Laurent ring Z[X, X 1].

In Section 10.2 we investigate in detail the ordered 2-partitions of multi-
sets with equal sums, which are related to the signum equation, based on
the results presented in our paper [42]. We provide integral formulae for the
number of such partitions, and we explore the scenario when the multiset
contains m > 1 copies of the set {1,...,n}. Some conjectures are stated.

In Section 10.3 we analyze the number of ordered k-partitions with equal
sums of a multiset, for which we derive generating functions, integral for-
mulae, and recurrences. Numerical experiments are used to illustrate the
results and to formulate some new conjectures. The generating function ap-
proach proposed by Andrica in [14] opened the way to numerous novel
results related to multi-partitions with equal sums.

Examples involving particular case of 3-partitions with equal sums are
also provided [15]. Some sequences resulting from this investigation were
new, or provided novel context to existing entries in OEIS.

273
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10.1 Some classical partition problems and preliminaries

Euler showed that the number of ways in which an integer n > 2 can be
partitioned as a sum of positive integers is given by the generating function

nior’(n)X” = ﬁ (1 _lxk) . (10.1)

k=1

In fact, Euler has also considered the partition of number #n obtained when
the summands only belong to a certain set of integers A. More details about
generating functions related to partitions can be found in [232].

A first asymptotic formula for p(n) was given by Hardy and Ramanujan,
who in 1918 proposed the following result

1 2
p(n) ~ 4n\@exp (7‘[ ;), (10.2)

valid as n — co. An elementary proof was given in 1942 by Erdos [97].
Of particular interest are the partitions of the set {1,2,...,n}, related to
the signum equation, and that of k-partitions with equal sums.

10.1.1 The signum equation

The signum equation is classic a combinatorial problem, first considered by
S. Finch [102]. For a given positive integer n, the level n solution of this
equation denoted by S(n), which corresponds to the number of ways of
choosing + and — such that £1 £2+ 3+ --- £ n = 0. This also represents
the number of partitions of {1,2,...,n} in two sets with equal sums. The
sequence {S(n)},>0 is indexed as A063865 in the Online Encyclopedia of
Integer Sequences (OEIS) [190], and its first few terms are

1,0,0,2,2,0,0,8,14,0,0,70,124,0,0,722,1314,0,0, . ..
For example, S(7) =8since 1+ --- +7 =28 and
14=14+6+7=2+5+7=3+4+7=3+5+6.

The asymptotic formula for S(n) was conjectured by Andrica and Tomescu
[35] in 2002:

lim Sg:l = g
n—o0 T
n=0 or 3(mod4) ny/n

~—




10.2 Ordered 2-partitions of multisets 275

The result was proved in 2013 by Sullivan [219], by analytic methods.
Proof details and possible extensions, as well as connections to Erdos-
Suranyi representations, were suggested in [29, 30].

Starting from an interesting analysis problem with trigonometric inte-
grals [14], Andrica established a generating function which allowed novel
approaches in the study of 2-partitions with equal sums for multisets (this
was also discussed recently in [25]). For more information regarding the
general theory of multisets one can check the paper by Stanley [217]. The
connection with unimodal polynomials is made in [36] and with some as-
pects in special representations of integers, known as Erdos-Suranyi repre-
sentations are given in [93], [96] and [102].

10.1.2 The Laurent ring Z.[X, X 1]

Recall that a Laurent polynomial with integer coefficients has the form

p= Z aka, ax € Z,
kezZ

where X is a formal variable, and only finitely many coefficients a; are non-
zero. Two Laurent polynomials are equal if their coefficients are equal. Such
expressions can be added, multiplied, and brought back to the same form
by reducing the corresponding similar terms.

Formulae for addition and multiplication are the same as for the ordinary
polynomials, with the only difference being that both positive and negative
powers of X can be present. The set of Laurent polynomials Z[X, X !] is a
ring with respect to the addition and multiplication.

A Laurent polynomial p € Z[X, X 1] is symmetric if it satisfies the relation
p(X) = p(X~1). This property is equivalent to a_j = ay, for all k € Z. The
maximal positive integer s with a5 # 0 defines the degree of p. The set of all
symmetric Laurent polynomials Zsymm[X, X '] is a subring of Z[X, X 1].

10.2 Ordered 2-partitions of multisets

The interplay between integer sequences and partitions has led to numer-
ous interesting results, with implications in generating functions, integral
formulae, or combinatorics. An illustrative example is the number of solu-
tions at level n to the signum equation. Here we present some of the results
and conjectures concerning 2-partitions of multisets, given in [42].
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10.2.1 Definitions and notations

Letaq,...,0, € Rand mq, ..., m,; € N, and consider the multiset

M={ay, -, 01,..., 00, ,&n}.
~— —
my times my times

Fors =1,...,n, we call ms the multiplicity of element «; in the multiset M,
while 0(M) = Y_I'_; msas is the sum of the elements of M.

Definition 10.1. Let « = (a1,...,&,), m = (my,...,my) and denote by S(m; «)
the number of ordered 2-partitions of M having equal sums, i.e., the number
of pairs (Cq,Cy) of subsets of M satisfying the properties

() CGUCG =Mand C; NG, =Q;

() L x= Y x=5Y" ma.

xeCqy xeCy

One can check that S(m;«) is the constant term in the expansion

n 1\™ o 1\™ n 1\™
— 1 - 2 N v o n
F(z) = (z + z"‘l) <z + 2“2) (z + z“n) . (10.3)

Clearly, from the relation F(z) = F(1/z) it follows that the expression of
F(z) in (10.3), after we expand, is a symmetric Laurent polynomial of vari-
able z and degree Zi'(:l m;a;. When my = ... = my = m, we say that the ele-
ments of the multiset M are of the multiplicity m.

Expanding F(z) one obtains its algebraic form

F(z) =co(m;a) + ) cjzj, (10.4)
j€z\{0}

where all coefficients c; of F are zero, excepting a finite number. For the unity
of notation, we use co(m;a) = S(m;a) and ¢; = cj(m;«), for j € Z \ {0}.

10.2.2 Integral formulae

Setting z = cost + isint in (10.3) and (10.4) we get

k
v P cosa =cofmia)+ X geost + s
s=1 jeZ\{0}

Integrating in ¢ over [0,277], we obtain the following formula

oyt 2
co(m;a) = 7/ [ J(cosast)™sdt. (10.5)
27 0 37
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The combinatorial intepretation of the coefficient c]-(m;tx) is the number of
representations of the integer j as

j=fa £ Eag - Eay k- Lay,
————— ~—_——

mq times my times

for all possible 21+ choices of signs + and —.

If we multiply the relation (10.4) by z~/ we get

2z /F(z) = cj(m;a) + chzl, (10.6)
I#j

hence by integrating in t over [0,27], we have

oyt

27 n
cj(m;a) = 7/ cos jt [ J(cosast)™dt. (10.7)
27 0 1

10.2.3 Multisets with equal multiplicity

Consider the multiset M = [n],, consisting of m copies of each element of
the set [n] = {1,...,n}. In the paper [42] we have studied some properties of
the symmetric Laurent polynomial defined by the expansion

0N"/, 1\" 1\"
Fn,m(z):<z+z> (z —&—‘22) -~-<z”+zn>

=) c](.m) (n)2, (10.8)

jez

which is a special case of the polynomial in (10.3), obtained for k = n and
a1 =1,...,ay = n. Notice that the symmetric Laurent polynomial F, ,(z)
mn(n+1)

has the degree —

If we multiply the polynomials F, x(z) and F, ;(z), we have the following
formula for the coefficients of F,, s (z)

k+1 k 1
cé D) = ) c}jd(n)c](. (n), dez. (10.9)
jez
Recurrent formulae for c](.m) (n) as a function of terms of the form c](.m) (n),
which allow an efficient numerical computation.



278 10 Partitions and Recurrences

For m =1 one obtains c (n) recursively as

Fia(z) = ZC Fu- 11()<Z"+Zln>

jEZ

(];; ) (+ 1)
(g (v

=) (ij)n(n -1)+ c](-}r)n(n — 1)) 2.
jez

Hence,

) =cl) (n=1) +cl}, (n—1), forj e Z. (10.10)

Slmllarly, . (n) can also be obtained recurrently by

ZC Fi- 12()<Z”+Zln>2

JEZ

(]ezzc — ) <22”+2+Zin>

_ZC Z]+2n+zc Z]+ZC Z] 2n

jezZ j€Z j€Z
@), (2) _ j
JGZ%( i o +2c (n 1)—|—c]+2n(n 1))2

Hence, for j € Z one obtains

D)=y -1+ 2 (- 1)+ 2 -1). @01

The following recurrences are valid for j € Z and n > 1.

c](.g)(n) :c](i)3n(n—l)+3c](i)n( )+3c](+)n(n—l) ]+3n(n—1)
(10.12)
c](.4)(n) = c](ﬂn( -1+ 40]( )Zn(n -1+ 6c](.4)(n -1)
4™ n—1)+cY, (n—1). (10.13)

j+2n j+4n
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In general, for m even one obtains the formula

" m/2 m m m m
c]( )(n) = ; <k>c](.i;kn(n -1)+ <m/2>c]( )(n -1), (10.14)

oy R )
¢} (n) = k; <2k_1>cji(2k1)n(n—1). (10.15)

when m is even or odd, respectively.

10.2.4 Associated integer sequences

Various integer sequences can be recovered from the coefficients of Fy »(z)

given in formula (10.8). Of particular interest are the sequences c(()m) (n), rep-
resenting the constant term of Fy(z). As seen in our paper [42], the se-

(m)

quences ¢; (n) obtainde for fixed values j = 1,2,... have an interesting
combinatorial interpretation and importance.

The case m =1

(1)

For m = 1, sequence c,, ’ (1) represents also the number of solutions at level
n to the signum equation, which is A063865 in OEIS. More precisely, c(()l) (n)

is the number of ways of choosing + and — such that
+1+24+3+---+n=0,

(1)(

sometimes denoted by S(n) = ¢, ’(n). This is in fact an old combinato-
rial problem also considered by S. Finch [102]. Computations show that
c(()l) (40) = 5830034720 and cc()l) (100) = 1731024005948725016633786324, hence
the sequence terms seem to grow rather quickly.

Concerning its asymptotic behaviour, Andrica and Tomescu [35] conjec-
tured the following asymptotic formula in 2002:

lim Sg?) = \/g
n—»c0 7T

n=0 or 3(mod4) ny/n

This was proved analytically in 2013 by B.D. Sullivan [219]. Extensions of
this result will be discussed in the following sections.
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For m =1 and fixed values of , the coefficients {c](.l) (1) }j>0 produce the
following finite sequences:

d(1): 01

M @): 01,01

(3): 201,010,

¢V 4): 20202010101

"(5):  0,3,03030,20201,01,0,1

e (6):  0,50,5,0,4,0,4,0,40,3,0,2,0,2,0,1,0,1,0,1

énwy 8,0,8,0,8,0,7,0,7,0,6,0,5,0,5,0,4,0,3,0,2,0,2,0,1,0,1,0,1

cV'(8):  14,0,13,0,13,0,13,0,12,0,11,0,10,0,9,0,8,0,7,0,6,0,5,0,4,
0,3,0,2,0,2,0,1,0,1,0,1

¢V©):  0,23,0,23,0,22,0,21,0,21,0,19,0,18,0,17,0,15,0,13,0,12,

0,10,0,9,0,8,0,6,0,5,0,4,0,3,0,2,0,2,0,1,0,1,0,1

Notice that {c](.l)(n)}jzo has n(n +1)/2 + 1 relevant terms, i.e., c](l) (n)=0
for j > n(n+1)/2+ 1. The rows of this triangle are not indexed in the OEIS.

The case m =2
For m = 2 one recovers the sequence

c$? (n) : 2,4,10,26,76,236,760,2522,8556,29504, ...,
indexed in OEIS as A047653. By the recurrence formula (10.9), one obtains

@) D e i = 202 oD 2
e (n)=Y_ c; (n)cj (n)=8m)+2 Y, (cj (n))~. (10.16)
=1

jez

Concerning its asymptotic equivalent, the following formula was conjec-
tured by Kotesovec in 2014 (see A047653 in [190])

(2)
lim ‘o 474(11) = E
n—oo _x _ 7T

ny/n




10.2 Ordered 2-partitions of multisets 281

The coefficients { c](.z) (1) }j>0 generate the following finite sequences:

2)

2

)
)
2)
)

(
j
(
j
@
j
(
j
@
j

c
C
C
c
C

(1):
(2):
(3):
(4):
(5):

2,0,1

4,0,3,0,2,0,1

10,0,8,0,7,0,6,0,3,0,2,0,1
26,0,24,0,22,0,20,0,16,0,12,0,9,0,6,0,3,0,2,0,1

76,0,73,0,70,0,65,0,58,0,51,0,42,0,34,0,26,0,20,0,14,0,9,0,
6,0,3,0,2,0,1
236,0,231,0,224,0,215,0,200,0,184,0,166,0,144,0,124,0,106,0,
86,0,69,0,54,0,40,0,30,0,22,0,14,0,9,0,6,0,3,0,2,0, 1.

Notice that {c](.z) (1) }j>0 has n(n + 1) + 1 relevant terms, i.e., c](.z) (n) = 0 for
j>n(n+ 1)+ 1. The rows of this triangle are not indexed in the OEIS.

The case m =3

For m = 3 one obtains the sequence

(()3) (n):0,0,62,332,0,0,80006,531524,0,0,173607568, .. .,

indexed in OEIS as A124995. While several terms of this sequences have
been computed, its asymptotic behaviour is not currently known. However,
a conjecture based suggested by numerical calculations has been formulated
in the following section.

The coefficients {c]@ (1) }j>0 produce the following finite sequences:

0,3,0,1

0,12,0,10,0,6,0,3,0,1
62,0,57,0,51,0,43,0,30,0,21,0,13,0,6,0,3,0,1
332,0,327,0,309,0,278,0,243,0,204,0,161,0,123,0,90,
0,61,0,39,0,24,0,13,0,6,0,3,0,1
0,1974,0,1932,0,1851,0,1731,0,1587,0,1419,0,1242,0,1062,0,

882,0,717,0,566,0,435,0,324,0,233,0,162,0,108,0,
70,0,42,0,24,0,13,0,6,0,3,0,1.
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One can notice that {c](3)(n)}j20 has 3n(n +1)/2 + 1 relevant terms, i.e.,

c](.3) (n) =0forj>3n(n+1)/2+1. The rows of this triangle are not currently
indexed in the encyclopedia of integer sequences OEIS.

The case m =4

For m = 4 one recovers the sequence

c{ (n) : 6,44,426,4658,55260,689508,8914872, .,

indexed in OEIS as A124996. The asymptotic behaviour of this sequence is
not currently known, but a conjecture based on numerical calculations is
formulated in the following section.

The coefficients {c](.4) (1) }j>0 produce the following finite sequences:

Y1): 604,01

4 (3): 426,0,408,0,372,0,320,0,251,0,188,0,130,0, 80,

0,47,0,24,0,10,0,4,0,1

¥ (4): 4658,0,4584,0,4380,0,4064,0,3650,0,3176,0,2680,0,2184,
0,1716,0,1304,0,952,0,664,0,445,0,284,0,170,0,96,0,
51,0,24,0,10,0,4,0,1

@ (5): 55260,0,54792,0,53433,0,51236,0,48302,0,44768,0,40773,0,
36492,0,32078,0,27692,0,23459,0,19492,0,15882,0,12672,0,
9902,0,7564,0,5642,0,4108,0,2912,0,2008,0,1342,0,868,0,
541,0,324,0,186,0,100,0,51,0,24,0,10,0,4,0,1

(

¥

¥ (2):  44,0,40,0,31,0,20,0,10,0,4,0,1
(

¥

One can notice that {c](.4) (1)}j>0 has 2n(n + 1) + 1 relevant terms, i..,

c](4) (n) =0for j > 2n(n+ 1) + 1. The rows of this triangle are not currently

indexed in the encyclopedia of integer sequences OEIS and more research is
required to study the interpretations.

10.2.5 Some conjectures

Numerical evidence suggests a number of conjectures.
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10.2.5.1 Asymptotic behaviour of sequences {c(gm) (n)}u>o0

In 2002, Andrica and Tomescu conjectured in the paper [35], the following

asymptotic formula for S(n) = C(()l) (n):

lim Sg:l) = E
n—o0 T
n=0 or 3(mod4) ny/n

This was proved in 2013 by using analytic methods by B.D. Sullivan [219].
(2)

The following asymptotic formula for ¢, (n) was then conjectured by
Kotesovec in 2014 (see A047653 in [190]):

@)
im 5 =2
n m 7T

(m)

We aim to establish a more general result for c; ’(n). To this end, let
m,n > 1 be integers and define the function

6 2mn
fu(n) = 1/%71\/%. (10.17)

The numerical results obtained for m =1,2,3,4 shown in Fig. 10.1, suggest

the following asymptotic behaviour of c(()m) (n).

Conjecture 10.1. Let m > 1 be an integer. The following formula holds

(m)
lim <0 ZmE”) _ .5 (10.18)
n— ;T/ﬁ mrit

10.2.5.2 On the properties of c]r-”(n)

Note that {c](m)(n)}]-zo has %ﬂ) + 1 relevant terms, i.e., c](m) (n) =0 for

j> w +1, and we know that {c§1) (1)} jez has a modulo 2 unimodality.

Numerical evidence obtained so far suggests two other conjectures.

Conjecture 10.2. The non-zero subsequence of {c](.m) (1) }jez is unimodal. As

c](.m) (n) = c(_";) (n) and every second term is zero, it is sufficient to prove that

the subsequences {céT) (n)}j>0 and {cgnﬁl(n)}jzo are decreasing, by using
formula (10.9).
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Fig.10.1 First 30 terms of sequences oy m=1234, with f,(n) given by (10.17).

(m)
¢ (n)

) evaluated for n =10, m=1,2,3,4,j € {0,..., ma(ntl) o 1}, where

Fig.10.2 Plot of —5t

the function f, (n) is given by (10.17).

The following behaviour is suggested by Fig 10.2.

Conjecture 10.3. For any integers m,n > 1, the coefficients c](.m) (n) belong to
a normally distribution shaped curve. If true, this conjecture would explain
](.m) (n) for fixed m, n, as well as the asymptotic limits for

cg'(n) as n increases to infinity, for fixed m.

the unimodality of c
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10.3 Ordered k-partitions of multisets

An important problem is the study of the number of partitions of multisets
having certain properties. Results concerning the number of partitions of
multisets, as well as asymptotic formulae for small multiplicity values were
obtained in the 1970’s by Bender [60] and Bender et al. [61]. For further in-
formation about multiset theory, one may consult Stanley’s paper [217].

Some partition problems have important practical applications, as for ex-
ample the famous strongly NP-complete problem related to 3-partitions. For
the positive integers b,m and ay,...,a, such that n = 3m and }_{_;a; = mb,
one needs to partition the set {ay,...,a,} into m subsets, each containing
exactly three elements, whose sum is exactly b (see, e.g., [104] and [105]).
For example, the set {10,13,5,15,7,10} can be partitioned into the two sets
{10,13,7}, {5,15,10}, each of which sum to 30.

The key results in this section were published in [22], while the connec-
tions to Diophantine equations were explored in [23] and [24].

10.3.1 Notations and basic formulae

Let aq,...,a, be real numbers, my,...,m, positive integers. For the multiset

M= {al/” T, Ry, /“n};
N —— —_———

my times my, times

the number m; is called the multiplicity of the element ag, s =1,...,n, while
o(M) =Y! | msas represents the sum of the elements of M. For a simplified
notation, we shall denote m = (my,...,my,) and & = (aq,...,a,).

Definition 10.2. Let k > 2 be an integer. Denote by Sy(m;«) the number of
ordered k-partitions of M having equal sums, i.e., the number of k-tuples
(Cy,...,Cx) of subsets of pairwise disjoint subsets of M such that

Q) CU---UC=M;
(i) 0(Cy) =+ = 0(Cp) = o (M).

Clearly, one has the relationship Sy(m;a) = k! Ny(m;«), where Ni(m;a) is
the number of non-ordered k-partitions of M.
The number Sy (m;«) is the constant term of the expansion of a Laurent

polynomial F(X,...,Xx_1) € Z[X1,..., X4_1,X; },..., X '], defined by

n
F(Xl,...,xk_l):H<X$s+_”+xgs_1+
s=1

1 s
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m

Indeed, assume that fors =1, ...,n, from (Xi‘S +o 4+ X0+ m) ’

we have selected c;? terms equal to X]‘.KS, with j=1,...,k — 1, and ¢} terms

equal to m Notice that we must have ¢ + -+ + ¢ = ms.
Such a selection contributes to the free term if and only if

ngzl ciﬂ‘s .. ngzl Cifllxs . 1 _

— n S I
1 k-1 (X - Xjp_q ) oo Gl
which is equivalent to 2 clocs = 2 ck 1&s = 2 CleS

This means that the sets

Ci= {ag,..0q,. 00,00}, j=1,2,...k,
—— ——

Cl times C;’ times

represent a partition of M which also satisfies property (ii) in Definition 10.2.

10.3.2 An integral formula

Ordering (10.19) after the integer powers of X]-, forj=1,...,k—1, one has

F(X1,. Xee1) = Y Puj(X1, 0, Xjo1, Xt Xem) XY, (10.20)
meZ

where Py, i(X1,...,Xj 1,Xj;1,-..,Xk—1) are Laurent polynomials. As F is
symmetric in its variables, the polynomials P, ; are independent of j, hence
we may use the simplified notation Py, (X1, .. o X1, X1, ., Xk_1), and the
free term of F(X7,..., Xj_1) is the free term of Py(Xj, ... Xio1, Xjy1,- o Xk_1)-

Denoting by )?j = (X1,-.,Xj-1,Xj11,- -, Xk—1) for simplicity, we have

n ) 1 Mg
F(Xl,...,Xk_l)—H(Xi‘b_i'_..-—l—x;fsl‘i‘W) (1021)
s=1 1 k—1

=R(X)+ Y Pu(Xp)XI. (10.22)

meZ,m#0

Let X; = cost +isint in (10.21) and integrate with respect to t over [0,27].
Since the integral of the monomial X" with respect to t over [0,277] vanishes

for m # 0, the integral representation of the polynomial is given by

- 1 oy . N 1 ms
Py(X;) = ﬂ/g 511 <X1 +o X+ W) dt. (10.23)



10.3 Ordered k-partitions of multisets 287

Setting X; = X, X; =1for/=1,...,k —1and [ # j in (10.21), one obtains

n 1 ms
H(Xocs +k—2+)@és> =DP(1,...,1)+ Z Pu(1,...,1)X™.

s=1 meZ,m#0
(10.24)
By symmetry in X and X! we have
Pu(1,...,1)=P_x(1,...,1), meZ.
Also, from (10.23) we deduce that
1 ot 1\"™ d
Py(1,...,1) = — - t. 10.2
ot = o [ TI( ) (1025

Note that Py(1,...,1) depends on k, m and «.
Since X% + Xl,xs = 2cosast, we have the following relation

1 2 _n
Qi (m;a) := Py(1,...,1) = ﬂ/0 g(k—2+2cosast)msdt. (10.26)

We have that
Qr(m;a) = Sp(m;a) + Ri(m;a), (10.27)

where Ri(m;a) is the sum of the coefficients of Py(X; j), different from the
free term. Also, setting X = 1in (10.24) we get k"1 o =Y mez Pu(1...,1),
that is the sum of all the coefficients in all polynomials P, is et

By formula (10.26), after simple computations it follows that

Qs(m;a) = Qy (Zm;%> :

As shown in [42], the integral formula for the number of ordered 2-
partitions with equal sum of the multiset M is

2m1+~--+mn 2Tt n
co(m;a) = Sp(m;a) = 7/ [ J(cosast)™ dt, (10.28)
2m 0 s=1
which form; =--- =m, =mand a5 =s,s =1,...,n, produces the formula

27’[7”1 2T hn

]"[ (cosst)™ (10.29)

If Qi(n) = Qe(L,...,1;1,2,...,1), then Qy(n) = c§ (n) and Q4(n) =) (n).
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10.3.3 k-partitions with equal sums of the set {1,...,n}

In this section we set a5 =s and ms =1, for s =1,...,n and use the simplified
notations Si(n) for Sx(m;a) and Ri(n) for Ri(m;a). Some recurrences can
be obtained for the coefficients of the polynomial F(Xj, ..., X;_1) defined by
(10.19), which is indexed by the level 7, as in the formula

n

1
F.(Xq,...,X_1) = X34+ X +>. (10.30)
s 1) ﬂ( ! (X X))

We first write F,(X,...,X;_1) as a Laurent polynomial in Xy,..., X} 1
with integer coefficients, given by he formula

Fo(X1,..0 Xkc1) = Y ¢y (XX X0 (10.31)
Jirjk-1€Z

Clearly, we have F,(X1,..., Xx_1) = %, where U and V are polyno-

mials. If V # 0 at the origin of R¥~1, then the coefficients in (10.31) are given
by the Cauchy integral formula

s Mg A Adagg,

(10.32)

. 1 / Fn(X]/"'er—].)xl_j]'
T

Jirefi—1(n) = (27-[1‘)k—1 X1 Xp_q

with T a product of sufficiently small circles around the coordinate axes of
R*~1. While this is a closed formula, for effective computations it is more
practical to use a recurrence between the coefficients of levels n and n — 1.

Theorem 10.1. Denote by ey, ..., eyx_1 the vectors of the canonical basis in 7k1,
The following recurrence relation is valid for j = (jy,...,jx—1) € Z¥"Vand n > 1:

¢j(n) = Cj—ne, (N — 1) + -+ + Cjney_y (M — 1) + ¢jn(y,..,1)(n—1). (10.33)

Proof. Indeed, by formula (10.30) we obtain

1
Fu(X1,-- 0, Xi—1) = Fia (X1, -, Xio1) (Xil o+ Xt (X1 X+ Xg 1)")
. ) 1
- ci(n —1)XJ' .- X1 < T+ + XL +>
jegl i 1 k—1 1 k-1 (Xl"'kal)n

= ¥ =) (XX e XX X )
jezk—l

= Zk: 1 (ijnel(n — 1)+ ey (M= 1)+ ¢jyn, 1) (1 — 1)) xJ- ~-X£k_’i.
jezk-
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g

Foreachj€ {1,...,k — 1}, we write F, as a Laurent polynomial in Xj as

Fa(Xt,o0 Xgo1) = Y P (X)) X7, (10.34)
meZ

where }~(j = (Xl,...,X]-,l,XjH,...,Xk,l). Since F,(Xy,...,Xk_1) is symmet-
ric, the coefficients P, ,,; are independent of j, so the simplified notation

Pym (5(7) can be used. These polynomials can be obtained recursively.

Theorem 10.2. The recurrence below holds forme Z,j=1,...,k—1and n > 1.

Pn,m(i;) Pn 1,m— n <2Xn) n— 1m (HX> " n 1m+n(X)-

P#] P#]
Also, for m = 0 we have
— 11 —
Pn,O(Xj):Pn—l,— (ZX ) n— 10(X (HXP) Py 1n X])
P#] P#]
(10.35)
Proof. The following formula can be established.
1
f— n .« .. n —
Fu(X1,..., Xp—1) = Fa1 (X1, Xi1) (X1 o E X+ (Xl"'Xkl)n)
1
= P, XP+--+ X+ >
(mg:z n— 1m )( 1 k-1 (Xl"’Xk—l)n
1’1 —
= Z [Pn—l,m—n(x (an> n— 1m (pr> Py 1m+n(X])]X]m-
mez
Substituting m = 0 into this formula, we obtain (10.35). (|

Setting X1 = X and X, =1for p=2,...,k — 1in (10.30), one obtains

F(X,1,...,1) = ﬁ(Xerk 2+ > Y Pum(1,...,1)X™.  (10.36)

s=1 meZ

Notice that Py, (1,...,1) =Py —n(1,...,1), m € Z, which represents the sum
of the coefficients of the Laurent polynomial Py, ,; (X3, ..., X_1). For simplic-
ity, we denote Py, := Py (1,...,1). The terms of the sequence {P, o },>1 can
be obtained from the following double recurrence:

Pn,O = Pnfl,fn + Pnfl,O + Pnfl,n = I'n-1,0 + 2Pnfl,n- (10-37)
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From the integral formula (10.26) applied in this case, we can also com-
pute the terms P, o directly. Since this computation is actually performed for
a given value of k, for what follows we introduce the notation

2 _n

Qx(n) = Pyo = Sk(n) + Re(n) = %/0 [ J(k—2+2cosst)dt. (10.38)
s=1

10.3.4 Numerical examples and integer sequences

In we analyze some numerical examples for Si(n), Rg(n) and Qi (n). In this
process we provide new context for a number of existing sequences, and
identify novel entries to OEIS. We then establish a polynomial formula for
Qk(n) and conjecture its asymptotic behaviour. We also conjecture proper-
ties related to the distribution of perfect powers within this sequence.

10.3.4.1 Integer sequences related to Si(7) and k-partitions of multisets

Denoting by T(n,k) the number of set partitions of [n] into k blocks with
equal element sum, this is indexed since 2016 in OEIS as a triangle A275714.
We have Sy (n) =k!- T(n,k).

Example 10.1. S3(n) has been recently added by us to OEIS as A317577:

0,0,0,0,6,6,0,18,54,0,258,612,0,3570,8880,0,55764,142368,0,947946,
2468844,0,17099808,45375498, 0,323927184, 871038570, 0, ... ..

For n = 3k + 1, the number "5 s not divisible by 3, hence S3(n) = 0. Also,

S3(n) =6-a(n), where a(n) is the sequence A112972 in OEIS.

Example 10.2. For k = 4, the free term Sy(n) produces a new OEIS sequence:

0,0,0,0,0,0,24,24,0,0,0,0,0,0,20904,63600,0,0,0,0,0,0,227090256, ... ..

For n # 8k — 1,8k, the number n(n2+1) is not divisible by 4, hence S4(n) = 0.
Example 10.3. For k = 5, the free term Ss(n) produces a new OEIS sequence:

0,0,0,0,0,0,0,0,120,120,0,0,0,8160,22440,0,0,0,3331560,13021920, 0, . ...

For n # 5k — 1,5k, the number % is not divisible by 5, hence S5(n) = 0.
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10.3.4.2 Integer sequences related to Qi (7) and the 3-signum equation

We now investigate the expression Qi (n) defined by (10.38). In particular,
Q3(n) gives the number of solutions of the 3-signum equation [15]

1-e14+2-ex4---+n-g =0, (10.39)

where ¢ € {—1,0,1}, s = 1,...,n. Below we study some properties of this
sequence and we illustrate a counting procedure for Qy(n) whenk =3,k =4
and k = 5. We then highlight some novel integer sequences.

The following result provides a new combinatorial context for Q(n).

Theorem 10.3. A formula for Qy(n) is given by the number of ordered partitions
of [n] into k disjoint sets Aq, ..., A, with the property o (A1) = o (Ag).

Proof. A monomial Xfl e XZ"_T (Xq-- Xyp_q) "% of Fy(Xq,...,Xk_1) in (10.30)
is independent of X; if and only if d; = dy. The number of such monomi-
als equals the number the ordered partitions Aj, Ay, ..., Ay of [n] such that
0(A1) =0 (Ax) =dy, withd; > 0forj=1,...,kand dy + - + dp = o([n]). O

Example 10.4. For k = 3, the sequence Q3(n) starts with the terms
1,1,3,7,15,35,87,217,547,1417,3735,9911,26513,71581, 194681, 532481, .. ..

and is indexed in the OEIS as A007576. Same terms are obtained from

2 1

Q3(n) = %/0 11(1 + 2cosst)dt. (10.40)

It was recently conjectured (see context for A007576 in OEIS [190]) that

1 3n+1

Q3(n) ~ NG

As the monomials in the F,(X,Y) expansion have the form X*Y#(XY)~7,
a term is independent of X if and only if « = -y. To identify the numbers of
terms independent of X, we count all subsets A and B of {1,2,...,n} such
that ANB=Q@witho(A)=0(B) =awitha,f,v>0and a+ B+ y=0c([n]).
This is equivalent to finding the number of solutions of the 3-signum equa-
tion (10.39). For k = 3 we list below the triples obtained for n =4 and n = 5.

When [n] = {1,2,3,4}, we have o([n]) = 10. We enumerate the partitions
A, B,C of [n] having the property 0(A) = ¢(C). The problem is equivalent to
finding all the triplets (&, 8,y) such thata,B,v >0,a =yand a + p + ¢ = 10.
Table 10.1 presents all such partitions and &5, s = 1,...,4, satisfying (10.39).
Adding the multiplicities we confirm that Q3(4) =7.
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A B C

@ [n] %)
214 )
B3} {4 (1.2}
42 41{1,3} {2} {4}
{1 2) (1,3)
55 5({1,4} ©{2,3}
{2,3} @{1,4}
Table 10.1 Partitions of [n] into k subsets when n =4 and k = 3.

m

[SEGEIY UGS JUEGEN ol [
™

HHOOI—‘HON
o

NN LIRS R ] (38
™

HHD—\HOOO%

Multiplicity
1

WO R
—_
=S
W[ O|=R

1
1
1
1
1
1
Qs(n) =7forn=4.

When [n] = {1,2,3,4,5}, we have o([n]) = 15. We count the partitions
A,B,C of [n] such that 0(A) = ¢(C). To this end we find the number of
triplets («,8,7y) such thata, 8,7 > 0, « = ¢y and & + B + v = 15. From simple
computations we obtain Table 10.2 presenting all possible subset configura-
tions, along with the corresponding values for e5, s = 1,...,5, which feature
in (10.39). Adding the multiplicities one may confirm that Q3(5) = 15.

x By A B Cleq1 € €3 €4 £5|Multiplicity
0150 @ [n] @00000 1
39 3[{1,2} {45} {3}|11-100 1
{3} {4,5} {1,2}|-1-1 1 0 0 1
47 41{1,3} {2,5} {4}|1 01-10 1
{4} {2,5} {1,3}|-1 0-1 1 0O 1
55 5({1,4} {2,3} {5}|1 00 1-1 1
{5} {2,3} {1,4}|-1 0 0-1 1 1
{2,3} {1,4} {5}|0 11 0-1 1
{5} {1,4} {2,3}| 0-1-1 0 1 1
{1,4} {5} {2,3}|1-1-1 10 1
{2,3} {5} {14}]-111-10 1
6 3 6({1,5} {3}{24}/1-10-11 1
{2,4} {3} {1,5}|-1101-1 1
71 7/{2,5} {1} {3,4}|0 1-1-11 1
{3,4} {1} {2,5}|0-1 1 1-1 1

Table 10.2 Partitions of [n] into k subsets when n =5 and k = 3. Q3(n) = 15 for n = 5.

Example 10.5. The sequence Q4(n) (A047653 in OEIS) starts with
2,4,10,26,76,236,760,2522,8556,29504,103130, 364548, 1300820,

for which we also give the a new integral formula

2t n 27 n
(2+2 t)d t. 10.41
Qa( 27r/ H + 2cosst) 27r/ Hcos d (10.41)
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An asymptotic expansion was conjectured in 2014 (see A047653 in [190])

3 4"
Qy(n) ~ \/; a7

The sequence R4(n) is also novel, and begins with the numbers

2,4,10,26,76,236,736,2498,8556,29504,103130, 364548, 1300820,
4679472,16931258,61726842, . ..

Count the partitions A, B,C,D of {1,2,3,4,5} such that 0(A) = ¢(D), that
is the number of 4-tuples («,,7,9) with the properties a,B,7,6 > 0, a = ¢
and « + B + v + 0 = 15. Direct computations give the values in Table 10.3.

xB+v6 ABUC Dileq e €3 g4 &5 |Multiplicity
0 15 00 @ [n] @ 00000 2°
3 9 3[{1,2} {45} {3}|11-100 22
{3} {4,5} {1,2}|-1-1 1 0 0 22
4 7 4[{1,3} {25} {4}[101-10 22
{4} {2,5} {1,3}|-1 0-1 1 0 22
5 5 5[{1,4}{2,3} {5}[/1 00 1-1 22
{5} {2,3} {1,4}|-1 0 0-1 1 22
{2,3} {1,4} {5}|0 11 0-1 22
{5} {1,4} {2,3}| 0-1-1 0 1 22
{1,4y {5} {23} 1-1-1 10 2
{2,3} {5} {1,4}|-1 1 1-10 2
6 3 6[{1,5} {3} {2,4}[1-10-11 2
{2,4}y {3} {1,5})|-1 1011 2
7 1 7/{2,5} {1} {34}[0 1-1-11 2
{3,4} {1} {25})J0-1 1 1-1 2

Table 10.3 Partitions of [n] into k subsets when n =5 and k =4. Q4(n) =76 for n =5.

One may notice that Q4(5) =76 =2° +8-22 +6-2.

Remark. In Table 10.3, the B U C column contains all elements just once.
There are 8 instances where this contains two elements, and then finally, 6
instances where this only has a single element. This suggest the formula

Qi(5) = (k—2)°+8(k—2)2+6(k—2), (k>2) (10.42)

which will be fully explained by Theorem 10.4.
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Example 10.6. The sequence Qs (n) produces the new integer sequence

3,9,29,95,333,1215,4661,18509,76281,321729,1386757,6070591, ... ..

First, observe that 3° + 8 - 3% + 6 - 3 = 333 = Q5(5), in accordance with (10.42).

We count partitions A,B,C,D,E of {1,2,3,4,5,6} such that 0(A) = o(E), that
is the number of 5-tuples («, B,7y,0,€) such that «,,7v,6,€ > 0,a =€ and a + p +
¥ + 0 + € = 21. Simple computations give the values in Tnble 10.4.

x Y p e A UB Eleq €5 €3 €4 €5 €6|Mult
0210 [%) [n] [0 0000 0] 3°
3 15 3| {1,2} {456} {3}[11-100 0] 3°
{3} {4,5,6} {1,2}|-1-1 1 0 0 0| 3°
4 13 4| {1,3} {256} {4}[101-10 0] 3
{4} {2,5,6} {1,3}|]-1 0-1 1 0 0| 3
5 11 5| {1,4} {236} {5}[1 00 1-1 0] 3°
{5} {2,3,6} {1,4}|-1 0 0-1 1 0| 3
{2,3} {1,46} {5}|0 11 0-1 0f 3%
{5} {1,46} {2,3})|0-1-1 0 1 0| 3°
{1,4y {56} {23} 1-1-1 10 0| 3?
{2,3} {56} {1,4}|-1 1 1-1 0 0| 32
6 9 6| {1,5}{234} {61000 1-1] 3°
{6} {1,3,5} {1,5})|-1 0 0 0-1 1| 3°
{2,4}{1,35} {6})J0 101 0-1| 3°
{6} {1,3,5} {2,4}|0-1 0-1 0 1| 3
{1,2,3} {45} {6}|1 110 0-1 32
{6} {4,5}{1,2,3}|-1-1-1 0 0 1| 3
{1,5} {3,6} {24} 1-10-1 1 0f 3?
{2,4} {3,6} {1,5}|-1-1 0-1 1 0| 32
7 7 7| {16} {34} {25} 1-100-1 1] 3
{2,5} {3,4} {1,6}|-1 1 00 1-1| 3?
{1,6} {2,5} {34}/10-1-1 0 1| 3?
{3,4} {2,5} {1,6}|-1 0 1 1 0-1| 3?
{2,5} {16} {34}/0 1-1-1 1 0| 3?
{3,4} {16} {2,5}|0-1 1 1-1 0| 3?
8 5 8| {26} {14} {35}[0 1-10-1 1] 3
{35} {1,4} {26}0-1 10 1-1| 3?
{2,6} {5} {1,34}|-1 1-1-1 0 1| 3!
{1,3,4} {5} {26}|1-1 11 0-1 3
9 3 9] {36} {12} {45}[0 0 1-1-1 1] 32
{45} {12} {36}|00-1 1 1-1| 32
{45} {3} {1,26}|-1-1 0 1 1-1| 3!
{126, {3} {45}/110-1-1 1] 3
10 1 10| {46} {1} {235} 0-1-1 1-1 1] 3!
{2,3,5} {1} {46}0 1 1-1 1-1] 3!

d

Table 10.4 Partitions of [n] into k subsets when n =6 and k =

1
5. Qs(n) =1215 forn = 6.

Notice that we have Q5(6) =1215=3° +12-3% +16-3%> +6-3 forn = 6.



10.3 Ordered k-partitions of multisets 295

Remark. In Table 10.4, the union B U C U D contains all elements once. In 12
instances it contains three elements, in 16 it contains two elements, and in 6
it only has one element. This suggests a formula for Q(6), k > 2:

Qi(6) = (k—2)° +12(k — 2)3 +16(k — 2)> + 6(k — 2). (10.43)
Tables 10.1 and 10.2 also inspire formulae for Q(3) and Q(4):
Qu(3) = (k—2)%+2, Qr4)=(k—2)*+4(k—2)+2. (10.44)

An enumerative formula for Qk () is given by the following result.

Theorem 10.4. 1° The following formula holds
- d
Qi(n) =) N(dn) (k—2)"",
d=0

where for each d = 0,...,n, and N(d,n) is the number of ordered partitions of [n]
into 3 subsets A, B,C, such that the cardinality of B is d and o(A) = o (C).

2° If o4 (cost,cos?2t,...,cosnt) represents the d-th symmetric sum of the terms
cost,cos2t,...,cosnt, then the coefficients N(d,n) are given by the formula

2d

27
N(d,n) = E/o 04 (cost,cos2t,...,cosnt)dt, d=0,...,n. (10.45)

Proof. Recall that by formula (10.38) we have
= 1 il s k d
n)=— | | —242 t)dt
Qx(n) > /0 S 1( cosst)dt,

hence Q(n) is a monic polynomial of degree 1 in k — 2.

1° By Theorem 10.3, Qi (n) represents the number of ordered partitions
of [n] into k subsets Ay, ..., A, with the property 0 (A1) = o(Ag).

Consider a 3-partition A,B,C of [n] such that 0(A) = ¢(C) and assume
that AU C has d elements, d = 0,...,n (denote the number of these 3-
partitions by N(d,n)). The number of ordered partitions of [n] into k sub-
sets generated by this configuration, havin§ the properties Ay = A and
B=AyU---UAi_1and Ay = Cis (k—2)"% (i.e., the number of functions
between a set with n — d elements and a set with k — 2 elements).

Clearly, Qx(n) is as a linear combination of powers of k — 2, where the
coefficient of (k — 2)"~“ has the multiplicity N(d,n).
2° Ford =0,...,n the coefficients are
od 27
N(d,n)=— / Z coskytcoskyt---coskstdt. O (10.46)
27t Jo 1<k <kp<---<kyg<n
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Corollary 10.1. Let Ny, . i, be the number of solutions of the 2-signum equation
+ky+ky+---+tk;=0,

(i.e., the number of ordered 2-partitions with equal sums of the set {ky,...,k;}).
The following relation holds true

N(d,n)= ) Ny, k- (10.47)
1<ki<ky<---<ky<n
Proof. The following identity is known to hold (see, e.g., [29]):
d
Zdncoskst = Zcos(:tkltikzt:t---ikdt), (10.48)
s=1

where the sum is taken over all the choices of + and —.
Also, notice that for an integer k € Z one has

27 —
i/ cosktdt = 1 k=0
27 Jo 0, k#0.

For fixed 1 <ky <k <--- <k; <n, the integral of (10.46) gives Ny, by
(10.48). Summing over all such configurations we obtain (10.47). O

We can now easily compute some coefficients.

Case d = 0. First, one has N(0,n) = 1.
Cased =1.Fork; =1,...,n, Ny, =0,s0 N(1,n) = 0 by Corollary 10.1.
Case d = 2. Whenever 1 < ky < ko <n we have Ni, r, =0, hence N(2,1) = 0.
Case d = 3. By Corollary 10.1, N(3,1) corresponds to the number of ordered
triplets (kq,kp,k3) such that 1 < kj < kp < k3 < n such that k; + kp = k3. This
is the number of pairs (kq,kp) with 1 <k; <k, <nand ky + ky < n.

If ky =1, then k; takes the values 2,...,n — 1; If k; = 2, then k, takes the
values 3,...,n — 2, and so on. Finally, if k; = | 4] thenonehasky = | 5| +1
for n odd, and there is no solution k; for n even. This gives the expression

wan =l (o-[3] ) -5}

where the last formula is obtained by trying even and odd cases. One may
notice that this sequence corresponds to the OEIS entry A007590.

Case d = n. One obtains

1 2
N(n,n)=2". E/ Hcosstdt =Qa(n) =Nio, _n
0 s=1
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10.3.5 Conjectures concerning Qy(n)

We conjecture the asymptotic behaviour and some properties of Qi (1),
which relate to the sequence containing perfect powers.

Conjecture 10.4. For k > 2, the following asymptotic formula holds

\@ 1 kn+%

7 VR

as n — oo. The formula for Qy(n) conjectured by Andrica and Tomescu
in 2002 was proved by Sullivan in 2013, while the asymptotic formula for
Q3(n) has been proposed by Finch in 2009 (see A007576 in OEIS [190]).

Qx(n) ~

1.4 —k=3|

B k=4 |
..... k=5

2y k=6| |

Q, (n)/i(k.n)

. . . . .
25 30 35 40 45 50

Fig. 10.3 First 50 terms of %{(Z; evaluated for k = 3,4,5,6, with f(k,n) = 3 Kz

Conjecture 10.5. It seems to us that the sequence Q(3) (10.44) (A084380 in
OEIS [190]) does not contain any perfect squares, i.e., the elliptic equation

2=y
has no solution in positive integers.

This property is linked to a Catalan-type conjecture related to Pillai’s
equation a* — b¥ =n, witha > 0,b > 0,x > 1,y > 1 integers. This states that
for any integer n, there are finitely many perfect powers whose difference
is n. For n = 2, the only solution involving perfect powers smaller than 108
was 2 = 3% — 52. The number of such solutions is linked to A076427.
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We conjecture that:

1° Sequence Qy(4) (10.44) does not contain any perfect cubes.
It is easily seen that [(k — 2)?]2 < Qi(4) < [(k — 2)? + 1], hence Qx(4)
does not have perfect squares, i.e., the equation

A tax+2=y>
has no solution in positive integers.
2° Sequence Qy(5) (10.42) does not contain any perfect fourth powers.
This is to say that the only non-negative integer solution of the equation
X+ 8x% +6x =yt
is the trivial solution x =y = 0.

3° Sequence Q(6) (10.43) does not contain any perfect fifth powers.
This is equivalent to the equation

x4+ 12x% + 1652 + 6x = 3°

having no solution in non-negative integers, apart from x =y = 0.
The items 1°, 2° and 3° of Conjecture 10.5 have been checked up to k = 10*.

The only perfect power encountered in sequences Qx(4), Qx(5) or Qx(6)
was found for n =5 and k = 8 where Qg(5) = 6° + 8- 6> 4 6 - 6 = 8100 = 90?.

We suggest that for j > 2, the number of perfect powers x' in the sequence
Qx(j+1) is zero for I = j, and finite for 2 <[ < j.



References

10.

11.

12.
13.

14.

15.

16.

17.

18.

19.

. Albertson, M. O., Hutchinson, ]J. P, Discrete Mathematics with Algorithms, John Wiley

& Sons, New York, 1988.

Alter, R., Kubota, K. K., Multiplicities of second order linear recurrences, Trans. Amer.
Math. Soc., 178 (1973), 271-284.

André-Jeannin, R., Summation of reciprocals in certain second-order recurring sequences,
Fibonacci Quart., 35(1) (1997), 68-74.

Andreescu, T., Andrica, D., 360 Problems for Mathematical Contests, GIL, Zaldu, 2003.
Andreescu, T., Andrica, D., Number Theory. Structures, Examples, and Problems,
Birkhduser Verlag, Boston-Berlin-Basel, 2009.

Andreescu, T., Andrica, D., Complex Numbers from A to ... Z, Second Edition,
Birkhéiuser, Boston, 2014.

Andreescu, T., Andrica, D., Quadratic Diophantine Equations, Developments in Math-
ematics, Springer, 2015.

Andreescu, T., Zuming, F, A Path To Combinatorics for Undergraduates: Counting
Strategies, Birkhduser, 2004.

Andreescu, T., Crisan, V., Mathematical Induction. A Powerful and Elegant Method of
Proof., XYZ Press, 2017.

Andrejic, V., On Fibonacci powers, Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat., 17
(2006), 38—44.

Andrews, G. E., A theorem on reciprocal polynomials with applications to permutations
and compositions, Amer. Math. Monthly, 82 (1975), 830-833.

Andrews, G. E., The Theory of Partitions, Cambridge University Press, 1998.
Andrews, G. E., Eriksson, K., Integer Partitions, Cambridge University Press, Second
Edition, 2010.

Andrica, D., A combinatorial result concerning the product of two or more derivatives, Bull.
Cal. Math. Soc., 92(4) (2000), 299-304.

Andrica, D., Bagdasar, O., Some remarks on 3-partitions of multisets, Electron. Notes
Discrete Math., Proceedings of the 2nd IMA TCDM 2018, 70 (2018), 1-8.

Andrica, D., Bagdasar, O., The Cauchy integral formula with applications to polynomials,
partitions and sequences, Proceedings of the XV International Conference on Math-
ematics and its Applications, Timisoara, November 1-3, 2018, Editura Politehnica,
Timisoara-2019, 12-25.

Andrica, D., Bagdasar, O., On some results concerning the polygonal polynomials,
Carpathian J. Math., 35 (2019), 1-12.

Andrica, D., Bagdasar, O., A new formula for the coefficients of Gaussian polynomials,
An. St. Univ. Ovidius Constanta, 27(3) (2019), 25-36.

Andrica, D., Bagdasar, O., Remarks on a family of complex polynomials, Appl. Anal.
Discr. Math., 13(2) (2019), 605-618.

299



300

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.
32.

33.

34.

35.

36.

37.
38.

39.

40.

41.

42,

43.

10 References

Andrica, D., Bagdasar, O., On cyclotomic polynomial coefficients, Malays. J. Math. Sci.,
Proceedings of “Groups, Group Rings, and Related Topics - 2017* (GGRRT 2017), 19
- 22 Nov 2017, Khorfakan, UAE, 14(3) (2020), 389-402.

Andrica, D., Bagdasar, O., Recurrent Sequences: Key Results, Applications and Problems,
Springer (2020)

Andrica, D., Bagdasar, O., On k-partitions of multisets with equal sums, Ramanujan J.,
55 (2021), 421-435.

Andrica, D., Bagdasar, O., Turcas, G.-C., The number of partitions of a set and superellip-
tic Diophantine equations, In: Raigorodskii, A. M., Rassias M. Th., (eds) Discrete Math-
ematics and Applications. Springer Optimization and Its Applications. Vol 165. Springer,
Cham. pp. 35-55 (2020).

Andrica, D., Bagdasar, O., Turcas, G.-C., On some new results for the generalised Lucas
sequences, An. S$t. Univ. Ovidius Constanta, 29(1) (2021), 17-36.

Andrica, D., Bagdasar, O., Marinescu D.-St., The combinatorial nature of some trigono-
metric integrals, Creative Math. Inf., 32(2) (2023), 1-7.

Andrica, D., Buzeteanu, S., The reduction of a second-order linear recurrence and some
consequences, G.M. perfectionare metodica si metodologicd in matematica si infor-
maticd, 3-4 (1982), 148-152 (in Romanian).

Andrica, D., Buzeteanu, $., On the reduction of the linear recurrence of order r, Fibonacci
Quart., 21(1) (1985), 81-84.

Andrica, D., Buzeteanu, ., Relatively dense universal sequences for the class of continu-
ous periodical functions of period T, Mathematica-L'Analyse Numérique et la Théorie
de I’Approximation, 16 (1987), 1-9.

Andrica, D., Ionascu, E. J., Some unexpected connections between Analysis and Combina-
torics, in: “Mathematics Without Boundaries. Topics in Pure Mathematics”, Th. M.
Rassias and P. Pardalos, Eds., Springer 2014, 1-20.

Andrica, D., Ionascu, E. J., The signum equation for Erdos-Suranyi sequences, INTE-
GERS, 15A (2015), 1-9.

Andrica, D., Piticari, M., Problem U23, Mathematical Reflections, 4 (2006).

Andrica, D., Piticari, M., On some interesting trigonometric sums, Acta Univ. Apulensis
Math. Inform., 15 (2008), 299-308.

Andrica, D., Toader, Gh., On systems of linear recurrences, Itinerant Seminar on Func-
tional Equations, Approximation and Convexity, “Babes-Bolyai” University, Cluj-
Napoca, 7 (1986), 5-12.

Andrica, D., Toader, Gh., On homographic recurences, Seminar on Mathematical Anal-
ysis, “Babes-Bolyai” University, Cluj-Napoca, 4 (1986), 55-60.

Andrica, D., Tomescu, 1., On an integer sequence related to a product of trigonometric
fuctions, and its combinatorial relevance, J. Integer Seq., 5, Article 02.2.4 (2002).
Andrica, D., Vacdretu, D., Representation theorems and almost unimodal sequences, Stu-
dia Univ. Babes-Bolyai, Mathematica, Volume LI (4) (2006), 23-33.

Apostol, T. M., Introduction to Analytic Number Theory, Springer, New York, 1976.

G. Bachman, On the Coefficients of Cyclotomic Polynomials, Mem. Amer. Math. Soc.,
Vol. 106, no. 510 (1993).

Bagdasar, O., Concise Computer Mathematics: Tutorials on Theory and Problems,
Springer Briefs in Computer Science, Springer, 2013.

Bagdasar, O., On some functions involving the lem and gcd of integer tuples, Appl. Maths.
Inform. and Mech., 6(2) (2014), 91-100.

Bagdasar, O., On the geometry and applications of complex recurrent sequences, Doctoral
Thesis, Babes-Bolyai University, Cluj Napoca, 2015.

Bagdasar, O., Andrica, D., New results and conjectures on 2-partitions of multisets, in:
Proc. 7th International Conference on Modeling, Simulation, and Applied Optimiza-
tion (ICMSAO), Sharjah, IEEE Xplore (2017), 1-5.

Bagdasar, O., Chen, M., A Horadam-based Pseudo-random Number Generator, Proceed-
ings of 16th UKSim, Cambridge (2014), 226-230.



10 References 301

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.
70.

Bagdasar, O., Hedderwick, E., Popa L-L., On the ratios and geometric boundaries of
complex Horadam sequences, Electron. Notes Discrete Math., Proceedings of TREPAM
2017, 68 (2018), 63-70.

Bagdasar, O., Larcombe, P. J., On the characterization of periodic complex Horadam se-
quences, Fibonacci Quart., 51(1) (2013), 28-37.

Bagdasar, O., Larcombe, P. ]., On the number of complex periodic complex Horadam se-
quences, Fibonacci Quart., 51(4) (2013), 339-347.

Bagdasar, O., Larcombe, P. J., On the characterization of periodic generalized Horadam
sequences, ]. Differ. Equ. Appl., 20(7) (2014), 1069-1090.

Bagdasar, O., Larcombe, P. J., Anjum, A., Particular Orbits of Periodic Horadam Se-
quences, Octogon Math. Mag., 21(1) (2013), 87-98.

Bagdasar, O., Larcombe, P. J., Anjum, A., On the structure of periodic complex Horadam
sequences, Carpathian J. Math., 32(1) (2016), 29-36.

Bagdasar, O., Larcombe, P. J., On the masked periodicity of Horadam sequences: A
generator-based approach, Fibonacci Quart., 55(4) (2013), 332-339.

Bagdasar, O., Popa L-L., On the geometry of certain periodic non-homogeneous Horadam
sequences, Electron. Notes Discrete Math., Proceedings of the 1st IMA TCDM 2016,
56 (2016), 7-13.

Bastida, J. R., Quadric Properties of a Linearly Recurrent Sequence, Proceedings of the
Tenth Southeastern Conference on Combinatorics, Graph Theory and Computing,
Winnipeg, Canada, Utilitas Math., 1979.

Bastida, J. R., DeLeon, M. J., A Quadratic Property of Certain Linearly Recurrent Se-
quences, Fibonacci Quart., 19(2) (1981), 144-146.

Bateman, P. T., Note on the coefficients of cyclotomic polynomial, Bull. Amer. Math. Soc.,
55(12) (1949), 1180-1181.

Bateman, P. T., Pomerance, C., Vaughan, R. C., On the coefficients of cyclotomic polyno-
mial, in: Coll. Math. Soc. J. Bolyai, Budapest, 34 (1981), 171-202.

Beiter, M., The midterm coefficient of the cyclotomic polynomial Fyy(x), Amer. Math.
Monthly., 71(7) (1964), 769-770.

Beiter, M., Magnitude of the coefficients of the cyclotomic polynomials ®p4(X) Amer.
Math. Monthly, 75(4) (1968), 370-372.

Beiter M., Magnitude of the coefficients of the cyclotomic polynomials ® 4, (X) II, Duke
Math. J., 38(3) (1971), 591-594.

Ben-Naim, E., Mixing of diffusing particles, Phys. Rev. E, 82 (2010), 061103.

Bender, E. A., Partitions of multisets, Discrete Math., 9 (1974), 301-311.

Bender, E. A., Devitt ]. S., Richmond L. S., Partitions of multisets 1I, Discrete Math., 50
(1984), 1-8.

Berstel, J., Mignotte, M., Deux propriétés décidables des suites récurrentes linéaires, Bull.
Soc. Math. France, 104 (1976), 175-184.

Berstel, J., Perrin, D., The origins of combinatorics on words, European J. Combin., 28
(2007), 996-1022.

Bibak, Kh., Shirdareh H., Some trigonometric identities involving Fibonacci and Lucas
Numbers, ] of Int. Seq., 12 (2009), Article 09.8.4.

Bloom, D. M., On the coefficients of the cyclotomic polynomials, Amer. Math. Monthly,
75 (1968), 372-377.

Borwein, P., Computational Excursions in Analysis and Number Theory, CMS Books
Math. 10, Springer Verlag, 2002.

Borwein, P.,, Erdélyi, T., Polynomials and Polynomial Inequalities, New York: Springer-
Verlag, 1995.

Branson, D., Stirling numbers and Bell numbers: their role in combinatorics and probabil-
ity, Math. Sci., 25 (2000), 1-31.

Branzei, D., a.o., Recurrent Sequences in College, GIL, Zaldu, 1996 (in Romanian).
Bressoud, D. M., Unimodality of Gaussian polynomials, Discrete Math., 99(1) (1992),
17-24.



302

71

72.

73.
74.

75.

76.

77.

78.

79.

80.
81.

82.

83.
84.

85.
86.

87.

88.

89.
90.

91.

92.

93.

94.

95.

96.

97.

98.

99.

100.

10 References

. Bumbdcea, R., Graphs: An Introduction, XYZ Press, 2020.

Buschman, R. G., Fibonacci numbers, Chebyshev polynomials generalizations and differ-
ence equations, Fibonacci Quart., 1(4) (1963), 1-7.

Camina, A., Lewis, B., An Introduction to Enumeration, Springer, 2011.

Carlitz, L., Generating functions for powers of certain sequences of numbers, Duke Math.
J., 29 (1962), 521-537.

Carlitz, L., Some determinants containing powers of Fibonacci numbers, Fibonacci Quart.,
4(2) (1966), 129-134.

Carlitz, L., The number of terms in the cyclotomic polynomial Fy,(x), Amer. Math.
Monthly, 73(9) (1966), 979-981.

Chen, W. Y. C., Hou, Q-H., Factors of the Gaussian coefficients, Discrete Math., 306(13)
(2006), 1446-1449.

Carson, T. R., Periodic recurrence relations and continued fractions, Fibonacci Quart.,
45(4) (2007), 357-361.

Cartan, H., Elementary Theory of Analytical Functions in One or More Complex Variables,
Hermann, Paris, 1961 (in French).

Cassels, J. W. S., Local fields, Cambridge University Press, 1986.

Clapperton, J. A., Larcombe, P. J., Fennessey, E. J., On iterated generated functions for
integer sequences, Utilitas Math., 77 (2008), 3-33.

Cerlienco, L., Mignotte, M., Piras. F,, Linear Recurrent Sequences: (Algebraic and Arith-
metic Properties), Publ. Inst. Rech. Math. Avancée, 1984 (in French).

Cerlienco, L., Piras. E.,, Powers of a matrix, Boll. Un. Mat. Ital 6(2B) (1983), 681-690.
Cobzas, ., Mathematical Analysis (Differential Calculus), Cluj University Press, Cluj
Napoca, 1997 (in Romanian).

Cox, D. A., Galois Theory, John Wiley & Sons, Vol. 61, 2011.

Crandall, R., Pomerance, C., Prime Numbers: A Computational Perspective, Springer,
New York, Second Edition, 2005.

Cuculescu, 1., A simple proof of a formula of Perron, An. Univ. ”C. I. Parhon” Bucuresti,
Mat. Fiz., 25 (1960), 7-8 (in Romanian).

Dell’Amico, M., Martello, S., Reduction of the Three-Partition Problem, J. Comb. Optim.,
3(1) (1999), 17-30.

de Kerf, J., From Fibonacci to Horadam, Vector, 15 (1999), 122-130.

Deza, M., On minimal number of terms in representation of natural numbers as a sum of
Fibonacci numbers, Fibonacci Quart., 15(4) (1977), 237-238.

Djuki¢, D., a.o., The IMO Compendium. A Collection of Problems Suggested for the Inter-
national Mathematical Olympiads: 1959-2004, Springer, 2006.

Dresden, G. P, On the middle coeffcient of a cyclotomic polynomial, Amer. Math.
Monthly, 111(6) (2004), 531-533.

Dressler, R.E., A stronger Bertrand’s postulate with an application to partitions, Proc.
Amer. Math. Soc., 33(2) (1972), 226-228.

Eidswick, J. A., A Proof of Newton’s Power Sum Formulas, Amer. Math. Monthly, 75(4)
(1968), 396-397.

Endo, M., On the coefficients of the cyclotomic polynomials, Comment. Math. Univ. St.
Pauli., 23 (1974/75), 121-126.

Entringer, R.C., Representation of m as Y _ _, exk, Canad. Math. Bull., 11 (1968), 289—
293.

Erdos, P., On an elementary proof of some asymptotic formulas in the theory of partitions,
Ann. Math., 43(2) (1942), 437-450.

Erdos, P., On the coefficients of the cyclotomic polynomial, Bull. Amer. Math. Soc., 52
(1946), 179-184.

Erdos, P, Vaughan, R. C., Bounds for r-th coefficients of cyclotomic polynomials, J. Lon-
don Math. Soc., 8(2) (1974), 393-400.

Everest, G., van der Poorten, A., Shparlinski, I., Ward, T., Recurrence Sequences, Math-
ematical Surveys and Monographs, Vol. 104, American Mathematical Society, Prov-
idence, U.S.A., 2003.



10 References 303

101.

102.

103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

113.

114.

115.

116.

117.
118.

119.

120.

121.

122.

123.

124.

125.

126.

Fairgrieve, S., Gould, H. W., Product difference Fibonacci identities of Simson, Gelin-
Ces’aro, Tagiuri and generalizations, Fibonacci Quart., 43(2) (2005), 137-141.

Finch, S. R., Signum equations and extremal coefficients, people . fas.harvard.edu/
~sfinch/

Fredman, M. L., Tarjan, R. E., Fibonacci heaps and their uses in improved network opti-
mization algorithms, Journal Assoc. Comput. Mach. 34(3) (1987), 596-615.

Garey, M. R,, Johnson, D. S., Complexity results for multiprocessor scheduling under re-
source constraints, SIAM J. Comput., 4 (1975), 397—-411.

Garey, M. R., Johnson, D. S., Computers and Intractability; A Guide to the Theory of NP-
Completeness, Freeman: San Francisco, 1979.

Garnier, N., Ramaré O., Fibonacci numbers and trigonometric identities, Fibonacci
Quart., 46 (2008), 1-7.

Gould, H. W., Quaintance, J., Products of numbers which obey a Fibonacci-type recur-
rence, Fibonacci Quart., 45 (2007), 337-346.

Granville, A., Number Theory Revealed: An Introduction, The American Math. Society,
Providence, Rhode Island, 2020.

Grytczuk, A., Tropak, B., A numerical method for the determination of the cyclotomic
polynomial coefficients, In: Petho, A. et al. Pohst M. E., Williams, H. C., Zimmer, H. G.,
eds. Computational Number Theory. Berlin: de Gruyter, pp. 15-19 (1991).

Guiasu, S., Applications of Information Theory: Dynamical Systems, Cybernetical Systems
(Romanian), Ed. Acad. R. S. Romania, Bucharest, 1968.

Goodman, F. M., de Hope, P, Jones, V. E. R., Coxeter Graphs and Towers of Algebras,
Springer Verlag, 1989.

Graham, I., Kohr, G., Geometric Function Theory in One and Higher Dimensions, CRC
Press, 2003.

Grytezuk, A., Tropak, B., A numerical method for the determination of the cyclotomic poly-
nomial coefficients, in: A. Petho et al (eds.), Computational Number Theory, Berlin: de
Gruyter, 15-10 (1991).

Halava, V., Harju, T., Hirvensalo, M., Positivity of Second Order Linear Recurrent Se-
quences, T.U.C.S. Tech. Rep. No. 685, Turku Centre for Computer Science, University
of Turku, Finland, 2005.

Halton, J., Some properties associated with square Fibonacci numbers, Fibonacci Quart.,
5(4) (1967), 347-354.

Hardy, G. H., Wright, E. M., An Introduction to the Theory of Numbers, Oxford Univer-
sity Press, Oxford, Fifth Edition, 1979.

Haukkanen, P., A note on Horadam'’s sequence, Fibonacci Quart., 40 (2002), 358-361.
He, T.-X,, Shiue, P].-S., On sequences of numbers and polynomials defined by linear recur-
rence relations of order 2, Int. J. Math. Math. Sci., 2009 (2009), Article 709386, 21pp.
Hellekalek, P., Good random number generators are (not so) easy to find, Math. Comput.
Simulation, 46 (1998), 485-505.

Hilton, A. J. W., On the partition of Horadam’s generalized sequences into generalized Fi-
bonacci and generalized Lucas sequences, Fibonacci Quart., 12(4) (1974), 339-345.
Horadam, A. F,, A generalized Fibonacci sequence, Amer. Math. Month., 68 (1961), 455-
459.

Horadam, A. F., Basic properties of a certain generalized sequence of numbers, Fibonacci
Quart., 3(3) (1965), 161-176.

Horadam, A. F.,, Generating functions for powers of a certain generalised sequence of num-
bers, Duke Math. J., 32 (1965), 437-446.

Horadam, A. E, Special properties of the sequence wy(a,b;p,q), Fibonacci Quart., 5(5)
(1967), 424-434.

Horadam, A. F., Tschebyscheff and other functions associated with the sequence
{wn(a,b;p,q)}, Fibonacci Quart., 7(1) (1969), 14-22.

Horadam, A. F,, Elliptic functions and Lambert series in the summation of reciprocals in
certain recurrence-generated sequences, Fibonacci Quart., 26(2) (1988), 98-114.



304

127.

128.

129.

130.

131.

132.

133.

134.

135.

136.
137.

138.
139.

140.

141.

142.
143.
144.
145.
146.
147.
148.
149.
150.
151.
152.

153.

154.

10 References

Horadam, A. E, Associated sequences of general order, Fibonacci Quart., 31(2) (1993),
166-172.

Horadam, A. F.,, A synthesis of certain polynomial sequences, in Bergum, G. E., Philip-
pou, A. N. and Horadam, A. F. (Eds.), Applications of Fibonacci numbers (Vol. 6)
(1996), Kluwer, Dordrecht, Netherlands, 215-229.

Horadam, A. F.,, Extension of a synthesis for a class of polynomial sequences, Fibonacci
Quart., 34(1) (1996), 68-74.

Horadam, A. F,, Shannon, A. G., Generalization of identities of Catalan and others, Port.
Math., 44 (1987), 137-148.

Horzum, T., Kocer, E. G., On some properties of Horadam polynomials, Int. Math. Forum,
4 (2009), 1243-1252.

Hu, H., Sun, Z.-W., Liu, J.-X., Reciprocal sums of second-order recurrent sequences, Fi-
bonacci Quart., 39(3) (2001), 214-220.

Ireland, K., Rosen, M. A Classical Introduction to Modern Number Theory, Graduate
Texts in Mathematics, Springer, 1990.

Ivanov, N. V., Linear Recurrences, preprint, ht tp: //www.mth.msu.edu/~ivanov/
Recurrence.pdf (2008).

Jeffery, T., Pereira, R., Divisibility Properties of the Fibonacci, Lucas, and Related Se-
quences, ISRN Algebra, (2014), Hindawi, Article 750325, 5pp.

Jeske, J. A., Linear recurrence relations - part i, Fibonacci Quart., 1(2) (1963), 69-74.

Ji, C. G., Li, W. P, Vialues of coefficients of cyclotomic polynomials, Discrete Math., 308(23)
(2008), 5860-5863.

Just, E., Problem E 2367, Amer. Math, Monthly, 7 (1972), 772.

Kilig, E., Tan, E., More general identities involving the terms of {Wy(a,b;p,q)}, Ars
Comb., 93 (2009), 459-461.

Kilig, E., Tan, E., On binomial sums for the general second order linear recurrence, Integers:
Elec. J. Comb. Num. Theory, 10 (2010), 801-806.

Kilig, E., Ulutas, Y. T., Omiir, N., A formula for the generating functions of powers of
Horadam’s sequence with two additional parameters, J. Int. Seq., 14 (2011), Article 11.5.6,
8pp.

Kilig, E., Stanica, P., Factorizations and representations of binary polynomial recurrences
by matrix methods, Rocky Mount. J. Math., 41 (2011), 1247-1264.

Kirillov, A. N., Unimodality of generalized Gaussian coefficients, arXiv preprint hep-
th/9212152 (1992).

Knopfmacher, A., Tichy, R. F,, Wagner, S., Ziegler, V., Graphs, partitions and Fibonacci
numbers, Discrete Appl. Math., 155 (2007), 1175-1187.

Knuth, D. E., The Art of Computer Programming, Vol. 1, Boston: Addison Wesley, 1975.
Knuth, D. E., Two Notes on Notation, Amer. Math. Month., 99(5) (1992), 403—422.
Knuth, D. E., The Art of Computer Programming, Vol. 3, Addison Wesley, Second Edi-
tion, 2003.

Knuth, D. E., Wilf, H. S., The power of a prime that divides a generalized binomial coeffi-
cient, ]. Reine Angew. Math. 396 (1989), 212-219.

Koshy, T., Fibonacci and Lucas Numbers with Applications, John Wiley & Sons, Inc.,
Hoboken, NJ, USA, 2001.

Koshy, T., Pell and Pell—Lucas Numbers with Applications, Springer-Verlag, New York,
2014.

Lam, T. Y, Leung, K. H., On the Cyclotomic Polynomial ®p,(x), Amer. Math. Monthly,
103(7) (1996), 562-564.

Lando, S. K., Lectures on Generating Functions, Student Mathematical Library, Vol. 23,
AMS, 2003.

Lang, S., Algebraic Number Theory, Graduate Texts in Mathematics, Vol. 110, Springer,
1994.

Laohakosol, V., Kuhapatanakul, K., Reciprocal sums of generalized second order recur-
rence sequences, Fibonacci Quart., 46/47(4) (2009), 316-325.



10 References 305

155.

156.

157.

158.

159.

160.

161.

162.

163.

164.

165.

166.

167.

168.

169.

170.

171.
172.

173.
174.

175.

176.

177.

178.

179.

180.

181.

182.

Larcombe, P. J., Bagdasar, O., Fennessey, E. J., Horadam sequences: a survey, Bull. Inst.
Combin. Appl., 67 (2013), 49-72.

Larcombe, P. J., Bagdasar, O., Fennessey, E. ]., On a result of Bunder involving Horadam
sequences: A proof and generalization, Fibonacci Quart., 51(2) (2013), 174-176.
Larcombe, P. J., Bagdasar, O., Fennessey, E. J., On a result of bunder involving Horadam
sequences: a new proof, Fibonacci Quart., 52(2) (2014), 175-177.

Larcombe, P. J., Fennessey, E. J., On cyclicity and density of some Catalan polynomial
series, Bull. Inst. Combin. Appl., 71 (2014), 87-93.

Larcombe, P. J., Fennessey, E. J., On Horadam Sequence Periodicity: A New Approach,
Bull. Inst. Combin. Appl., 73 (2015), 98-120.

Larcombe, P. J., Fennessey, E. J., On the phenomenon of Masked Periodic Horadam Se-
quences, Utilitas Math., 96 (2015), 111-123.

Latapy, M., Phan, T. H. D., Crespelle, C., Nguyen, T. Q., Termination of Multipartite
Graph Series Arising from Complex Network Modelling, in Combinatorial Optimization
and Applications, Lecture Notes in Computer Science, 6508 (2010), 1-10.

Lee, J. Z, Lee, ]. S., Some properties of the sequence {Wy(a,b;p,q)}, Fibonacci Quart.,
25(3) (1987), 268-278 & p.283.

Lehmer, E., On the magnitude of the coefficients of the cyclotomic polynomial, Bull. Amer.
Math. Soc., 42 (1936), 389-392.

Lehmer, E., On the infinitude of Fibonacci pseudoprimes, Fibonacci Quart., 2(3) (1964),
229-230.

Lehmer, D. H., Some properties of the cyclotomic polynomial, ]. Math. Anal. Appl., 42(1),
(1966) 105-117.

Lupsa, L., Popovici, N., Generalized unimodal multicriteria optimization problems, Rev.
Anal. Numer. Theor. Approx., 35 (2006), 65-70.

Maier, H., The coefficients of cyclotomic polynomials. In: Berndt, B. C., Diamond, H.
G., Halberstam, H., Hildebrand, A. eds. Analytic Number Theory (Allerton Park IL,
1989), Progr. Math. 85, Birkhduser Boston, (1990) pp. 349-366.

Maier, H., Cyclotomic polynomials with large coefficients Acta Arith., 64 (1993) 227-235.
Maier, H., The size of the coefficients of cyclotomic polynomials, In: Analytic Number The-
ory (Allerton Park IL, 1995), Progr. Math. 139, Birkh&duser Boston, (1996) pp. 633-639.
Mansour, T., A formula for the generating functions of powers of Horadam’s sequence,
Aust. ]. Comb., 30 (2004), 207-212.

Margolius, B. H., Permutations with Inversion, ]. Integer Seq., 4 (2001), Article 01.2.4.
Markouchevitch, A., Four Courses in Mathematics (Recurrent Sequences), Mir, Moscou,
1973 (in French).

Martin, G. E., Counting: The Art of Enumerative Combinatorics, Springer, 2001.
McLaughlin, R., Sequences—Some Properties by Matrix Methods, The Math. Gaz., 64
(1980), 281-282.

Melham, R. S., Summation of reciprocals which involve products of terms from generalized
Fibonacci sequences, Fibonacci Quart., 38(4) (2000), 294-298.

Melham, R. S., Summation of reciprocals which involve products of terms from generalized
Fibonacci sequences—part ii, Fibonacci Quart., 39(3) (2001), 264-267.

Melham, R. S., Shannon, A. G., Some congruence properties of generalized second-order
integer sequences, Fibonacci Quart., 32(5) (1994), 424-428.

Melham, R. S., Shannon, A. G., A generalization of the Catalan identity and some conse-
quences, Fibonacci Quart., 33(1) (1995), 82-84.

Melham, R. S., A Fibonacci identity in the spirit of Simson and Gelin-Cesaro, Fibonacci
Quart., 41(2) (2003), 142-143.

Mezé, 1., Several generating functions for second-order recurrence sequences, J. Int. Seq.,
12 (2009), Article 09.3.7, 16pp.

Mitrinovic, D. S., Sandor, J., Crstici, B., Handbook of Number Theory, Kluwer, Dor-
drecht, Netherlands, 1995.

Morgado, J., Note on some results of A.F. Horadam and A.G. Shannon concerning a Cata-
lan’s identity on Fibonacci numbers, Port. Math., 44 (1987), 243-252.



306

183.
184.

185.

186.

187.

188.

189.

190.

191.

192.

193.

194.

195.

196.
197.

198.

199.
200.
201.
202.
203.
204.
205.
206.
207.
208.
209.
210.

211.

10 References

Moree, P., Inverse cyclotomic polynomials, ]. Number Theory, 129 (2009), 667-680.
Moritz, R. H., Williams, R. C., A Coin-Tossing Problem and Some Related Combinatorics,
Math. Mag., 61 (1988), 24-29.

Muntean, 1., Popa, D., The Method of Recurrent Sequences, GIL, Zaldu, 1995 (in Roma-
nian).

Nagarajan, D., Rameshkumar, A., Cyclotomic and inverse cyclotomic polynomial, Adv.
Math. Sci. ], 11 (2022), 415-432.

Newell, A. C., Pennybacker, M., Fibonacci patterns: common or rare ?, Procedia IUTAM,
9 (2013), 86-109.

Newman, D. J., Simple analytic proof of the prime number theorem, Amer. Math.
Monthly, 87 (1980), 693—-696.

Noonea, C.J., Torrilhonb, M., Mitsosa, A., Heliostat field optimization: A new computa-
tionally efficient model and biomimetic layout, Solar Energy, 86(2) (2012), 792-803.

The On-Line Encyclopedia of Integer Sequences, https://oeis.org, OEIS Foun-
dation Inc. (2022).

O’Hara, K. M., Unimodality of Gaussian coefficients: a constructive proof, J. Comb. The-
ory A, 53(1) (1990), 29-52.

Oohama, Y., Performance analysis of the internal algorithm for random number generation
based on number systems, IEEE Trans. Inform. Theory, 57(3) (2011), 1177-1185.
Ouaknine, J., Worrell, J., Ultimate Positivity is decidable for simple linear recurrence se-
quences, CoRR, abs/1309.1914, 2013.

Ouaknine, J., Worrell, J., On the Positivity Problem for simple linear recurrence sequences,
Proc. of ICALP’14. CoRR, abs/1309.1550.

Ouaknine, J., Worrell, J., Positivity problems for low-order linear recurrence sequences,
Proc. SODA’14. ACM-SIAM.

Pak, 1., Partition bijections, a survey, Ramanujan J., 12 (2006), 5-75.

Panneton, F.,, L'Ecuyer, P, Matsumoto, M., Improved long-period generators based on
linear reccurences modulo 2, ACM Trans. Math. Software, 32 (2006), 1-16.

Prudyus, I, Sumyk, M., Multiphase signals based on recurrent sequences of maximal
length, Modern Problems of Radio Engineering, Telecommunications and Computer
Science (2004), 360-362.

Raab, J. A., A generalization of the connection between the Fibonacci sequence and Pascal’s
triangle, Fibonacci Quart., 1(3) (1963), 21-31.

Rabinowitz, S., Algorithmic manipulation of second-order linear recurrences, Fibonacci
Quart., 37(2) (1999), 162-177.

Ratsaby, J., Estimate of the number of restricted integer-partitions, Appl. Anal. Discrete
Math., 2 (2008), 222-233.

Reiter, C. A., Exact Horadam numbers with a Chebyshevish accent, Vector, 16 (1999), 122—
131.

Robinson, D. W., The rank and period of a linear recurrent sequence over a ring, Fibonacci
Quart., 14(3) (1976), 210-214.

Rotkiewicz, A., Lucas and Frobenius pseudoprimes, Ann. Math. Sil., 17 (2003), 17-39.
Roy, S., What's the Next Fibonacci Number?, Math. Gaz., 64(425) (1980), 189-190.
Séndor, J., Crstici, B., Handbook of Number Theory II, Springer Science & Business
Media, 2004.

Santana, S. F.,, Diaz-Barrero, J. L., Some properties of sums involving Pell numbers, Miss.
J. Math. Sci., 18(1) (2006), 33—40.

Sasu, B., Sasu, S. L., Discrete Dynamical Systems, Editura Politehnicd, Timisoara, 2013
(in Romanian).

Shannon, A. G., Generalized Fibonacci numbers as elements of ideals, Fibonacci Quart.,
17(4) (1979), 347-349.

Shannon, A. G., A generalization of Hilton’s partition of Horadam’s sequences, Fibonacci
Quart., 17(4) (1979), 349-357.

Shannon, A. G., Horadam, A. E,, Some properties of third-order recurrence relations, Fi-
bonacci Quart., 10(2) (1972), 135-145.



10 References 307

212.

213.

214.

215.

216.

217.

218.

219.

220.

221.

222,

223.

224.
225.

226.

227.

228.
229.

230.
231.

232.
233.
234.
235.

236.
237.

238.

239.

240.

241.

Shannon, A. G., Horadam, A. E, Special recurrence relations associated with the sequence
{wn(a,b;p,q)}, Fibonacci Quart., 17(4) (1979), 294-299.

Silvester, J. R., Fibonacci properties by matrix methods, Math. Gaz., 63(425) (1979), 188-
191.

Sitaramachandra, R. R., Suryanabayana, D., The number of pairs of integers with L.C.M.
< x, Arch. Math., 21 (1970), 490-497.

Soberén, P., Problem-Solving ethods in Combinatorics. An Approach to Olympiad Prob-
lems, Birkhduser, 2013.

Stanicd, P., Generating functions, weighted and non-weighted sums for powers of second-
order recurrence sequences, Fibonacci Quart., 41(4) (2003), 321-333.

Stanley, R. P., Weyl groups, the hard Lefschetz theorem and the Sperner property, SIAM J.
Alg. Discr. Meth., 1 (1980), 168-184.

Stanley, R. P., Log-concave and unimodal sequences in algebra, combinatorics, and geome-
try, Ann. NY Acad. Sci., 576 (1989), 500-535.

Sullivan, B. D., On a conjecture of Andrica and Tomescu, J. Integer Seq., 16 (2013), Article
13.3.1.

Suzuki, J., On coefficients of cyclotomic polynomials, Proc. Japan Acad. Ser. A Math. Sci.,
63 (1987), 279-280.

Tani, N. B., Bouroubi, S., Enumeration of the partitions of an integer into parts of a specified
number of different sizes and especially two sizes, ]. Integer Seq., 14 (2011), Article 11.3.6,
12pp.

Th?r)lgadurai, R., On the Coefficients of Cyclotomic Polynomials in Proceedings of the
Summer school on Cyclotomic Fields, June, (1999).

Toader, Gh., Generalized double sequences, Rev. Anal. Numér. Théor. Approx., 16
(1987a), 81-85.

Tucker, A., Applied Combinatorics, 6th eddition, Wiley, 2012.

Udrea, G., A note on the sequence (Wy),>o of A.F. Horadam, Port. Math., 53 (1996),
143-155.

Vilcan, D., Bagdasar, O., Generalizations of some divisibility relations in IN, Creative
Math. & Inf., 18(1) (2009), 92-99.

Vaughan, R. C., Bounds for the coefficients of cyclotomic polynomials, Michigan Math. J.,
21 (1975), 289-295.

Vince, A., Period of a linear recurrence, Acta Arith., 39 (1981), 303-311.

Vogel, H., A better way to construct the sunflower head, Mathem. Biosci., 44 (1979), 179-
189.

Vorobiev, N.N., F ibonacci Numbers, Birkhduser Verlag, Basel-Boston, 2002.

Weyl, H., Uber die gleichverteilung von zahlen mod. eins, Math. Ann., 77(3) (1916), 313
352.

Wilf, H., Generatingfunctionology, Academic Press, New York, 1994.

Wunsch, D. A., Complex Variables with Applications, Pearson, Third Edition, 2004.
Yang, W. C., Derivatives are essentially integer partitions, Discrete Math., 222 (2000),
235-245.

Yazlik, Y., Taskara, N., A note on generalized k-Horadam sequence, Comp. Math. Appl.,
63 (2012), 36-41.

Zeilberg, D., A combinatorial proof of Newton’s identities, Discrete Math., 49 (1984), 319.
Zeitlin, D., Generating functions for products of recursive sequences, Trans. Amer. Math.
Soc., 116 (1965), 300-315.

Zeitlin, D., Power identities for sequences defined by Wy, = dW,, 11 — cW,, Fibonacci
Quart., 3(4) (1965), 241-256.

Zeitlin, D., On determinants whose elements are products of recursive sequences, Fibonacci
Quart., 8(4) (1970), 350-359.

Zeitlin, D., General identities for recurrent sequences of order two, Fibonacci Quart., 9(4)
(1971), 357-388.

Zenkevich, I. G., Application of recurrent relations in chemistry, J. Chemometrics, 24
(2010), 158-167.



308 10 References

242. Zhang, W., Some identities involving the Fibonacci numbers, Fibonacci Quart., 35(3)
(1997), 225-229.

243. Zhang, Z., Some identities involving generalized second-order integer sequences, Fibonacci
Quart., 35(3) (1997), 265-268.

244. Zhang, Z., Liu, M., Generalizations of some identities involving generalized second-order
integer sequences, Fibonacci Quart., 36(4) (1998), 327-328.



Index

algebraic integer, 197
algebraic numbers, 196

Binet formula, 142

binomial coefficients
generalized, 125

binomial expansion, 89
extended, 91

Catalan numbers, 106
Catalan sequence, 128
Cauchy integral formula, 135
CBS inequality, 205
Chinese reminder theorem, 203
circular permutations, 85
combinations, 86
multisets, 96
companion matrix, 216
counting principles
Addition Principle, 82
Division Principle, 83
Multiplication Principle, 82
cyclotomic polynomial, 201
coefficients, 218
Endo’s Theorem, 219
recurrent formula, 225
Sukuzi Theorem, 218

alternate sum of coefficients, 232

direct sum of coefficients, 230

integral formula, 227

middle coefficient, 231

reciprocity of coefficients, 230
cyclotomic polynomials, 214

derangements, 137

enumeratice combinatorics, 79

Euler’s totient function, 101

factorial, 84
factorization
cubic, 7
Fibonacci numbers, 142
Cassini identity, 144
golden ratio, 145
Melham identity, 148
function
bijective, 82
codomain, 81
composition, 82
domain, 81
equality, 82
graph, 81
identity, 82
injective, 82
surjective, 82
functions
additive, 202
Euler’s totient, 203
last digit, 202
Mobius, 207
multiplicative, 202
number of divisors, 202
one-to-one, 105
onto, 105
totally multiplicative, 202

generating functions
exponential, 130
ordinary, 123

generating functions, exponential
classical sequences, 167

general polynomials U, and V;;, 165

generating functions, ordinary

309



310

binomial coefficients, 125
Catalan sequence, 128
classical polynomials, 159
classical sequences, 163
explicit formulae
Fibonacci polynomial, 161
Lucas polynomials, 161
Pell polynomials, 161
Pell-Lucas polynomials, 161
general polynomials U, and V;;, 159

inclusion-exclusion principle, 100
inverse cyclotomic polynomial, 233
coefficients, 235
integral formula, 239

Kluyver theorem, 211

Laurent ring, 275

linear recurrent sequence
general term, 150
reduction of order, 155

Lucas numbers, 142

Lucas sequence
generating function, 163

Mobius function, 207
Mobius inversion formula, 208
Mobius function, 214
Mahler measure, 198
Marriage theorem (Hall), 116
Multinomial expansion, 98
multiset, 276
multisets
permutation, 93
r-combination, 96
r-permutation, 93
repetition number, 93

partition function, 189
partitions, 274
ordered 2-partitions, 275
ordered k-partitions, 285
Pell numbers, 142
silver ratio, 145
Pell-Lucas numbers, 142
Pell-Lucas sequence
generating function, 163
permutations
multisets, 93
r-permutation, 93
repetition number, 93
sets, 83
polynomial

Index

height, 217

length, 217

Mabhler measure, 217
antipalindromic, 248
Catalan, 271

cyclotomic, 201

extended cyclotomic, 259
extended polygonal-type, 262
Gaussian, 267
Mahonian, 248
multinomial, 269
palindromic, 248
polygonal, 247
unimodal, 248

polynomials

Chebysheyv, first kind, 160

Chebyshev, second kind, 160

Brahmagupta, 160

degree of monomial, 174

Fibonacci, 159

Fibonacci, integral formula, 170

Fibonacci, sum formula, 161

fundamental symmetric, 175

generalized Lucas, 158

generalized Pell-Lucas, 158

homogeneous, 174

inverse cyclotomic, 233

Jacobsthal, 160

Lucas, 159

Lucas, integral formula, 170

Lucas, sum formula, 161

monomial, 174

Morgan-Voyce, 160

multiple variables, 173

multiple variables, symmetric, 175

Newton’s formulas, 185

Pell, 159

Pell, integral formula, 171

Pell, sum formula, 161

Pell-Lucas, 159

Pell-Lucas, integral formula, 171

Pell-Lucas, sum formula, 161

quadratic form, 174

reciprocal, 183

Bézout’s Theorem, 19

Chebyshev, 29

Fundamental Theorem of Algebra, 20

Hilbert, 41

Hoggatt-Bicknell-King, Fibonacci kind,
160

Hoggatt-Bicknell-King, Lucas kind, 160

integer coefficients, 40

Lagrange interpolation, 34

one variable, 19



Index

Reminder Theorem, 20
symmetric, 20
powers
difference, 1
products of sums, 2
sum of odd indices, 1
proof techniques
contradition, 67
mathematical induction, 70
pigeonhole principle, 69
strong induction, 74
weak induction, 71
weak induction with step, 72

quadratic
discriminant, 14
polynomial, 13
Viete's relations, 14
zeros, 14

Ramanujan sums, 210
recursions

first order, 138

higher order, 149

reduction of order, 146

second order, 140

space of solutions, 154
recursive functions, 138
recursive relation, 138
Residue theorem, 135
residue theorem, 134

311

sequence
Catalan, 128
sequences
Fibonacci, 158
Lucas, 158
Pell, 158
Pell-Lucas, 158
set operations
Cartesian product, 81
complement, 80
De Morgan Laws, 80
difference, 80
intersection, 80
partition, 81
symmetric difference, 80
union, 80
sets
derangements, 103
sets and functions, 79
signum equation, 274
asymptotic formula, 275
sum
geometric, 55
of powers, 53
symbol, 51
telescopic, 52
trigonometric, 56

triangulation, 75



The book presents modern results in discrete mathematics and combinatorics,
its purpose being to popularise recent developments in this area, and to
encourage further research. Structured in ten chapters, it provides theoretical

resultsillustrated by many examples and applications.

ISBN: 978-606-37-1094-0




	1-4.pdf
	Page 1
	Page 2

	1-4.pdf
	Page 1
	Page 2



 
 
    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: fix size 6.693 x 10.984 inches / 170.0 x 279.0 mm
     Shift: none
     Normalise (advanced option): 'original'
      

        
     32
            
       D:20230320114355
       790.8661
       Blank
       481.8898
          

     Tall
     1
     0
     No
     1117
     351
     None
     Up
     0.0000
     0.0000
            
                
         Both
         90
         AllDoc
         96
              

       CurrentAVDoc
          

     Uniform
     8.5039
     Left
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0c
     Quite Imposing Plus 3
     1
      

        
     0
     319
     318
     319
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: cut bottom edge by 110.55 points
     Shift: none
     Normalise (advanced option): 'original'
      

        
     32
            
       D:20230320114355
       790.8661
       Blank
       481.8898
          

     Tall
     1
     0
     No
     1117
     351
     None
     Up
     0.0000
     0.0000
            
                
         Both
         90
         AllDoc
         96
              

       CurrentAVDoc
          

     Smaller
     110.5512
     Bottom
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0c
     Quite Imposing Plus 3
     1
      

        
     217
     319
     318
     319
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: cut right edge by 8.50 points
     Shift: none
     Normalise (advanced option): 'original'
      

        
     32
            
       D:20230320114355
       790.8661
       Blank
       481.8898
          

     Tall
     1
     0
     No
     1117
     351
     None
     Up
     0.0000
     0.0000
            
                
         Both
         90
         AllDoc
         96
              

       CurrentAVDoc
          

     Smaller
     8.5039
     Right
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0c
     Quite Imposing Plus 3
     1
      

        
     217
     319
     318
     319
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: cut right edge by 1.42 points
     Shift: none
     Normalise (advanced option): 'original'
      

        
     32
            
       D:20230320114355
       790.8661
       Blank
       481.8898
          

     Tall
     1
     0
     No
     1117
     351
     None
     Up
     0.0000
     0.0000
            
                
         Both
         90
         AllDoc
         96
              

       CurrentAVDoc
          

     Smaller
     1.4173
     Right
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0c
     Quite Imposing Plus 3
     1
      

        
     217
     319
     318
     319
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: cut top edge by 28.35 points
     Shift: none
     Normalise (advanced option): 'original'
      

        
     32
            
       D:20230320114355
       790.8661
       Blank
       481.8898
          

     Tall
     1
     0
     No
     1117
     351
     None
     Up
     0.0000
     0.0000
            
                
         Both
         90
         AllDoc
         96
              

       CurrentAVDoc
          

     Smaller
     28.3465
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0c
     Quite Imposing Plus 3
     1
      

        
     217
     319
     318
     319
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: fix size 5.906 x 9.055 inches / 150.0 x 230.0 mm
     Shift: none
     Normalise (advanced option): 'original'
      

        
     32
            
       D:20230320115657
       651.9685
       Blank
       425.1969
          

     Tall
     1
     0
     No
     1117
     351
     None
     Up
     0.0000
     0.0000
            
                
         Both
         90
         AllDoc
         96
              

       CurrentAVDoc
          

     Uniform
     28.3465
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0c
     Quite Imposing Plus 3
     1
      

        
     217
     319
     318
     319
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: cut top edge by 14.17 points
     Shift: none
     Normalise (advanced option): 'original'
      

        
     32
            
       D:20230320115657
       651.9685
       Blank
       425.1969
          

     Tall
     1
     0
     No
     1117
     351
     None
     Up
     0.0000
     0.0000
            
                
         Both
         90
         AllDoc
         96
              

       CurrentAVDoc
          

     Smaller
     14.1732
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0c
     Quite Imposing Plus 3
     1
      

        
     74
     319
     318
     319
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: extend bottom edge by 19.84 points
     Shift: none
     Normalise (advanced option): 'original'
      

        
     32
            
       D:20230320115657
       651.9685
       Blank
       425.1969
          

     Tall
     1
     0
     No
     1117
     351
     None
     Up
     0.0000
     0.0000
            
                
         Both
         90
         AllDoc
         96
              

       CurrentAVDoc
          

     Bigger
     19.8425
     Bottom
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0c
     Quite Imposing Plus 3
     1
      

        
     75
     319
     318
     319
      

   1
  

    
   HistoryItem_V1
   Nup
        
     Create a new document
     Trim unused space from sheets: no
     Allow pages to be scaled: yes
     Margins and crop marks: none
     Sheet size: 6.693 x 9.449 inches / 170.0 x 240.0 mm
     Sheet orientation: tall
     Scale by 70.00 %
     Align: centre
      

        
     0.0000
     5.6693
     8.5039
     0
     Corners
     0.2999
     ToFit
     0
     0
     1
     1
     0.7000
     0
     0 
     1
     0.0000
     1
            
       D:20230320115938
       680.3150
       B cinci
       Blank
       481.8898
          

     Tall
     749
     303
    
    
     0.0000
     C
     0
            
       CurrentAVDoc
          

     0.0000
     0
     2
     0
     1
     0 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0c
     Quite Imposing Plus 3
     1
      

   1
  

 HistoryList_V1
 qi2base





